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PREFACE . ~ 

This "book "began as an attempt to "explain i^hat measurement is a"bQ^- fr*om 
the point, of view of a mathematician . It was intended that there" would Dje a 
companion book, wrifWn 'from, a scientif^cyviewpoint*.' It soon* became apparent 
that a book about me'as'urement; v;:itten frpm either point o'f view; would have 
to "say something about the o^ther^ ^It also became apparent tl^it* the (i^^ginal 

-'Objective was inappropriate: the question of "what measureraeitt is about" is" 
not mathematical, but philosophical. Much has been written "(a^d much more' 
w^ undoulitedly be \fritten) by seient justs ^And 'ijhiiosojihers, on the subject of 
measurement. Most of these writers find it-secessaVy to use mathematical; ideas 

^^rlho their explanations"; but^ from a ma,^mart^^' point of view, their treat- 
ment of-^he relevant mathematical ideas, and <5^Jhe Connections between,Hhese 
id^easy frequently leaVes much io be desired. It is an objective of the present 
book fo help 'to fill thi^ gap? tcC identify those mathematical ^concepts which.^ 
are relevant to elementary measurement, Sind to exhibit their logical- inte^-. ^ 
relationships.. * ^ * * ' ' ' ' * ^ 

In comparatively recent times, it has been discovered that mathematics hafe 
no necessary lo^cal connection, with the real world* This discoveiT: has been 
accompartjle^ bjr.an»ever growing expansion of the activity, often called "model- 
build fn^" , whiCh»'s.eeks to. link the empirical Structures "Of the sciencea vith 
the^ formal structures of mathematics,. This link is established by means of 
functions, which ni|^(pr/*^odeir empirical systems into mathematical^ syatfimi§, J 
in such a way #tbat-. structures ai^ived A\ empirically and inductively are 
carried over irito^ corresponding mathemati cal- structure's . Sqinetimec this pro-., 
cess makes use jDf exi^tipg ^mathematical systems, and -sometimes new mathemat^ical 
systems efre ci^'ea*ted^ to pprovide 'appj^dpriate model spaces. Among- the mathe-.*.^* 
matical systems An most . frequent tise'* as^model spaces are the^vai*lous number 
systems (the whple xilM)ers, the rational rtumbers, the r^ai nilmbers, thfe. com- 
plex numbers)^, JvarioGs geoirie-^ic spa(?es, vector spaces, and^so oifl7\Many model 

*l^|nctio5i5 are in fact, cOftipiex an^^lnter-riilated collections of simpler func- 
tion&, &nd it, Ls these simple functions (which ^arel^ssociated directly w^th 

^the^ processes' of ifie^sutement) ^nd thelf relationships wiUb one another, , which 
^re "ou^^5^* our maiii c6ncerns in thik book. ^ ' ' * > 
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y MeasurenfehOiso ^has a pl^ce withlji mathematics: 'there are 'ijiany situa- 
tions in mathematics in whicfe/one mathematical system Is mapped "into 'another ^ - 
in such a'way that we*feel^h^t a* "measurement" process is'involved (e.g., ' 
length, and area c"6ncepts'in geometry). 'When 'these Mathematical systems are 
' used'irf»modelimakirfg, mathem_^tical •"measurement" 4'r.equentiy becomes a- component 
in empirical measurement- We ^examine, some of the simplest-^x/mpaes'^of this 
'situation. . • * / ' 'j. ^ t ' 

Th^book has ifeen written 'with high 'school ^nathematics tea/ihers in mind, 
^^^J-^ i5.ho|)ed that some of it will be within the grasp of elementary school 
^.teacKerS, -an^ that it might be usefully redd by teachers of science, a^d! 
college teachers.^ The" prinkpai concern of the Jjook is to exploit the idea 
that "measurement ;inv*lves .structure-preserving functions" j,n ordo^r to provide ' 
a conceptual framework* in which the elementary ideas of* measurement can be ' 
xinderstood- It is not necessary to fpllov all of th^ d^etails (some of \^hich 
are rather ^ilvolved)' in -order to get a picture of this framework; , and it is 
ce|i:a(j.niy?^fiot, impJLiecJ thSf this i^ the only framework which is' su-itable^for 
the study of a theory\of elementary measurement. *' \ . ' c 

f As you will see, the mathem'atical concepts which ^rp , relevant elemen-* 

*taiy measurement come from-a variety of branches of mathematics (^classical 

.real. analysis, linear al^ebraj linear analysis, geome^ry^ elementary \opology, . 

and 90 on) These concepts are* usually encountered' separately in more or less 

distinct matheijiatics courses, aa^ the readei* yho has, so eniounJ||red theri should 

find it inter es-Eing to see how a study of the mathematical \ackgrouricl of 'measur^ 

ment ideas ^ings them together. For* this reason the book should 'Te a useful * 

,text for an a^dvanced undergraduate course, or for, ar( inservice course for high 

school jpathemi^ics teachers^ ^ ^ * 

* ' ^ . ^ \ . . ^ I- . - , , . 

^ , ThQ mathematical *^ackground which is'reqliired of the readeV is approxi- 
mately that which is included in B good, high school education, ^xi it is 
expected that ihoSt readers will have gone further than. t?his. We'assume a 
general familiarity with the^real number system, some knowledge of geometry, 
•and some idea pf what is invplved in the concept of "function". In the func- 
tional approach to mea^ement,^ le are typically concerned vith two system§,\i^ — " 
and, we ar^pLooking for stnicture-preserving functions from one to' the other.!, ^ 
The structures, commonly encountered may be described -iri t^rms of^such notions 
as. equivalence relations, order -relations, and biriary operations; and .the * 
systems themselves are-^often semi -groups, or groups. We introduce ihese-,teiTns, - 



' , be c^use^^it .would-be clymsy, an<J unnatural, to do without^ them; but , you da.,not 
^ need any prior knowledge of thera ^in 'ordeT\\lio understand their limited use in 
. * this book*. • ' . , 

• ' *^ • \ • c " 

* In most of the measurement sltiiations whiph we treat/ th§ Values of the 

/ mea sure ^/untfl ions are posi'tive real* numbers . From the empirical point ^of View 

* it is frequently s^ficient to use -positive^ rational numbers, but from th^^^^ 
.# theoretical po^int.of vie^ we cannot answer many of -thd most interesting • 

^ - que^ iQA^ (e.g.: Why fhust two length functions be similar? Why must the 

^rea^ funptions for rectangular regions ."Be related as they are to length 'func- 
^ tio^ia? ,Why ^e power functions -and homogeneous functions so intimately con- 
necte(i with dimension questiorts?) unless we use the real numbers, and those 
;c ^ proper^es* of r*e^l numbers (i.e., topological cofhpleteness) which distinguish 
► ^^^ the real nuij^ber system frm the rational^^^gumbers . For many readers this dis- 
tinction mt^ht not bd clear., 'so we ."have devoted ^a section to an outline of the 
develoom^nt of tfie s-Criicture of the real nunfber system. In this section we 
, prove a number of ' results - which depend on the deeper properties of t^e real 
numbers, and which w,e need to use lately in the book. Dhe pacd' is fairly ' 
rapid, end/the r>ead^ to whom the id^as .-of this section ai*e totally unfamiliar 
Viir'protit fro5i\3 more detailed study of one of the ejcpanded /treatments to 
which^we t-efer. However^ in this and other places it is probably J:est td skip 
~ / over some of the -more cpmplex 'detail?, and retiirn to tliem if and when they 

' . become n^essary for ♦an understanding of what comes later. The^pace of the 

' i 

booj;; is necessarily .un^vQn^ and you should not attempt to maister every topic 
J • ^before proceeding to the next.- ^ * . ^ « 

* - " A number of -exercises are included, pa^icularly in the earli-er review 
- sections. 'Some of th^se are really extensions of the text, so you should 
» . (at leqist) read tHem'to see wh^t they are about. Iri^^e later sections tKere 
ard'* mafny iirjprove^ statements which can b^ treated ' as ^exercTses • 

Concerning measurement itself, nothing is assumed which ^s not part of 
the general knowledge of most citizens.-' However, before reading this.*book 
you might ^find it* iiseful to re-^iew the elementary ideas on mfeasu^-ement which 
are contained io the School Mathematics Study Group publications (in the 
•"Stiodies 'in Mathematics" Series): 



\ ...... w 

^ Jol.^yil; l9tujt:^^|pi^^ry (Chapters^.2^ ?) ' 

Vol. * IX: A Brief-^^Mtirse-in Mathematics For Elementary School 



Vol. Concepts- of Ii;formal Geometry (Chapters 6, 7^'ip) 

l9tuJt:5fev^|Pl^^ry (Chapter 

A Brie&'wirse-in M ^the mat: 

Teachers* (Chapters 27,)^8) 
) ' . * 



fMea^uf^mejnt is a^yery. big topic, and anything approaching 'a toijiplete 

treatment would occupy •a , small library. With so much material available, it 

.7 • * 

is inevitable that the- choice of content has been somewhat arbitrary. Thus 

there is an emphasis on mathematical, gather than on'empiricari)' ideas/j' there " 
IS an emphasis on those measurerrtent concepts which have been motivated by tke 
physical, sciences, rather than gn those which are more relevant to the bio*- 
logical and social sciences; and such important topics as the establishment 

and maintenance • of 'Standards , ,and the .statistical analysis of data, are almost 

< • ^ ' ' ' ' • J 

aompletely ignored. 

i> , • 

.To a , considerable extent ^e have conc^trated on giving a fairly complete 

treatment of elementary concepts, rather than a superficial picture of the 

whole subj^ect. Thus ^nugh of our discussion falls in that no-man* s -land of „ 

ideas ^which are usiiQjL!Iy^ considered .too sophisticated for an elementary treat- 

aient, but which are later assumed to be "known" or "understood", in -more 

advanced courses and* texts. , * . . 

/ 

» In a few places (e.g., undTer the heading "links With Other Parts, of 
Mathematics") we. have pointed-out tha^ some of the mathematical ideas which 
arise in connection with- a theory of measurement:, are directly related to' some \ 
©f the basi£ ideas of more advanced i;tiathematics . ^ (E.g., the notion of ^'dual • 
spdce", inflinear algebra; and the notion of the "tensor pfroduct" of modules.) 
These 'co'nnect-ions are pointed out for the benefit of any reader who happens to 
.be familiar with these ideas, and to show thSt many so-called "advanced" 
^notions are "already present in the context of elementary measurement; but itr 
as not assumed that the majority of mathematics teachers either are, or should 
be, familiar ^with ^these l^gleas at the present time. We expect to explore these 



connections more thoroughly in a lat^ book. • 

The present book ill have served its purpose if it gives you som.e feeling 
for the variety of mathematp.cal ideas which are relevant to ax elementary theory 
of measure, and if it encourages you not only to pursue these ideas, but also 
to read morQ widely (and critically) in the extensive l^.terature which is 
devoted to the subject of measurement. 
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u-1 Introduction . 



Chapter 1 
'^pASURiMEJ}?' AND'MEAuSURE FUNCTIONS 



In the year 1900, the great philosopher -iilathematician, Bertrand Russell,! 

V ' • ^ 

wrate: . , - ♦ v 

"Measurement' of magnitudes is>-;in.4.ts nlost general sense, any me*?^od' 
by whicH a unique ^d reciprocal-^lfefrespondence is estatl-ilplied between 
\all or some of the magnl-^ildes of a hind and all or_ some^ of the numbers, 

integral, rational qr r^l, as the case diay be. - , It will be 

desirable that the 'order of the' magnitudes measured should correspond 
to thsit^of the numbers, i.e*, that all relatiohs of between should be 
the same for magi>ltudes and their measures.^ ^ , 

While this' statement might jio^-give us a very complete picture of all 
•the complexity that is involved in the notion 'of measurement, it d^es contari-^i 
.tAe germ of the -idea that the present book attempiJs to cgnvey: that a "measure" 
.is a function, defined on some specified set of objects-, and ;aesigned to re- 
flect certain, propfer^bies of those objects. In order to elaborate this idea, 
've need to use such, mathematical potions as set, relation, function, group, 
semigroup, and so on. As these are not generally ^tr%ate* together in the 
Siwif. jn which we peed them,^ libst of this -f'irst- chapter is devoted to a basic 

k^of. ideas and terminology. If .these .ideas are familiar to you, you- j ; 
should be able to go through the chapter fairly quickly. If they'are not, 
jrbu are urged to stop and work .the exercises (For a few of the exercises = - 
^ypu will have to draw on your knowledge, of ms(theni^tics outside of this l?ook.) ' 
References are given to more detailed treai:ments of many of the ideas intro- 
duced. * # • 

The chapter' concludes with .the outline of a 'Scheme for classifying 
measure' functions. This involves the informal use 'of some common ideas like 
length,' time,, ar^a, etc, some 'of which are intrd^uceQ more precisely in 
later chapters. This was .done deliberately in order to^give you a general' 
i framework in which. to fit all, or at least most of the common measure func- 
•tions, before getting invplVed ih-so^cji detail that it might obscure the ' 
overall picture. ^ * * * -^^^^^^ „ ^ 
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^ 1-2 Measurement ' #^ * ^ * 

You mi^t expect us to begin vith^a definition of "measurement", or 'by 
explaining the nature. of measurement, s6 that you could determine, in a par- 
ticular situation, whether the idea of measurement was involved. This, un- 
fortunately, Hp'^are unable to do. Some attempts at definition tie the notion, 
of measurement to the notion qf rftunber. Our point of view is certainly 
broader than this: we consider that each of the examples below ilivolves the 
idea of measurement. These examples have been chosen to indicate the wide' 
variety of contexts in. which the idea of measurement i^* discernible . 

/ . ' ' " 

1. Our identity is measured at birth, partially by the assignment to each 

of us a name, partially in terms of the identity of our parents'and the , 
dale of our birth. Later our identity might *be more accurately measured 
• by a serial number if we are in the armed forces, or^by a social security 
, • number, a fingerprint, or a passport. . ^ 

2. gPhe location of dur place of residence is usually meas\ffed by a set of 
> ' four item^: a stat« name, a city name, a street name, and a number. 

3. Our growth may be measured by a set of ^triples, each'of which consists * 
^. of a date, a^ number representing our weight and .a number representing 

our height.* : ^ 

> 

h. The size of our family is measured by' a number', the cardinal number of 
9~ p, the set of members of our family. j * , ^ 

5. Our shoe size is^ measured by a pair of items consisting oj a number and 
a letter (or ^combination of letWs) . ^^^hes'e, in turn, are measures of 

the length and the width of our shoes . * * * « ' ' 

i . • . . 

6. The size^of our house is measured by a, collection of numbers representing 
su^h things" as the^floor area and the numbers of rooms of various types'. 

:^7- Our intelligence is measured by a nu^iber, our so-called IQ. ^ ' 

8. Our school' report cards are a; measure of our educational progress. 

9. / We can use their annual dividend rates as a measure of the success -of 

our'investments. • *. • ^ 



10. If we are farmers, our annual production of -wheat 4$ measured -bv a 
number which gives the size of ou^-KheaT" crop in bushels; ovir annual 
. production of eggs is measxxred'by a number which gives the/size-ot our 
egg "crop" in dozens,, 



¥1 



11. A baseball plgyer^s batting average is a measxii:e of his success at bat. 



12. The half -life, of a radioactive element is a measixre of the stjability of 

> ' . V ' 

its atomic ;iucleus. ^. . - • ' , 

' • <- * ^ ^ 

13. The symmetry of a crystal is meas^^red bjr means of a certain group of 
transformations f 

iCr^Che Extent to which a group fails to be abelian (commutative) is 
mea^tHied by its commutator subgroup. . ^ 

15. The conneoH^ity of a« ^opologicail. space is meas^^^y^^its homotopy 
groups , 

EI>on*t worry if the last i*ew examples contain unfamiliar Meas-l 

One could add to this iist indefinitely/ but this should be enough to 
convince 'you that th^ idea of meastirement' is found in a .wide Y^riety of con- ^ ^ 
texts and f orms You mightr well ask whether there ar^ any discernible common 
features, and 'if so, what are they. 

' > . i * - • 

FiVstly, notice that in each case "t^ere are ."objects" to be measured. 
In examples i , 3 , 7 , 8 , and U these objects are people. In 6 the 
obiects are -houses, fn- h the objects are families. In 13 the otjects 
.ate crys-tals. In 15 t>i!e object's are topological spaces. In l4 the 
objects are groups. 

^ -Secondly, each measurement involves some a-t>tribute of the object, and 
Home prpcB^ by means of whifch this' attribute is to be meas\xred. We don^'t 
. simply measur^Npeople! we measure them for weight, we measure them for 
.height, we measure^ them fo^: intelligence, and so on. It is convenient in 
many cases to use the common names ~of the measured at-^ributes names such 
as. length, sj^eed, area, intelligence — but we make no attempt to defijie these 
words, or to consid^er them Independently of the" processes ,^y means of which 
-they are measured: In'host, if not all,, cases,'' it ^s doubtful if the attribute 
has any objective mean^g excepts in relation to ^he measurement process. 

Finally, 'iji each^case there is a, "quantity which results ^from applying 
a measurement process to one of the objects for wKich this particular process 
is applicable. In example \ , this quantity is a wjiole number. In 9*; 10 , 
an^ 11 , iihe qua^^ty is a. real number. In 8,, it is a ireport card (i.'e.y 
the set of information contained on the card). In example' 1 , it might b^ av 
fingerprint, a social security number, oj* a passport, depending on the 
particulai; process used. ' . ' . 



*This question is of considerable philosc^ical interest, ^u will find' 
reference to it-in tl] , [2} , [3] , Wi ^ [5] in various Encylopaedia 

BAtannica articles under the headings "Dimensional Analysis", "Meaning" , 
"Knowledge", ^^Logical^ositiyism" . 



. To sum up: in each.case th^re is a .collection- A of objects to be " " ? . ^i 
m^sured, ^a/ set B ot "quantities" or "mea'surements" , and a procedure for • 
associating with each object in A- an element of B -/We immediately .- 
recognize this situatioM: ■ what we are dealing with is- a function . We shall 
•haV6 a lot to say about j^mctiSns^ in later sections, but it might be useful 
tp.recSU here the bafeic idea of a function.. 



Suppose that A and B are 'any ^two sets ^ and that we have a nile which 
. • ' assigns exactly one member of . B to^each member of A . , Then the^ria*, to- - 
^ ^ gether with thte. set ^'a is said to be a function (or a mapping ), and the "^et 
• A is called its domain^ The elements of ;a are called arguments of the ' , 

function. The set of those members of B^'whieir are 'actually assigned to 
members of^ i'S" called the range of the faction. The-part'icular member of 
B whiph irassS^a'to a particular jrrgment ' a is, called the valae of th^ 
function at a , or the.'. im'age of a- under tfs^ ifunction. If f is, a name 
^ ^ for the funcUon,;then the value of" f "at a is 'usually denot&d .by f4) 

We^sayv4;haf"f Is a function -on A _ 'with values in B" ; . or "f ' is a Wnc- ' 
tion from A to .B" , and indicate this symbolically by such,notatidns.ds: 



and . , • . ,A £ 



A >=» B 



\ 



The set B is called -the- value space , or. gmage space , of y ■. Strictlf . ; 
speakingy,.we should not use the 'definite .kr^icle, as the 'same fi^mction can'.'-... 
have different' image spaces. (Some wMters use "range", where we use "image 
space"; and "set o$ values", where we use "range". Other wr^tCrs use,"domain ,. 
of definition" where ye use "domain", and "domain ofOfelues" , where we Use 
"value space".) . " ' ^' - . _J' ' ' '"^^U.' 

»' In etery si1:uation in which the idea of m^surement^-s iifvolved, there* 
is a^rela^ed function: -its domsin, is^ the sef of objeats't.o which -the particu- 
^ lar measurtiiienj: .process applies, and the procesr^ts^^pr^vid^^the .rule by - 
means of -fifhich'a value/ or pleasure,^ is assigned to eafch member of the' get or 

objects. • . • ' * 

> " . ' *^ . • 

. If is- convenieijt'l^o refer to those functions which arise I^TmeaVrement 

situations as measure functions . Some of the measure functions arising in. ' ' 

?b^r earner exkmples can be' roughly described by such expressions as/^length"^ 

in inches" , "area in squai^e feet", *!numerosity in 'dozens". - • 



It has ;sbraetinies, been suggested -that for^any tv^ sets A and 3 . any 

* * • * I 

function f : A B should be regarded *a^ h measure function^on A . Wis 

\^ 

do not need to accept or reject?* this point of view. However, if adopted, it 
would mean that there are anr ^wful lot of measure functions,** for most of which 
we have, at present,, no conceivable use. You wilj. find a lot of, interesting 
di^cussi,Dn and diversity of viewpoint on this, and on other Weas related tp 
measurement, in '[1] . * * . , ' 



.1-3 Relations 

^ ^ 

In this section and* the ^next, we review some of the basic ideas and pro- 
perties pf relations and functions Much of this will probabJ.y be .f a-milia^ to 
youL/^^so"^ go fairly quickly with v^ry few examples. Pafts of this material 
^are tre^^ in much more detail, and 'with many examples, in the SMSG publica- 
tions, "Intermediate Mathematics" , "Elemei^tary Functions" , and "Calculus" . A 
more advanced treatment can be 'found in* . ^ • ' ^ 

^he notion of function i^ one of th^ fundamental ide^s of mathematics. 
It IS also .central tp our treatment of measurement. There* are different ways 



1 the la^t, section, where 
as a i^e^ of cor^respond 
with. exaQ,tly ^ne elemen 



of' approaching the function c^oncept. Ome. of these ways. has been indicated in 

a'functipn f rom ja set A to a^, set Bi was regarded 
enae, or£K?sociatxon, wl^Jch pairs each element of A 
of/^ . An equivalent procedure is to regard a func- 
tion as a special kind of relation. As we shall n6ed the general coneept of 
relation Ikter^ we devote this section tq a ^eviey pf some of the main ideas 
concerning relations, before cgntinuing the discussion of unct ions . 



-~ Let A and ,B be two sets, not necessarilj^^iff erent . T)^e cartesian ^ 
product of .A and B , (idnot'etf -"by . A X B , ii^ tfie set of all ordered pairs 
ta,b) , wher4 a.e A ^ Jd^^'B ^ (JEquali\y of prdered ^airs is defined hy: , ^ 
(a^,b^),' = (^2^'^2^ and only if a^ s'a^ and b^ b^ .) A particular case 
^i/ith which you are undoubtedly familiar, is- the cartesian product R x R of 
,the real niHuber syg'tem with itfeelf : the elements of R X R are ordered pairs 
of re^l numbers. Given an;^ JUfne, -we can set-up a 1-1 correspondence (i.e., 
a coordinate system) betweep points of the plane* and elements ht R X R . . 
Thus jLf we pictur^^^Uie real number system as the number line, wo can similarly 
picture R x R as the (cartesian) plane. 



It Is assumi'd that you ^re familiar with the. notion of 1-1 correspon- 
<3ence. It is introduced formalljr in Section l-i^-. ^ * . 



We are frequently interested in pairs^ of sets, whose elements hav^some 
sort, of relationf^hip between \hem. For example, if A is the set of male 
residents of. a certain town, aiid B the s.et of 'all residents, we can consider 
the relationship "is the son of" between members of A and ' B . That is, for 
any a € A and b e B ^ either^ *.a*^*is the son of Ir or a i^Sw^o^ 'tfie'sbn ^of 
b We^can abbreviate, "a is the son of b" by ^a b . Thus the Relation- 
ship "is the son of" determines a set of ordered pairs (a,b) for which 
^ a S b . This set is a 'subset ofi A x B . It is sometimes convenient to 
denote this subset by the same'syjnbol S^, so that 

* ■ ' S = {(a,b) a S b) . 

' ■ \ a ^ 

We generalize this situation by defining a binaiy - relation from »A to B 
to be any subset of the cartesian produet A x B if A = B we call this a 
binary - relation on A . ^ , • ' ' 



Whenever a,subset K of Ax B i^s specified, we can use it \ defines 
^ relationship" ^tween certain el'ements^bf A ,and, B , For example^A 



miglxt.be the set of males at a da^ce, B the set o;f females, and K the 
subset of A X B consisting of^ those ordered pairs' («^b) - such that a 
danced with b ; ot A(=b) 'might be the set of people living in the ' 
United States, and K ^he set of those ordered 'pairs .(a,b) ^ such that a' 
and b live in the same. state; or A{^'B) might-be the setj^iLreal numbers, 
and K the set of those ordered j)airJ (a,b;J -*such ^yi^^'^'^a <b . (Can you 
^picture this.s^t of' points, as a subset of the cartesian plane?) The number 
•of; examples could be extenc3ed indef initej-y the concept of relation is 
(jleajly veiy general.. ^. . f ' ' 

^The set of those ^' a -in /A which appeg^ as- a farst member in at least 
one ordered 'pair (a,b) e* K , is called the dogiain of K ; it is a subset of 
A . The ^et of those b in B- whi^h appear as a second njember in ^t. least 
9ne ordered pa-ir (a,b) e K , is called the' range of K ^ » • . \ ^ 

ii^ii . w V ' . ^ - ' ' ' ' 1 ' j ' V 

Let^us-^t^goga^ili^^d^ to situations wh/sre A = B * ' 

That _is;i2_;we^cionsider relations on a sfet A ^ Such relati9iji can be .classified 

in terms.of their prpjieistiesj: ^Let'/^K be a relation-on* A ; {ir€\}*lfCA^A) , 

Theii we say/ that -y--^ / ' ' . * ' 



V 



(i) K^is- reflexive, if-*^(>a^a) >^e'K for every a € A*; (-i.e-, if 
„ ~ a *K a for ev^ry a ^" A) ; 

(ii)" K is' jsyhimgyit ilf ' H a ,b) i K whenever (•'b,a) •€ K ;.(i;e.,' 
w ."b %: a ^iiyplies & K r"^) 



(iiiO 'K is traSSIigveTr "(a;<^0 € K whenever (a,b) € K^, and 



(b,g) clTj^iU^e^ a^Kb: ahd b K c imply a K c) . 



To fix these ideas in-niind you should examine tHe^i*elevfein1:'' examples 
above to see which of the relations in them have some 'or all of these. pro- 
perties, . and* you should construct other examples for yourself. Y<5u ghould 
also Idok for examples of relations which have none of these .properties; 
(e.g., -tyhe rjglation F defined by:^ a F'b provided that a = b + 1 / dri trie ^ ^ 
set of -positive integer's-) ^, fl^2, 3^ •-•.}) . > . ' v 

Relations which have all t^'hree properi^ies — i.e., which are symme'tric, 
^ reflexive;, and transitive — are ^particularly important^ they are called 
equivalence relations . These, have the important property^oj* separajin^ ( or 
partitioning ) the sets^ to whi<ih they apply into disjoint subsets. (A partition 
^ of a set is a collection of non-empty pairwise disjoint subsets, whose union is 
>sthe whole set.) Jor an example oi an equivalence relation; see the relation- - 
ship aboye of residing in the same state. The disjoin^t subsets resulting from 
an ^equivalence relation are callet^, equivalence classes : any twa elements in ; 
"ftie same ' equivalence clas^ stand in the given relatjjon to each other,, and no 
twQ, elements from different equivalence classes stand in the given relation to 
* each other. »flve3jy equivalence relsrtion on a set determines a partition of the 
set, and every partition determines an equivalence relation. Equivalence re- 
lations abound in mathematics: congruence and similar jj^^jt^/^^geoRieijliJ^^ 
afe equivalence relations; congruence modulo a non-zero' integer is an equ^i^^^'.-/ 
lence relation on the integers; the relation (a,b) K (c,d) if and only if^^ 
a+d=;b+c,.isan equivalence relation oh the set of ordered, pairs of 

nattiral (positive whole) numbers; the relation "is as tall as" is an equivg^- 

* ' • ' ''-^ * 

lence relation on a ,set of people; tjie relation of 1-1 cbrresppndence is an 
/ ^ . ; - " ^ , 

equivalence relation on a collection of sets. You shotild try to think of 



^ other eiamp^r^^T'^ 



Anothpt kind o:^ relat.ion whicl^^ particularly important in the cons id era - 
tio'n of meagSirSS^nt is an order relation. T^ier^ are a^ number o^" different 
types of oijder re^4tion, all Qf which ar*e transitive. ,^ A partial order ,relar ^ 
tio'n, o:p ^artial ordering is transitive, " reflexive, and . antisymmetric . (That ' 

s,N -KC A X A^ is a pax:tial ordering on A if, in addition to being transi- ■ 
tive^M refle^Jjive, Ca,b)L and . (b,a) € K imply a = b .) Example^ of\. 

partial* order iiigs are: •' ^ ^ * 

/ (i) a.K.b if -an^ only if> a < b ; A = R = the set of real numbers; «. 

'(ii) a^K b ii* and only if a "^^^ set of all subsets of a 

' '#fixed set S . 'l- 



Note that for a partial ordering K on a se-^.' A , it-i^.not necessary"" 
that a K b or b K a^^fo^ eacli.^two elements a b of A>. > '(LocSE at" 
exapiple (i^; above ^a^om this point of view.) However, if a partial or6gf 
Illation K on a set A satisfies the ^^additional condition that for 'every 
two elemehts a , ^ K a , then the relation is" 

called a we^ total order relation . For an example see, TiVabovfe. f * 

Another important class of order, relations are those" whicti, ih addition 
to being transitive, are irreflexive. A relation K on a SQt» A is-irre- 
■^^^^^ye if, for every a e A , fa, a) ^ K 7 (Note that reflexive and irre-' 
flexive are not complementary properties: there are £cpe: relations which are 
neither ^^eflexive nor irreflexive.. See if you can think of "one.-) 

/ A s.trict ibotgl order relation K- on a set A is a r.elat ion 'which is ^ 
transitive, and. which has the additional property (often called, the ^iaV 
of .trichotomy") ^.t,hat^ for every two, elepients a-, b of. A exact ly>^on^ of , . 
•the following three^etatements is true: a'=bjaKb;bKa. The'rel^tion& 
' <' and > on the real ndmbers are well known* examples of strict t^tal o^k^x 
J relations. When there is np danger of confusion, we abbreviate^ ''sfe^^clitot^l ' 
order relation" to "order relation". It^is 'easy to prove that a strict^^al--''' 
Qjcider relation is irreflexive. - • ' * • , ' ^ 

1-4 Functions , " ^'V * ^ *W^"* " 

^In Section 1-2 we have ^cflscribed function f ' from A to B as an 
assptJiatioii of exactly-one?eleraent' of B with eadh element of A . Ihus for 
each^ a e A , f determines an ordered pair (a^b) with b = f(a) *, and hence 
f "determines uniquely, a set F of suc^ ordered pairs, with the properties: 

^ (i) each element of A 'occurs^^as a .f irs,t member of some ordered 
-pair (a,b) . from 'F ; ; i 

11 I ' ^ ' ■ , . ; 

(i*iO eadh element! A ocpur^^ ohly,bntie as a fii^sV merriber, \\ 

' , ~«A,^ we have seen in the pi-evious ^section, the set F is a relation from 
A to B . ^ Thus a function determines a particular kind of relation: one 
whose^doihaipaa. th^ whole of A. (property (i)),* and which also satisfied ^ 
condit^.on of "sin^J^-vkluedness" (property (ii)). On the other hand, it ds 
clear that -if -w^^^ have a relation F satisfying, (i) and (ir) ^ thence can 
use F • to defihe a function f : -A j» B , such that f(a) = b if and only 
i^ .(a,b) € F-. , Thus we have a'^na-^urai 1-1 correspondence between functions, 
and^those relations which satisfy (i) and (ii^ ^This suggests that we ! 
could equally well ^ef irje a function as'^a special kind pf relation — a 
definition' Miich you will find in many-books. ' , ^ 

" . ' " . 'do. 12 



.v.. 



The function concept is so important "that it is usefid to use both - > 
9tpp»Qjaches, and to realize their equivalence. ^ Bepause of- this equivalence w$ 
>sha^l move freely from one. approach" to the other, and it will be, convenient 
to economize on notation by using the same symbol for the set of ordered pairs 
and for th^ rule of -a?socJ.ation. Th-us^ referring back tg our^^e^drlier notation, 
we usev f = F := {(a ,.f (a)) : Xor all a € A) . . 

The notion of a function as a set of ordered pairs has an 6bvious con- " . 
. nection with the notion of th^ graph of a function. The graph of a function 
f.: A B can be defined as. the subset of A x 3 * which the function deter- 
mines. This makes the ideas of function, and graph of a function, virtually 
the same. You will recall that *in more elementary work, especially where 
A, = B •= -R = the set of real numbers, it is customary to refer to a diagram- 
matic reptesentatioii of f as its "graph". , J 

A fvtnction^f • : A B is said tQ.be one-one - (l-l)' if f (a^^ ) = t{aA 
' ^Iniplies tha^^^^^i^:,/^!^^ i« sai^to be onto,, if every element o:^ B' .app^ears ^ ^ 

at least once as a value; i.e., if the range of the function is B . Evety - 
function is onto its oyn range.* A function which is- both l->^d onto is the . 
well-known 1-1 correspondence or isomorph^m of sets . . Such f^ction^ are 
particularly, important, Tsecause tHe/'have inverses: the inverse of a 1-1 
correspondence f : A B is the function (also q 1-1 correspondence) f* 
defined by f'(b) = a , where a is the unique el^ment>>o^ A satisfying 
: f(a) = b . Clearly, if V is the inverse of f , tljen ^f *"^"«i^thS inverse 
of. f • \ \ - .. 

A 1-1 correspondence f : , A B is often denoted'by f r.A •«— *■ B- . " ' 
In ordfer to distinguish (in diagrams) between a 1-1 correspondence . . * 
f : A B and its inverse, we introduce the natation ^ ' 

f ^ - ^ . ' 

* ' . A ^-^B . ^ - c ' . 

This should be read, "f is a 'function^ from A to B , and* f is a *1->1 
corjjgl^pondence" 1 The Inverse function '(f*J Marl be indicate(^by ^ 



f« 

A -*-<->»B 



J In other, words, the cTouble arrowhead indicates the "direction" which corres- 
ponds to the named function. We shall look at i,nVerse$ again after we have 
' considered, the notion of composition of functions. ^ * 



V 
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; A partfculafr^-y ^brtant type of function is one which maps each ^ordered 
pair of elements of a set'ihto an element of the set. Such a function is 
.Moyn as a binary operation on the set.^ TJius a^b^in^r^ ^^i:a,tion on a set ^ ^ 

! 

f : A X A A . 



is a fimction 



If . f , lis only defined on a subset of A x A , then we call it a binary 
operation in A . ^ The best known examples of binary operations on a set are , 
the familiar operations of addition, subtraction, and multiplication, defined 
on tjie ^ai numbers/ Examples of binary^ope^-ations ^in sets 'are: subtraction 
for the positive integers, division for the positive integers,- division f.or 
the real numbers. 



If a "binary operation 



A X A 



satasf iQS 



f(f(a,b) ,c) = f(a ,f(b,c)) 
for; all a , b», c', € A for which each side of the equation is defined,. 
' ^"^^^ ^ ^^^^ associative operation « This property is more 

f&mtHai'^'in the* form whicjh uses a notation such as 

f (a^b) = a 0 b . " 
this notation the associative condition becomes 
' -X*^^ / ► ^ * ' 7p('a^o b) o c =^ a o (b 0 c) . ^ • ' 

Using the same notation, the operation is said ^o ,be ^commutative if 

^ for all -a , ^ , ifor which each side of the equation is defined. 

Yeu-^OHM^^£IQind yotibself, by consi^e^atipa^^^he familiar operations of 
■ur =--7— ;r^««s««a^%>-«^ J ^ V . ' ^ 



subtraction, and division' in the real numbers, that not all binary operations 
ari^associate "andTS^SommaCa^ 



, More generally., a ^funciiion 



: ' / , ' f": ^^x A B ^ ^ ^ • 

is called a binary operation on A-^L^Q^th values in B . * For example, if A 
denotes -^e. set of all cities in tiie^ UnitedJ^tefi, *the funct^n which assigns 
to each ordered |Sair of cities ' (a ,a )^ ^ the minimum highway distance between 
them (in miles) is a binary operation on^-^ with* values in the set of real*, 
ntambers. The. .concept qf- commutativity is defined $s before. - If B ^ A, then 
the question of associativity 'does pot arise. ' 



ERIC 



• . 'If ' 'A. , B , 0^ are three^sets,- and if f : A ^ B , g : B ^ C are '* 
functions, theli we can compose f and ^ ' by considering their effect, in 
1*iat^oi;^er, on elements of A* ^ Thig leads to ^the following definiti'on of 
the composite function gf : ' ' . , . , " ' . , 

* g^-- {(a,c) : a €^A, ,;g(f(a)) = c) . ' ^ 

In othfer w.6rds, .c = (gf)(a) is the vaf?ie»6t' g on"f(a) . No ambiguity can 
arise if we 'omi^t^ithe parentheses on** gf * Note that we, Jiave demoted by gf"*' 
the composite funoti9ir^f\^ifst^ then ; 4^' be.c^iuse of the way in which we 
write the value of a function on^^ particular element of its .domain; some 
books use fg to denote "f first, then g" . This is'/sometimes .referred 
to as the "product" of f and ;g , but we avoid this term for reason^ which 

will become clear later^^^Cln ♦ccnsiderirtg functions' *who'se values are real 

1 ^ 

numbers we shall wish to consrfier 



mW-tiplying values. The notationf^ -^oi^^^f 
M§tinguiShea fTpm "the notation" gf , which we'^ 



^ 1 * 

the .jJ^oduct of'-x^wp hmctions, obtained by 



Of g and f .) Observe that ^-t'^A 
operation on the set of all function 



The following diagram is use: 



on of functions^ 




should be carefully 
introduced fg^ the composite 
compos ij;if<^ is 4 binary ^* } 



The composite gf is so defined that, starting from an element a of A , 
each^of the possi'ble "function paths" frqm A to , C* leads to the. same elemei^b' 
(fff)(a) = g(f(a)) of C . I.e., we have . • > ' 

' ' ^ ' ' (gf)(a) =,^(f(a)) . ' ^ 




The ILdea of composition can be extended to hn ordered^ et of 'fEree or 
more suitable functions; i.e., functions ^having the property'^ that ^^Ke"^rSe"". ^ 
of any one is contained in the domain of the next. If there is a next.-HDhus 
if .f "l A ^'b- , g : B -^ C h C ^ D , we can fom Ijy -composition h(gf) 



and (hg)f . We thfen have, for any § € A , 



(ht'gfO)(a) = hfg(fTa))T jXYhg)f)Ca5 



so that composition "is assooiatlve , and we oafi tirop parentheses and write 
simply, hgf for, the composite *funct Ion, The,j;o32ow£ng^d<±agrm be ixsed* 
in, picturing th^^s result: 




We can In terpret the result^s indicating that, if ^\i£^start from any element 
a of A , and^ proceed £rom it to D by. any of the .four possible ^ fuiict ion- 
paths" , tfee same element of .D is reached in each case. Diagrams which 
"^picture - set ^ 'and' functions which ^are related in this. way, ^re* called 
commutative 'diagrams . - , , • ♦ 

As we-shall use commutative diagrams a great deal, we slow down here and 
say a little more' about them. Fii-st of all, a diagram ^such 6s the one us,ed 
above (whether or not it Is commutative) should be considered as a natural 
extension of the contoonly used 'simple diaj^am for a functions 



f 

A B 



J 



The tem "commutative diagrarh" probably derives from one ^of the simplest 
examples of the use'* of such a diagram: the commutative diagra^ which ^ 
,^ corresponds to a commutative binary operation. Let *£ : A x -^.A ^e a 
'\bln^ry\ operation ^n A ,'and denote fi^i-^.a^) by ;^^-^o a^^^. "Th^n th^re is a 
natural functipn (p , s^y) on the. ' elein^ntfe of A x A , -whicft simply, reverses 
t^e or^er of t^e terms in each ordered pair: that is,, <p : Ca-j_,^) -^'(^^^^a^) ' 
' Clearly W is a 1-1 correspondence, If we consider now the followii^ func-' 
. )l5lon.djL^gram , ^ ; < * ' ^ • ' ^ ' . 



A«x A- 



■^A X A 
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then the diagram i§ GDmmutatiy^ if and or^ly.if, for every^ (a^ ^a^) ^ A 
ve have ... • , - • . - • ' - 





In o-ther words, the diagram is commutativ« if and" only if the binary operation 
■4s commutative. ' ^- ' f — - ^^.-•.-r..' ^ 

• Jn order to be commutative, a diagram (of functions) must haVe the pro- 

*perty that^ every pair of ^ composite functions represenifed (by directed "paths") 

in the diagram, which have the same' domain and the same image' spaee, must 
— t^'^^K^ * «* 

"agree", i.e. / they must be 'the same function. If this condi-tion.^fails for 

< \ • • 

any element ^in the common' domain of any rpalr of suitable composite functions, 

then the diagram is not ^commutative • ' 

The earlier, diagram which represented the associativity of functional 
composition, was commutative because of the way in which composition was 
defined. This is a fagLrly common situation. But we shall also encounter 
ot'her instsfnces of commutative .diagrams i;i which the comm:utativity is a 
theorem, and not quitejso obvious^^^: . ; - - 

Commutative diagrams have beett^considerably used in more advarfcied parts 
or mathematics (especially in algebi»a and algebraic topology). They are 
particularly useful whenever we have a' numb'er.of suitably interrelat^ sets 
and functions. Like any good diagram, their main purpose is ytfT'tn^^d *to the 
imagina,tion: tl^ey fre(3uently help us to picture apd summarigfa^ f;un(^V,Q\al 
relationships which can be* qurfe complicated ^when written out in "algebraic" 
form. * . • 

'It^is possible to prOve theorems about 'commutative diagrams, 'but, as' our 
use of *them is quite elementary, we shall not take the tjjne to do thi?. An 
example of suck a theorem (which you cat easily prove) is the following^ 



Theorem .' If each of the triangular ^^subdiagrams" irvt^th^ following diagraip 

is commutative, then the whole diagram is Commutative: 

A,^ ^ .B 





The" ideas of composition and inverse can be brought together through the 
notion of identity funAion. * For any set A , the identity function is 
the 1-1 correspondence : A^A for which I^) = a for every a € A . 
If we have a 1-1 correspondence* f : A -> B whose inverse is denoted by* f */ 
then we ca^ xjompose f , and f » in twoNays, and we get 



You should dhecK this, and obsei;ye that there is some similarity betVeen the 

composition of functions and the multiplication of real numbers ^ with the^ " 

identity function playing the role of the number 1 . because of this 

— " -1 ' ' ^' 

similarity the -^ogtation f is often used where we have used. f» , to denote 

the inverse of^a'l-1 correspondence f . We do not use the notation 5"*^* 

here^-'^cau'se we ^eed^lt later to denote something different, but is not\lways" 

feasible *to avoid it* In most^ eases the >sense will be clear from the ccntext. 

Frequently we have" to deal with a function f : A ->,B., in a «itufi>eion - 



B respectively.^ In this case 



where there are relations K. , on A and 

say that f is compatible with (or preserves ) -the relations K . , g^^ ,^ iif 

such an f is a 



;X§f^2^ €'^=^''(f(aj,f(k^:f^^ s 
^ Komomorphism ' from (A , K^)- tp. {\,,Yi^.\ ^^^"^^^ 
ca-lifed^an endomorphism of* ilS\ K li^i ^\ ^'{^ '-S; 



and K^ = K^ 



f is - 



, If, in addition t6, bexJlg coi^atibie^wijb}i the ^^ggj^eli relations ^is a 

1-1 cor5^pondencfe^T7h&se inverse" f*-\s alio compatible -^with 'k.-,'*'£^^^ 

^ ' \ " ''A3' 

we 9a5^J;J[jat f is an isomorphism of A onto B ^ vith ' respegft to the given 

relations/ We denote this by (a\k^) ^ (b ,Kg) If* f maps; A~somor- ' 
phically onto a pr6per jsubs^tsif b' ,' then we say that f is a^i. isomorphism 
of . A ,into B . ^The i^otions oi homomorphism and isomorphism w#Ll keep re- 
curring in- different contexts, ^V^t they will generally have the same sort of 
meaning: we have two sets with some sort of/' structure" (usually given by 
relations and operations^'-- see later) aj^ a function whi6h' "preseo^es the 
structure" . ' It is a simple matter to show that the composite of two homo^- 
morphlsms J isomorphisms) Is a homomorphism*(is6morphism) . ^ " 



Irk 



in this 



Important cases Of reiation-preserving filiations, \^cfy we shall encounter 



occur when 



[^isSi^Vof *^eal numlSlers, 'and when 



~ ^ wen-'lmovn order ^relations > , < y > / < . function 

f : R -*R which is^compatible with > or with.^< ^is^^d yto^ej^ weajkly 
^increaslrfg, or order-preserving; a function which preserves > ^qr < ^ said * 
to be increasing.* A function which revers'Bs order (e.-g.*, for which 
® "^'^ =^^(^) > (or >hf(b)) is said to be weakly decreasing (or decreasing). 
A ^function which is either waalcly increasing or weakly decreasing is^caUed 
^' monotone. A function -which i^ either increasing or decreasing is called""' 
strongly monot^one . A strongly monotone function, i's 1^1 . A function which', 
is s'trongly monotone apd onto (and^henCe a 1-1 correWpond^ce-) is called 
^^^i^SiSSe^jo^.i^fegic). Thus an isotonic transformation is 'an isoiSgrphism 
. with respect tl^he order structure of r' . More precisely, an isotone 
increasing function is an isomorphism' of •(R,<) and (R,<),; an isotone'' 
decreasing function is an •ls9mo2^hism of (R,<) and (R,>) 

— ^ When dealing with a. function -;f . f^om" i to^'n \ It' iF sometimes useful 
to "picture" the function i^y means of a" diagram in which Hhe domain and the 
i^nge are separately r^esentejd by parallel copies of the number lin^, and 
^rgurHen^, a > are joiiied by directed line segments to their Values, -f^a) . 

.^10? course, not all can -be draVn!.) For example, such a diagram for a monotone . 
increasing function might- look lil$e: 




The monotone .increasing prop^f?3n:5::?eflected in the fact that xid two seg-' < * 
inents^ (drawn y^r not) cro^s 'each other, i^or monotone decreasing function^, " 

: every two segments cross. You might find these ideas useful in thinking^ About 

, some of ^he exercises below; 



\ 



. ►-I- 
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Exerc^seg l-h , - ' 

1» Prove the ass-ertiOn made above, that a, strongly monotone function from 

R to ' R is 1-1. * * ' . 

♦ ^ 

2. If you- are fa«iiliar witlT ^the^otion^of-^on$iidui5,ty^^ sl^oy .^^ a 1-1 , . . 
correspondence R R ^is isotonic if ^nd only if it, is continuous. 

• 3» Prove that the inverse of an iso.tonic fimction is a^o -isotoni^c, and 
has the same^ sense {i.e.', increasing or decreasing). 

If f and g ^^re monotone (or strongly monotone) functions in the same 
^*sense (i.e.; iJoth increasing, or both decreasing)*" show that fg gf 
are monotone increasing (or strongly monotone increa'sing) ; if f and g 
have opposite ^senses ; then both compo^tes are de'creasing. 

5* Prove that if f and g .are isotone, then fg and gf are isotone. 

6. Prove that the ideatity function- J„ is "isotonic and increasing. " , 
^ ' I ^ ' . ' . m 

We conclude this section with sortie further consideration of the various 
notations used^'in the description' of functions: . 

If we are dealing with a -finite set (not too l^arge!) and a function for 
which there is no particular pattern in the assignment of a VBlue to each 
argument, we usually list ±he set of , ordered pairs wl:^ich describe the function.. 
For example, tHe state-of -residence function, for a specified set of people 
(the domain) could be described by a set of ordered pairs:* * » - ^ * 

t(Sraith, New^York) , (Jones, California) , ------ ) : ^ * 

Anpther function normally descri^ecTln this manner ^is that vhAch associa^tes 
^telepbone number with each person Iri^aVgecif ied domaij: you may regard 
^g^l^SSLepbone directory as gj^ing an organized^ il^'^g of t}ie ordered pairs 
q|)rrespondi^ig to this function As- far as this fuoction^^^ concerned J the 
al|>h^etical order' of the listing j[s -irrelevant. ' s " 

When we are dealing with a function^vhose domain and/or ijnage space has 
some "structure", it is often (but not always) possible tp describe the 
function by meani^ of an equation, or in some other vay- For example,* if 
domain = image space = R = set of real numbers, the function f which maps 
every number into its squdre may be described by such notations as 
y = f (x) . r ; f : X Such notations are incomplete the domain 



niust be specif ied* separately but thev have advantages in otiier respects. 
For example, we, cannot specify^a function whose dqmain is an infinite set, 
by listing separatel;yi all of the ordered pairs, wfiich go to make up the func- 

tion. , * » 

\ , . . ^ r ^ ^ . , w * , * ^ . ^ ^ -.-v . ^ ^ 

When using the notation y = x- , w^th domain = image space = R , :we . 

^ understand that the filnction described is the set of thosg ordered pairs of 

real rfumbers (x>y) which make up the truth set of the equation- y = x^ . 

This idea is also used in situations 'involving a verbal statement. For 

^ example, ve'ma^ define the integer part function f , whose domain is R , 

• "by ' ' , V ^ 

/ ^ 

= ((x,y) * X ,y € R ; y is the largest integer f/r which x - y > 0} . • 

. r ' . - • 

This integer part' of x is ofteh denoted by [x] , sc\that the integer part 
'.~unct|.on on R .is also described by 

f : x:-*[x] ^ • ' ^ . • 



Exercises . 1-^ (corvtinued) n 

' -.. * 

Show that the function f : R R 'defined by 

' 2 

V ( X X . for X" > 0 , . 

^•'\ 2 ^ ' ' ■ - 

^ ( X -X for X < Q , ' ^ 

is isotone* t * ^ \ 

8, ff X : X f (x) is monotone- on R ( strongly* monotone; isotone) and 
a , b , c are 'real numbers , a ^ , show that 

(a) g x~*af(x) 
• *(b) h : -x f(x + b) 

(c) k : X f (x) + c ' , ^ 

and hence • < . '/ * 

*(d), j : X af(x + b) + c ' *" 

. 1 * ^ ^are monotone (strongly monotone; isotone). Sketch sul^table graphs to 
' ^^ J'^^ help you * pict ure , the se^r g suits-. ' . * . * v ^ 



given by 

f : X ^ ax + b , g : x*-* cx + d, 
„^ ^find e:ipressions giving the values fg and vgf ^ at x. 

O ^ " 21 
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/The; Alge^)ra of Real -Vjaiued Func^ons 
We' 



"1 



' intro^Hc Le fij :gtrthe notion of^ .equality of functions . Two functions ' 
f aij'd g are said' to be equal prov^ed tY&t they have the same domain/ and 
prov:|ded that for every element <a ^f the Somain,^ f (a) ===.j(a) . ^Clearly, * 
equal functi^s determine the same set of ordered pairs; and equality of 
functions 'i§ an equival.ence relation,. * ^ 

■ Let A" -be anyc-set^ and let R be the set of real numbers.' We use 
to denote the set of aj.1 functions from A to ^R . The motivation for this 
notation lies in the exercises 'below. 



Exercises 1-^ * , 

1. - Prove the assertion ijiade above, that equality, of functions is an equiva- 

lence r'^lation. - ' . . • » 

2. Let A ' and B be finite sets containing a, and b ; elements respec- 
tively] Prove that b'^ (the 'set of func-t^ons from A to B) contain^ 
b elements. • ^ " 

3'. Let A be a finite set with a elements, and let S 'denote the set of 
- all subsets of A . 'Let /b' be the 2-%.ement set, {O,!") . If -T € S 
Ur;e., T»*'is any subset of A)' define f : A B ^(i,e, , f 

a ' , ' * 

( 0 if X I T 



'T ^ 



Now define': 



1 if X € T 



S 

by F(t) = f ^ , and^^ow that. 

(^) F is 1-1 and onto; , ^ 

(b) has 2^ elements. ' ? ^ ^ 

(For this reason the symbol 2 is sometimes^ised to denote the set pf 
. ali s\ibsets of a given set A , whether or not A is finite.) 

The Elements of the set * r'^ are 'functions . Particular elements of R^' 
which can be singled out are the so;called constant functions : corresponding 
to e^cl> real niimber .r , we define. the constant function- r : A ->R ^'by 
r(a) = r for eveiy a ^ A . Important constant functions are 0 and 1 . 



' Operations^of adQition and multiplicatioh can be defined on the set, of 

A * • " * 

functions . R ^ by using the corresponding operations in R . It is customary 

to use the ^sual symbols, for addition of functions, and "•"> for 

multiplication of functions . Thus if ' . ^ 

we define ' - , * , ' 

Clearly f ^ + f ^ and f^ • f^ belong to which is therefore close^^ 

under addition and multiplication. You should verify for yourself that this 
addition and multiplication are bo^h associative and commutat.ive; that the 
Hjultipli cation is distributive over ihe addition; and that l'f=f'l=f ,\ 
and 0 • f = f • 0 = 0 f or all f € . 

For each function f ^ we can ^d^ine a unique negative, or additive 

inverse,' -f € by ' ' ' / - 

/ ' 

• ' ^ . -fi = {(a , -f(a)) : 'a € A) • ' ' 

and we readily verify that ' > 

f + (-f) = 0 . 

Subtraction of functions can^^^^^iji^be introduced- in the usual way.. 

You might be tempted to think that R^ has all of* the algebraic struc- 
ture of the real numbers,, but this is not generally the case; 

I ' Firstly, whil& all non-zero .real numbers have multiplicative inverses, 
- we can jdef ine ^ *' ' \ 

" . Ka'",^) : a €A) ' - 



only for those functions f whose range do%s not include the number zero. 
(In general, the s.et of those functions whose range includes .zero* contains' 
rftuch more than the constant function 0 .) We ^call f^*^ 'the multipljxiative 
inverse ; of reciprocal of f . If f"*^ exists, we have f • f """^ = *1 . We' 
can define division ^y,* | = f'-g"""^ only vhen 0 ^ range, of g . One con- 
sequence of this restriction on the existence of mult ip.li cat ive inverses .is^ 
that the set can haVe what are called divisors of gero . These" are 



elements f , g , su5h ;fchat f 7^ Q , . g ^ 0 but • g = 0 - . Yoii- should con- 
vince yourself that such fiinctions e^ist, by constructing examples. 

^ Secondly, we csn set up an order re'la.tion in by the definition: 
^ < g-'provided that f(a) < g(a), for aU a 6 A , but in' general, this 
relation' is only a. partial ordering, whereas the 'corresponding relation for 
the real numbers is a total' ordet-ing'. ' ^ - 



Exercises i-^ v( continued) - ■ ' . 

k. Let A be & 2-element set. Find functions f -, g e such that ' 
f i g , and g ^ f . .>■ - , ' J\ / , 

5- If A has exactly one elfement,^ show that' the sets ^ IT and R are 

isomoiThic With respect to:^th§irSlgebrai^^ operations and order structures, 

Another operatl&r{- whiclf.ca-n. V |nt}^^e0*^fejfei^:St^ '^^^^ 
A.- to R / is the so^caned ■'ig'ca^iaf ^iiui-t^^ of eltepients ' of , R* by 

real numbets. Let" r '..e R " and . f e R^.V 'Vhen we define rf " A ->.R by / 

" / " •■.^^(-rf)(a) =Krf(a)y fo^ ail, a e A . " / 

This /'multiplication" is i'elatei-to the notions of' constant' function and the 
multiplication of functibns: ",s|e Exercise 6, below. 




1-^ (continued) 
-6, With the "notation' pbove, shdw tha't ' > > ' ■ ■ _ 

rf . = r • f = f • r • 



0. 



where r : a r , f or every \ \ 

7. If n • is a positive integeiv^ •*'and f : A ^ R shoV that ^' 

. nf = f + f+ .,, + f (n t^fms). ^ >^ . . • : " . 

** \ * * 

Vv(a) -Prove that addition^ in is commutative and assocfa'tive . . 

(b) If p , q -are real numbers, and f , g e R* , prove that' 

(i) ■ (pq)f = p(qf) ,q(pf) ; ' ' 

• " (ii) (p + q)f = pf i^f ; ' ■ ■ 

(?ii) p(i-+'g) = pf + X ' 

(iv) lf'= f - . . " ' . 



/ 



\ 



\ 



If f ^ g are\inonckone (strongly monotone*; isotone) jTunctions in the ^ 
same sense 5 from R tq R , show that \ < 

\ * r *. ' * 

(a) f + g is monotone (strongly \):ionotone5 isotone) in the same sense 
'as f ' and 

("b) if r > 0 r^ J is monotone (strongly monotone; isotone) in the 




same sense as.^:P ; , - ' 

(c) if „^.^< 0 , rf \is monotone (strongly monotone; isotone) in the 



opjtoslte sense 



A particularly important function space 'i|f^?i3C set R*' , the .well known. 
* iset of "I'eal functions of'^a neal varia^Jjer. ^is case^ in addition to the 



alge"br8lic stru<5ture for the s^t 

'^^^\ / R ^. 

tions: th^ composite of tVa functions in R ^'j^ 

. J ..... ^ • W' 



as des,fcri"b^d above, we can comppse func- 

) ' R 

also a function in R . 
Thus we have the additional binary operation of composition in R^ . Thi*s - 




ative, "^ut not commutative. Composition is related in ^ 

\ ♦ ■ R 

ing ways to the ^5^^ ^operations in R , but it would take 
to irivestiga^ the^e^^relationships, tuily. 



Sifajilarity Transformations and 



Sikilar Functions. A subset of R which 



is important in questions of measurement, is the set of those functions which 
^^om thfe multiplication of every nximber in R by a fixed number. If, 



k € R , 



denote th^ Qofresponding_£unction by th^ symbol k . Thus 
R is defined by*" , ^ / . ' 



/ > 



k : R 

k r -> kr , for, all r € R • 

It is^ frequently convenient to denote the function k sirfiply bj; the number 
k , "but we must.be careful not to confuse it with the constai^ ifiinction ^ k 
These functions are related to the identify funcftion I_ in. a simple >^,r^. « 



\ k = kl„ = k • I„ . If this is combined with the results of the exercises^ 
\ R - R . / '/ " 



^ abby^^ we. obtai^ the following properties^ ^or .k : / 

,f/om R 'to itself; 
strictly monotonic) 

.^■'(i'^) ff k < 0"^, k"^ls"i^ptOEd<i fDu^everses* order; 



V 



^ — ^ J- — — . , 

0 , 'k! is av l-lrcc/r/espondence,f3?oi 
, " (ii) J^f k > 0 , k|pi^^4s6-U^^ 1-1 and 1 
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(v) if f : A -> R \then ^ , • * . 

. . ^ kf = kf = (k flj:^ = k •f = f .k . ^' 

This result caa pictured, using the conimutative diagram: 





^T^^Jioting that if ve atari/ from any element a ""of A , move 
^ by f to its value f(a) in R , then down by k. to k(f(a)) 
ve r§ach the same element of R as if ve had gone directly to 
R .by ,,kf, . If: A = R , obse'rve that, in general, kf ^ fk . 
'(Consider f : x*-> .) ' 

If k ^ 0 > k is called a similarity transformation . .'or sjMlitude, of 
the real numbers. A similitude transfqrms any subset of the real lin6 into 
a similar subset, m the geimetrical^'^nse. If 0 < k,< 1 , k could be des- 
cribed as a '"uniform contraption"; if^k >1 , k ^ could be described as a 
"uniform expansion" . * * * 

and g 



If f 



-k -eR .(k ?^^6)^such that g =^1 th'^ 



R , and if there exists 



are tvo functions from* A to 

^ ^ f •and g are said to "be slmjjlar ' 

functions' .. If > 0 , f apd /g!' a^^said to be positively similar fwctj-pns . 
in connection' with meastirement, Uetsgf positively similar. functions/ (wii^h 
values in-'the set r"* of ^os it iU^eal numbers) are extremel'y ^mmon. "(E.g., 
the s^t of all length functions, with a Vommon domain. X When; .dealing with., 
such functions^ we U^lly omit the word " positively" ^ and refer to them simply 

^as-;>imilar functions". Simllarj.ty, and/positiv^ similarit/ are equivalence 
i^'elattons v- ^ - : ' " 7 

' ' . ' " ' ' V ' ' ' 

. A Similarity transfox^aty on • R is a speciarca/e of a Unear function. 
A linear function on R -^is a function f ^ 



- I , : X -» ax + b / / ■ < 

where a , are fiied real '^umbers. If a ^ 0 Me: lineav function is, 
• £on-sineaar; such a function is also known as a /oWal function of the 
.first degree . If a' ^-0 and b = 0 , the lineat function- isft similar!^ 
t^sfox^tion. If a = 0,:the linear functi^'i^si^su^Z/a lingular - 
linear function,. on R is, of course^ a constd'nt .faction. ' , 





Exercises - 1-^ (continued) * r ' 

10. Assume that f ^ : , x- ax + b* , g : x ^ cx + d are linear functions 
on R and let k € R (k ^ o)* ^l>rov6, that 

(a).^ kf ''is a linear function; kf is non -singular if a'nd only if f 
iSt non-singular; ^ ^ < 

.(h) if^ f and g| are non-singular, then f 'g is not a^linear " 
function? ( I ^ ' 

(c; f + g is a linear^ function; f + g is ,n6n-singuiar if and only 
if a -c ; 

(d) fg and gf are linear functions; fg and gf are Ifion-singular 
±i and only if f ar^ ^ g are non-singular; 

(e) ' *fg = gf if and only if ad + b = b'c +'d ; , ' . 

(f) f^ = gf, = Ij^. if and only if ac = 1 and be + d = ad + b = 0' ; ^ 

(g) '1^ is ;Linear; 

• (h) every rion- singular linear function f has an inverse f * (vith 
respect to composition) such th^t* ,f is linear and non-singvilar, 
' ' and ff «' = f «f = ; ' ' ' ' ' - 

(i) if a > O' , f is isotonic increasing; if a < 0 , f is 'i^tonic 
decreas'ing. ^ ^ 

11 . * If A ^ ^ , prove that ^ ' , 

(a) ' simil^trity is an equivalence relation on r'^ ; 

* ' + A' * ^ 

^b) .positive similarity is an* equivalence relation on^ (R ) and on I 

(c)' all donstant functions in ' r'^ are similar. 

As you are undoubtedly aware, the graphical representation of a linear 
function* in the cartesian plane is a straight line. You might find it help- 
ful to lise a ^graphical |)icture when working sane of the above exercises* 

' • « ' » * 

If you have taken*^ course in calculus, you will have encountered many 

o*f the ideas mentioned .above but not in a context which emphasizes the 
algebraic structure of R^ . You will recall that ^ in differential calculus 
we are interested in, those functicJns from R^ (or from r'^ , where A is 
a specif ied *»6jjb£et R) which have derivative^. This is th^ subset of 
^so-called dif ferentiable functions. In tfie development „of the pro^ertieg of 
derivatives, you luidoubtedly discussed rul^s'.for di^er^tiatipg^imif^."?^ 
functions,, products of functions, quotients of functions, miLLJiples of func- 
tions by. real numbers, **fend functions of functions (i.e«, composite functions) 
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tion-itsel^i. o f Thus differentia- 

Another situation which ari^P^ 
(-sP^-im^Wr^tlon -"h measure functions/ • ■ 

J- ,f^,^,i:el-ation to derived" measures, and "dimension"-^ . ' ' 
^ubjetft of induced function, on cartesian .r , 7 ' ^ ^^e 

two functio;;;^ • - ^^^^^^^^2^-- suppose that ve are given 

^hen f and g induce, in a natural way, the function . ^ 

1 X g : X Ag X defined by ' 

fxg-: (V«25-(f(a,),g(a2)),.(,^,,^;^^^^^^ _y 

l^Ll;::;^^^^^^^^^^^^^^^^ - = ^uch as addi,ion, 

operation (which, you will recall cl . P°3ed with the binary . 

^ ^ B to give a .pp;!!^: ^ 

~ re^v!7~ °^ '-^-^ 

■.^tiplieltion 0 theV e.:! 3 ' ~^ ^ ^^-^ - ' 

the relevant operatlf d"!: " ^^^^"^ " ' 
r-ension. .iH^ .e considered in a te^ c" 



ax + Ma ^ 0) of degree i ^ ^ ' ^ ^ ^ ^ R • A polynpmial 

- - ax . / This IT \ ' ' -n-ingular linear 'function 

. This polynomial is homogeneous if b = 0 and tr,^ '.k 
ponding function f : X -> ax .nt.-.f ' " and the c6rres- 

X -> ax , satisfies the condition f (kx) - kf/v1 *• 
every positive k c!„„v, ^ I '■\>^) - kt^x; for 

product TtR . . ax variables (i.e., on a finite cartesian 



in their^siraplest form; (i.e., with domains and imag^* spaces Je^iVed froiii',4:he 



real numbers) and cqnsider further generalizations as the need 



arises . 



A function ^ f r R X R ^ R ±s linear if and only if it has ^he following 
properties : ' ^ 

(i") ''for 'every ix^^Y^) and (x^.y^) ^ R x R , ^ * 

^(^ f{x^ + xg.', y^ 4 y^y f (x^,y^) + f (x^^y^) ; ' \ ' 

(ii) for every > (x,y) e R x R ,.,and every k € R' , f(kx = kf(x,y)' . 

Remark : Perhaps you are surprised that the second property should be required 
as it is a "homogeneity" condition; that is, our definition is really a genera 
lization to two variables of the notion of a homogeneous linear function of 
one variable. It so happens that the notion o^ homogeneous linear, function vis 
the important one in generalizations, aild the homogeneity property is there- 
fore included in the definition". Thus our (geherali2ied) linear functions are 
all homogeneous, and our multilinear functions (see below) will be multihomo- 
geneous. Many writers use the term "linear transformation" (especially in. 
generalizations to so-called "linear spaces".) where we have used ^'linear 
function"; a linear transformation is thus a homogeneous linear function. ' - 

It follows readily, from definition, that * (x,y) 2x + 3y is a 
linear function on R x*R , aM that the function (x,y) 2x + 3y + 1 is 
not. The definition is easily extended to the case of a finite number of 
real variables. 

A fimction f ^: R Vr is defined to^be homogeneous if and •only if it 
has the property that /there exists a fixed a € 1^ , such that for'' every * 
k > 0 ^ and every x € R , . 



» 



f (kx) = k^f (x) . 

The number a is called the degree 2£ £ .example such a homogeneous 

function is the function x 2x'^ . The definition ^an be^ suitably modified 
to applj to a function whose domain is a subset of R . (E.g., the function 

The concept of homogeneity can be simply extended to 'f;mctions of several 
real variables; we give the def initia^^or the case of two variables only. A 
function f : R x R R is' homogeneous (of degree a) if and pnly if^there 
exists a fixed a € R , such that for every k > 0,, and every .(x,y) € R x R , 



^ f(kx,ky) = k^f(x,y) 7 • ■ > 

This is the natural gen©iralizatioA of the idea of a homogeneous polynomial * 
function; e.g,, the Yunction (x,y) x + 3xy + 3y . is easily shown ijo "be 
homogeneous of degree 2 . A npnpolynomial example is the function 
(••x,y; "—^zzi / vhich is homogeneous of degree 0' . You should o"bserve' 
* /x^ + / , 

that, with the def fnition which ,we have given for a linea*r function of two or 
more varia"bles, every such linear function is liomogeneous of idegree 1 , "but 
the converse is definitely falsa... (See exercises "beiow.) 



Multilinear and Multihomogeneoua Functl^ons . concepts of multilinear 

and multihomogeneous function are more restrictive generalizations of ^the 
notion§ of linearity and homogeneity. We give the definitions for the case of 
'two variables only: these definitions are easily extended- 



A .function f : R X R -> R is bilinear if and only if it- has the 
following properti'es: ^ ^ " , 



(i) for every real . , x^ , y^ , and y^ , 

f(x^ + Xg ,y^) = f(x^,y^) + fU^,y^ , and . . . 

: . f (xj_ , + yg) = f (x^,y^-) + f (x^jYg) ; ' • . 

(ii) far every real x , y , and k , f (kx , y^) = f(x , ky) = kf(x,y) .\\^^' 

Obseiwe that the second property is again a homogeneity requirement: it ^ 
implies that every "bilimea'r function is homogeneous of degree ^^2\^ Every 
'bjl.inear fu^ttion is alspj-hihomogeneoui^ (see below) of degree (l,l) . An 
example of a bilinear function is t];ie Section (x,y) ^ 3xy . , *'t 

A function^ ,f <'^Ro< R R .^ ^^^ogeneous if and only if there exist 
i re&l Oj^ , , such tb^,^fpr everj^^b:,5') e R X R , and every positive real 

* ^ , \ fdcj^xjk^y) = v.V'^^'''^^ • - * * ' ' 

" ' * ^ ' • . 

, >The ordered t>air of ^real numbers (a^ ,a ) is called the decree of the 

bihomogeneous futiction. (We also say that such a funcifion has^egree in«< 

2 • ■ 

X and in ^y .) An example is the function , (x,y) 3x y*^ , which is^ 

'bihomogeneous of deg^ree (2,3) • The function (:x,y) 2x y ' , on the 
domain R X R , is bihomogeneous of degree ' (-3 ,5:) i ' ' ' . ' 



r i. 



, » Exercises 1-^ (^continued) ' " ^ ^ 



^ + + 

^ 12. If f : R R is a homogeneous functjlon of ^degree a , prove that 

there is- a c € R"** such that 'for all x € R"** , X : x cx°^ ; hence 

_sWQVj:.that f ^s homogeheous*^ of degree zero if and only 4.f it is a 



^ . , constant function. * - ^ , 

13. If f : R X R R is a polynomial function/ prove that f Is hodio- 

geneous of degree n (n a positive integer) if and only if all of its 
terms have* the same d"e^ee> n . (This latter property is, of /course, * 
the usual definition of "homogeneous polynomial of degree n" .')' * 

. li;. Prove that for each positive integer n, the function 

J^, (x>y) ->'(x" ^y^^^^ y defined on r'*'**x R^* , is homogeneous of ^degree, 
f ^ 1 y but it is not linear unless n = 1 . . ^ ^ • 

^15. ' Prove that^ ev^ry bilinear function is homogeneous gf degree 2 , and 
bihomogeneous of .degree* (l,l) . 

^16. f : R^ X r"** is. bihomogeneous of degree (oJ^^*^) • Prove that' 

+ " ^1 ^2 r 

(a) there is a c e ^R such that f : (x^y) cx y 

(b) .f is homogeneous of degree OL + ; _ 

(c) f IS linear if^and only if =-0 , ^S^J 0^ = 1 , = 0 . ^ 

17. Find examples of homogeneous functions' (of 2 variables) which are not 
bihomogeneous. - »^ • *v 

^ 18. ^ If you are familiar with the notion of "Venn diagram", draw a Vejin diagram 

^ , ""fe^^^ illustrates the relationship of the sels of linear, bilinear, homo-" 

geneoxis, and bihomogeneous functions from R X -R to P . 

^ ' \ ^ ^ ^ 

' ' 19. ^f and g a re^ homogeneous functions with the sati^_domaii;i,* and with 

'degrees ^ 9 ^2 ^ respecti'^^Ly • ^ - \ ' 

(a) Prove that f g is homogeneous if and, only if <x^ = ^ and 
*' ' that, ,;in.this case, the degree* of f. *+ f^ is a, . ' , 

(b) ' . Prove that f^ • f^ is homogeneous of degree ^1 ^2 * 

\ i + + + + * 

*20« If : R ^ R and g : R R are homogeneous functions of degreies*^^ 
r ^ ^1 * ^2 ' respectively, prove *that the composite functions fg ) 
and gf are each homogeneous of degree Q^o^g, * " 
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l-t6^^ Sonie Special Sets of Functions ^ j ' ' » 

In this, section.ye introduce some special §ets' of functions, most of which 
• have tire structure of a feroup (or a semigroup) with respect to the operation of 
^omposrtion . These groups are^used in. the n^xt, section i.^ connectioh with the 
classificatjii^ of jieasure functions.^ [For a mora, detailed introduction to 
group theory, including most of the groups discussed here, see [7] .] 

Before discussing these particular groups/ we introduce the cdn^pt of 
group formarlly, . and summarize some of t^e main group ideas which we 'shall 
' need. A group consists 'of a no^-empty set G / tog.ether with a bjjnary ooera- ' 
• ,tiori on G (th^ value- of this operation on (x,y5' is indicated in this 
definition. by the juxtaposition xy) such that * \ ^' 

(i) G is closed undeS: the operation. (Actually this is implticit , 
in the f'equirement of a binary operation on G) ; 

(ii) the operation is associative'; ^ i .e , , if x , y , 2 € G. , then 
,(xy)z = x(yz) ; . , 

(iii) G conjbains a special elem^t e , called an identity element 

,-(o!E' null element), such that ^ * 

j * ' ex = xe, = X for all x € .G ; ' ^ 

t (iv) corresponding to each x € G , there is a i^nique element r 

, X € , such that xx = x"''^x = e . \ ■ » 

' ' . -1 - / ' * ' 

The element . x is called the inverse of x with respeot to the given ' ; 

operaj^iori. ♦ . , * ^ 

« 

A group G is called abelian , or commutative if for each'^^pfetr ' of 
elements *x , y"^, of G , 

■ . • • • - • / . V 

xy = yx . - 

^ • r ■ •• 

^ A non-empty subset of a group, , which is itself a group with respect ,to 



tthe given group op^^ration, is called a gubgroup of the original group • 
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Verbify that the following sets and opei^%ions are groups-* 

(a) the integers (orl:he ^rational ^umbers, ""or the real numbers), 
under addition; - i ' ^'^ --jt:^, 

(b) the non-zero rsitional numbers (or the r^a-zero real numbers), 

J a 

under multiplication; 

(c) the posit iY^ rational^umbers (or the positiv-e real members), ' 
under multiplication; ' ' * 

(d) 'the equivalence classes of integers, mod 12 , under ad'ditipn; 

(e) the equivalence clas^es^of integers mod 7 , with the zero class 
excluded, under mult iplica-j^ ion; ^ . ^ 

(f) the se»t of all 1-1 functions of a 3-element set oQto itself, 
\jnder function composition; ^ ^ ^ ^ * 

(g) the set of linear functions on R , under composition; 



the set R. of all fun c4i ions from a set A to the real numbers 
R , under ad'^^i^ion of functions; 

R^ of all functions from a set A to the positive real 



(i) the set R'^^ of all functions from a set A 

\ + . 

^ members R ',*under multipl^-cation of functions. 

Which of thev groups in the previous exercise are abelian? 

If G_^is a group, H C G , .show that H is a subgroup ff G provided 
that • 

(a) h^h^ e H , for all H/(i.e., the subset H is 

•closed under the groujD operation); 

{i) ^ e H ; . - ' ' ' ' ' 

(c) h € H'=^^h"-^'^ H , ^ ^ : *• X- 

'Show that th^ set of even integers is a cubgroup of the group of ■ 
Integers under addition.' " "'^ * 



■■1. 



Show tha^gth«i.set of non-zero rational numbers is a subgroup o£ 
group of non-z^ro real numbers under multiplifcation. 

Show that the set^of positive' reals is a sub group of the group of \ 
non-zero reals under multiplication. * 

Show that' the 2-element set (l,-ll i§ a 'subgroup of the grouptof ^ 
non-zero reals under mul1$iplica^tion. 
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rr: 



o. Sl;iOw that the relation p defined on "t^ie^j^t iH^) 'of all ^subgroups 
'Of a group^^Q Jjy: ' - - - - • . . 

p if and .only if is a subgroup^of ' Hg , ' ^ 

i$ a reflexive, antisymmetric,^ and transitive relatibn; (i.e.,^a^ 
partial order relation) . - ^ ' ..i ^. -J. 



Permutation Groups . A permutation of a f IniJ^e^set of objects is a 1-1 
mapping^ of the s^t onto itself. In other words, a permutation is just a 1-1, 
correspondence. Let A = {a^ , a^ ,a^}- be*a set of n objeo^s^. The 

•permutations ^of A can be composed by f^mctional compos ition^ and the com- 
posite of* any two permutations i& again a permutation; the composition opera- ^ 
tion is associ«*tive; the permutation I is an identity element for the set* 
of permutations; and eSqh permutation is 1-1 onto, and hence has an. in^rse 

r with respect to ^composition. It follows that Jthe set 'of all permutations of *• 
A is a group under aomposition. This Very important group is known as the 
permutation group^ ^oj?- symmetric group ) on n ^ objepts, and denoted by P . 
The definite article is used because, for fixed n , the nature ot the n 
objects does not affect the structure of the permutation group: all periputa- 

, tion groups ,on. n objects are similarly structured or isomorphic ♦ This is 
another example'of * the idea of isomorphism; .Two groups are isomorphic if there 
is a I7I correspondejice between their elements which- preserves the group struc-. 
ture. (Actually it is sufficient to require the existence of a 1-1 correspon- 
dence which is compatible with the, group operations: see focercise 9 below). 
A functa!CTr which Is ^dD^patible'* w^th the gVoup operations, and which is onto, 
but not necessarily 1-1, is edited a homomorphism' -. Thus an isomorphisnt^iis^ a 
1-1 Ijomomorphism. ''(See exercises ^elow.) An isomorphism of a group onto* 
itself is call^ed an automorphism , ^ " 

A function which maps a group G isomorphically onto a proper sUbgroup 
of a grpup H , is referred to as an Isomorphism of H . A homo- 

\ K J, I I * '—II ■ ■ V 

morphisjn into is similarly defined. A homomprphism of a'groUp tp itself 

,(onto or into) is called an endomorphism , 

* ^ ♦ - • ■ * 

Homomorph^sms are conveniently pictured b^ means of commutative diagrams 

If G • and H are groups, a^ function f " : G ~> H induces (in .a j^tural way) 

a function f x f : G x G ~>'H^X H as described in Seetio^l^^i^ If the 

vertical arrows in the follo,wing diagram indicate the group operations for * 

G and H , then 'f is a -homomorphism^of G into H if and only if the 

foll9wixig diagram .is commutative: 



The isomorphi^nn of-''^the permutation groups on equivalent sets, 
direct ^consequence of tHe 1-1 corresjpondence of the sets of 'permuted objects 
You might tempted to think that isomorphism pf gJ^oups is alwayls" this 
simple, but this 'is not the case. For example, if" 'G denotes the group of 
positive real numbers under multiplication, and H the group of all real / 
numbers under addition, the fSiction 



f : X ^log^Q X . 



is an isomorphic from G ^t<^ 



• " ' Exercises 1-6 (contintied) ^ 

9* G and H are groups and f : 'G -> H is a 1-1 correspondence and, a 
homomorphrsm (i.e., f{g^^^ ^ ^is-^^ii^ for all g^ , g^ € G ) . 
^ ' Show that f satisfies; ^» 

(a) f(e-,) = e„ ; (e_ , e_/ are the respect4.ve identity elements), - 
c \j n K} n ' 

■ .(b) fCg'-"-) = (fCg))"-"- for every g € (J . 

Thus' 'f presarves products, the identity element*,, and inverses (i.e., 
the whole group structure) and hence f is an isomorphism. 

10. Prove the assertion made above, tljat f : x -> log^ x is an 
^ isomorphism from the positive reals under multiplication to the ^^^^ 
under addition. ^ ' * ^ ' v ' * ' . " 

ll^nWhat is the inverse function to the f of Exercise lo'? Is ^this also 
-^^an isomorphism? - ' — * ' • ^ 

12. Show' that the composite of homomorphisms (of groUp^) is also a 

■* ' * ' 

hpmonjorph^-sm, and thert the composite of isomoD^plftsms is an isomorphism, 

13, If k jf^ 0 , show that l^he fraction 

^ " ' - f : X -> kx • 

is 6n automorphism on the group of real numbers under additioji. _ . 



^^^^^^ .. Show, that contains nJ elements. 



15. Show that each of the groups ^-^ , ^ , iB abeliari, but that - is 
not abelian, , ^ ' « 



^ * The set of all 1-1 correspondences of a non-finite set (e.g*, the real 
niimbers) with itself, is al'^o a group under functional ^composition, as you may 
readily check. We use the symbol P. for the group of 1-1 correspondences of 
>R'., ^ Although the word "permutation" is usually used- only in t*he finite case, 
it is sometimes convenient to refer to ^ as the permutation group of the % 
real numbers. The function I„ is, of course, the identity element of P.. . 

The Isotonic Group . You will recall thdt in Section "Ivii we defined an 
isotonic transformation of the real numbers as one which was strongly mono- • 
tone and onto (and hence 1-1 .and continuous). In the exercises of Section • 
1-^ we asked- you to prove that * ' J ' 

i;* the composite of ^wo isotonic functions is isotonic; 

(ii) the identity function 1^^ is isotonic; ' * ^ 

(i;ii) ±he inverse of an isotonic function is isotonic. 

. If you did npt prp-^^e these before, you should do so now. These properties 
and the fact t^at- composition of functions is always associative* show that the 
set of , isotonib funcUopsj'is a group under composition. Observe that this " . 
g]^oup, which we call the [isotonic group , is a subgrpup of -^f^e g^p ^P„ . 



^' We denote 'the ^isotonic group by the symbol I 

In another pf the ex^ercises of Section l-h yf^i^ere asked. to shpw that 

^ (i) the composite ^ two strongly monotone increas.ing functi6na^>jls^ 
^ o strongly moiffqftone increasi^ng;*"- ^9^^-* * ^ 

(ii) the identity function is isotonic increasing; ' - * 

- " » ^ • /- * 

' (iii) • th% inverse of an llsotonic ii^cre^sing/ function is isotonic 
\ increasiri^. ./ . ^ . *| ' 

These resul^^.'^how that the set of 'ibo-tipnic increasing fupctions'^forms ^ 
^ ^ubgrouf^of the isotonic group. By analogy 'with the multiplicative pro-^ 
perties of the real numbers, we cafl th^is subgroup the positive isotonic ' 
t g^ouP » and denote it by the suggestiie notation t** 



1 



- Exercises 1-6 (continued) w 
16.* By means of examples, show that neither 2 nor I. is commutative. 



The ' '^fjfine Group , A linear- furfction f : x ax + b on R is also 
callei^' an^ ^f ine transformation * A non-sifignlar af f ine transformati9n is a 
fomction . * / ^ ' ' ' 

f ;^ X ^ ax + b , . with a 0 . 

In Exercise I-5.IO ve asked you to prove that if f and g are non-singular 
'\ affine transformations, ttien 

(i)' fg and gf are non-singular aff ine^^fef^ansf ^ 

(xi)' lo is a non-singular affine transformation; 

■ ■ ^ ■ ■ ■ • ■\ 

(iii) every such, transformation has an inverse (wiih respect\to compo- 
sition) which is also a .^non-singoUj? affine transformation. ^ 

It f 9llo.wis^ tba^b tl;ie ^M'i of all such functions on^^^ is a grou£j^Mir' compo^ 
siticil. . This group :^called the aff inel group onj^i^ or the 1-dimensional 
affine group.' We denote this group by ^e syrpbM^ A . \ 

A non-singular affine transfo3rmation x ax + b ^an be regarded as 
the compd|site. of a hombgeneous non-singular linear^transformation, x ax , 
and a translation, * x x + b_ , in. the given order. ItJ^als© the composite 

m^t! 

; 1^ 



bf the translation x ->;x + — -and the' nan-singalarYIinear ^b3;:ansform^tipn 




a 

X ax , in the given order 



Exercises 1-6 (continued)^' 

17. Show by means of -examples that A is not commutative. 

18. Show that the homogeneous, non-singular ^linear transfVDmia^tions 
X ^ ax , a 5^ 0 form a subgroup of A . • 

19 . Show* that the translations j x ^ x. + b form a subgroup of A . 



We consider next tho?e' ^f£ine transformations f : x ax + b for which 
a > 0 • - For convenience we call these functions posilyive affime transfoma- 
■g^ons . It i's a simple matter to , verify^ that j. 



(i) Mi'e composite of positive affine transformatioAa is positive; 
(ii) is a positive afffne transformation; ' 

(iii) the inverse 'oif a posil^^ye affine transforn^tlon, is^-a.f^,!^^ and 

, positive.'..^.' * ./ ^ \X>'M^^j:^^&^^'^'^^''^^^^^ 



Thus the positiW^affi^e^^^p^^^ 

bis by it -a:s:;iW|5ktive: aTf ine ^Soud- fof ' 



We denote this by 'J^:/' '^^^l^^gt it 'B:^^ ^6^\v^ : aTf Ine ^roup; ( of 
dime'nsion one); ^ •■" ''-'i* ' i * f " 

We examine' next th'e relationship af the affine groups tp the isotonic 
groups discussed earlier* As we saw 'in Section 1^5, a non-singular linear 
function is isotoni^, .and a positive non-singular linear function is isotonic 
increasing. Hence the affine groups A , A** , gre subgroups of the isotonic 
, groups 1,1 'y respectively. 

The Similarity Group . In the discussion of the affine group you were 
a^ed t© show that the set of transformations ' 

. f : X ->^x , : ' a 5^ 0 ' 

formed a group under composition, and that. this group is a^subgroUp of the 
affine group. We call this 'grOup the similarity group ,on R , because of the 
connection of the transformations in this group with the notion of similarity 
in geometry. (A similarity transformation on ' R is the' same as a non~singul 
homogeneous linear transformation on R , butt^this is not true for the corres 
ponding transform^ions of the plane and higher dimensional spaces.) As we 
saw in Section 1-5, individual functions in theUlmilarity group S are 
called similarity transformations (abbreviated to "similarities") , or 
similitude^. We cajll those similarities for which a > 0 , positive similari - 
ties. You can easily verify that the positive similarities ^orm a subgroup 
of a ., We denote this by ^. 

Thfe '^e^lationship between tl^e various groups of functions introduced in 
this* section is exhibited in th^^ f^ollowing^ diagram/in which each arrow in- 
dicates that the group at the tall of the -arroV •is a subgroup .of the group at 
the hea4. It follows from the transivity c^f the subgroup relation that each 
group 16 a subgroup of any group', reached f iom' it along a sequence of arrows. 
The arrows may also be thought of as representing the natiiral inclusion 
'functions, -which map eacfi element* of a subset of a set, into il^self. 



Exere\ses '^-6 ^ (continued) 

20. ^ Show that and are cbramla'tivep groups i^^^ ^ 

21. Show that S is isomorphic to ihe ^nmltiplic^t^^^^p^i^^^^ noixrrzero real 
numbers, and- that S is isomorphic to the rauljtiislicatiye group of 
positive real numbers. ! ^ i ' * 



Semigroups . We shall also need the more general ideas of semigroup and 
ordei'ed semigroup, sor we explain these briefly:' A semigroup is a set of ele- ^ 
ments, 'together with an assbciative binary operation -0n the set, (This implies 
that the set is closed under the operation, but' that is all; it is not ^ 
necessary that there be an identity element, or inverses.) It follows that 

. every group is. a semigroup, *but you can easily 'find examples of semigroups 
which are not groups. (See exercises.) Jf the operation is also commutative,^ 

' the semigroup is said to be abelian. , If a right-cancellation property holds ^ 
(i,e.., ab = cb implies that a = c) the set is called a right-cancellation 

\ semigroup; if both right and left cancellation hold, the set is called a 
canceU^tion semigroup . *^ . r • 

A semigroup H which has an order relation p , linked with the semi- 
group operation by the property: a p' b implies" that ac p be and ca p cb ^ 
for alL -c e H ,. is called an ordered semigroup . A group which is an ordered 
semigroup is called an ordered group > ' 

, The concepts of homomorphism.and isomorphism are^ defined for the various 
' types ,of seuiigroup in the natural way, and it is easiij^y sho^^n that the com- 
posijbe of tvo hompmorphisms (isomorphisms) is a homomorphism^ (isomo]^hi6m) . 



22. 



Exerci'ses 1-6 ( continued ) 



* 23. 



2h. 
25. 

26. 



(a) Show that t|ie set 9f positive integers (positive rationalsj ' - 

■ ^ positive reals) imd^r addition^ with the usual ordering "< , is 
an ordered abelian semigroup with cancellation. 

(b) Similarly for the set>of all integers (rationals, reals) greater 
- than some fixed positive integer (rational number, real number). 

"Similar to Exercise 22(a), ^ut with respect to the operation of multil 
plication. In this case eadh of the semigroups has the additional 
property of, possessing an identity element; which of these semigroups 
are groups? ' ' 

Show that every'<group IS a cancellation semigroup. 
Show tliat the set of all real numbers is a semigroup with identity, 
with' respect to multiplication. Is' itln ordered semigroup? Is it k ' 
cancellation semigroup? Is it a group? 

^G^) Show that the set of all functions from R to R is^.a semi- 

^oup with respect to composition; that it' has a left and a right' 
identity; that it is not -commutative; and thatVit is neither a 
right nor a left cancellation semigroup. - ' 

(b) Show that if f , g , h £ R^, and if - ■ - ' " ' • 



/ 
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(i) gf = gh and' g is 1-1, then f = h; • 
|^'ii;,fg = hg and-'-g_ is onto, then f = h. 



.A 



Show^that if m ,^n are any positive integers, then the set of all 

transformations n On the -jpositive integ.ers, defined* by 

\ • ' ^ ■ - ^ 

n : m -» nm 
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is an abelian -cancellatiori Semigroup with identity, under composition^ 
•and -that it is, isomorphic to the semigroup of the positive integers 
undei^ multiplication.. ' ^ ' ^ 

i ' • i . ■ i . ' ' '_ 

Similarly to Exerdise' 2?,. but for the seli of all transformations i , 



■ ^ defined by | 



J 



•'on the set. R of ,^11 real numVeV^^ 
Prove jfch^t an ordei^e'd aBeldan semigVoi^" is 
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a cancellati|on semigroups 



* . • . . ^ , • 1-6 

30. (H,+) .is an ordered abelian semigroup. Prove 'that the relation: 
(a,b) (c,d) if, and only if, a + d = b + c , (a,b,c,d^€ Jti^ is an 
equivalence relation on H X H . ' ^ - ^ . 

31 • {V-f+t is an ordered abelian semigroup, n ' is a positive integer, arfd 

na denotes the^n-fold iterated smi* Prove that the relation ^ defined 

V ' 

(a,b) (c,d) if, and only if, for all positive integers m and » ^ 
* * / n , ma < nb if, and only if, mc < nd , . 

is an equivalence relation dn H X H . < 

, [The results of the next two exercises are important ir^ the discus.sion 
of measure functions. , We give proofs in Chapter 2, afteroreviewing the pro 
perties of the f^eal numbers*] 

32* If f : R ^belongs 'to the affine group, pr6ve that f preserves 

ratios (in particular, ^ equality) of differences. I.e. ^[ prove that if ^ 

x^ " x^ f(x^) - f{x^ 
. " f{x^) - f(x^) * ^ • 

Conversely, if f is an isotone transformation which preserves ratios 
-of differences, prove- that f belongs to the affine group. 

^ . ■ * 4. ' . . 

33 • Prove that any positive similarity transformation on -R , is an auto- 
morphism of the ordered semigroup'* {R^,+,<) . Conve^jseiy, if f is 
any automorphism of (r'^,+,<)^ prove that f is a positive' similarity 
transforma\ion. ' 

* • 

3^^ (a) Prov'e that every similarity transformation on R preserves' rati oj|;^ 
and, conversely,, that every ratio-i)reserving transformation j.^ a ■ 
' similarity. , . , - ^ ' 1 

,(b) Similarly show ^ that the ratioj-preserving transformations of r"*; 
are the positive' similarities! 1 i ''^ ^' 

i^t^^^^i^^^^ ----- -^■•'^-i'^ - - 



rational numbei-s 



set 'of posit iy^ integers, aifd ;Q 'the set of positive 
s.'^jLet * H = fkx k , X G^j"^ , k fiked)\ Prove that 
(H,+,<X, is an ordered semigroup, a(na that if '^k > 1 this is a proper / 
"^.^ sub-semigroup of (j'^„+,<) . Whati|^ the corresponding situaii^n if ,we 
• ' replace j"*" ,by J^J^ or R"^ t ''^ ' ' ' ^ - ' ' ^ . 
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* 36. Prove that the set of monotone increasing functions on R is a non- 
abelian semigroup (under composition) with a two-sided identity,' and 
with left-cancellatron. * . ^ . 



1-7 .A Classification of: Measure Functions "^^J*"" ; 

In a subject as aarge as mathematics there'is ^a qCJntinUous effort to 
f-lnd vays* of giving conceptual order to the growing diversity of ideas and ' 
tiieories. One method which has ^proved fruitful and which was formally 
presented (in relation to the classification of geometries) by Felix 'KLe in 
in a famous address (the Erlanger program) given in I872, is to study the 
relationship between certain sets with mathematical structures (e.g.., opera-- 
tion^, relations) and certain sets of transformations which leave • invariant the 
es/ential feature's of these structures. Thus in euciidean geometry, we might ^ 
be concerned- with the study of thpse properties of subsets of euciidean spaces 
which are unaffected by rigid motions (congruences), by similarity trans- 
formations;^ in projective geometry the concern might ba wii-^/tJiTlp^^^ ^ 
projective transformations; in af fine geometry, with aff in^e transformations; 
in topology, with topological transformations (homeomorphi^ms); in group theory, 
with isomorphisms; and so on. This is the spirit in which the present ^section ^ 
is written. But before going int6 detail, it must emphasized that we are 
^ not going to describe a nic^ tidy! hnish^d theojjj^with a complete clgssi^a-;^ 
ision^^of all possible measure functions.' There are many loose ends, anCAt is, 
npt cleat thaj these could all be tidied up. ' Nevertheless we believe that you, 
will find thi5^r.tial classification of considerable value and interest, 
^ We are all familiar wi^ the fact that, in our everyday experience, we 

^---igiiccs^u^er a«'-^ai^i^^ functioiig. In.the*ne:cb chapter we discuss the 

• construction and properties of these functions i^n s6me detail, but for the 
purpose of i;his section we assume^ that you ar^ familiar w\th the general pro- 
perties apdj relationships of these, and other common measure functions.^ For 
length funcl^ions ^e assume Jhat there 'is a domain d"' of objects (a term jjoul ^ 
^ should inteij'pret very broadly) which possess! th? attribute of "length".,, and . 
, that there i^'a length-in-feet function, , from D to the real^^bers' 
R . We als^JiaVe^a length -in-inch^s function, \. ; a length-in-mi3,es f^i^.'^'-^ 
tion, \^ * '9^ len^h-in-centimeters: function,. \^ - and so on. AH of these 
functions haVe the same <Jomain D ,! and the same value-space R , ^and they 
all purport %o measure the same attribute, le^ngth. It is reasonably to ask , 
whether there are any relationships :between them. Of course the answer^' is"''* ^-^ 
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"yes" : for example, the value of \^ on any element -d^e D is 12 times 
the value of \^ on d the value of \^ on each element of D is 5280 
• times the corresponding value of \ ; and so on. In terms of ^ the notation 



developed earlier, 



^1 = ^ 



0 \ 



etc. We -''can indicate these 



relations in the following commutative diagram: (Where all automorphism and 
its inverse are- indicated by a double-headed arrow/ the appreciate name is 
placed near "the head of the arrow) . - , \ 




Any one of these^ length funct*ions is similar to any other: 



any- 



one can be obtained from any other by composition with an appropriate posi*- 
tive ^similarity of R ; and, more generally^ any funcftion obtained by com- 
positi^)n of a length function with a positive similarity .4s also a perfectly 
suitable ler^th function. W^ can summarize this^ situatidn by asserting that 
the essential prapertils of a length. function pre uhchaftged by composition 

c ' i '< • ' ' -jh ' ' ' 

*^ with any element of the positive similarity-..group S -r- We anti<5i|)ate the 

next chapter by saying that the basic properties of a length function, on a 

set D of real objects, are thtet it. should assume only 'f)ositive values, and 

' [ , 1 ^ • . i \. , • \ , 

that it should preserve an, empiricllj^ determi^d "length' st}/ucture" qf p. 

Tbis empirical lly determined structure will include an equivalence rels^tion 

on D ; (a le^th-function^must assign equal vaiues/to length-equivalent • 

objects) ;"~ah '^rder Telatioi on the set 5 of equivalence classes; Sn4 an 

^ ^gui^alence relation on D^X 5 I whi^cl) determines equivali^nce of "ratios" . 

.^^^B^e willj, se^, the^ group 6f transformations ' of whicji (by composition) 

' ' khothfer, is precise!^ the positive 



\ 
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toed in the J.ast section, 

/•^ . .If 



Each element of S 
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•determines a transforation (actually, a 1-1 correspondence) of the set A of - 
all length functions onto itself >. This is -sonetimes expressed by saying that 
S acts as a group of operators on A . Actually A .has the structure of 
an ordered semigroup under addition, and these operators determinje automorphisms 
of A as an ordered semigroup. In this sense, the ordered 'semigroup A of 
length functions is- "invariant" «ader the positive similarity group of trans- 
formations. ^ 

As the lengths of all real -objects^ are positive, we could consider s'*' 
as a group o.f transformations on R : s'*' is tlje largest group of such "trans- - 
formations which (by composition) leaves A invariant. Choosing a unit or a 
"scale" for length corresponds to selecting a particular function of A . As - 
we shall see later, if d is any object in «the domain D., and p ai^y posi- 
tive real r^ber, then (with suitable assumptions) there is gxactly one length 
function \ e A such that \(d) =<? . Moreover, "for fixed d, the set of all 
such functions is the set of all leftgth .functions. Thus the set. A has'C mar^ ' 
elements ^s~ there are nositive real pumbers. ' 

, The situation which we have desgribed^ f or length functions is common to' 
many of the so-called "scalar measures" of the physiWl sciences (e.g., mass," 
area, volume, work, ^density, time intervals)'. ' The fact that a "scale" for 
, measuring each of these is only unique up to a similarit^transforraation, is 
well known; it plays an important role^in the method of "dimensional analysis". 

Measure ^;^ctions of the type which we have considered aboye, might well 
be referred to as s imilarity - ipvaria^lt measures I* Anather name sometimes /(jTed 
for- them is ratio s^, a naL which is ratted to the fact that the Reser- 
vation of ratios is the distinguishing featu5|^of a similariV^transf<£mation 
(See Exercise 1-6.34.)" • ' ' ^ ' ' ■ > 

^ Some 'of the measure functions ugfed in the physical Sciences, and mar 
those used in the social sciences, are detemined only up' to a transformatioT 
^by compd,sitiQn with a larger group than the group of posi^;ive -s.itRilaritles^: '~ 
''For e:!tatrfple, 'in th^ measurement . of temperature (not absoilite temperatm-e) ypu 
afe undbbtedy fanjiliar with. t|he transformations between | the Qentigrade . , 
function " t^ | and tjie fahrenheit function T. : if d bilongs to the ^omaili \ 
^ of these|functions,; these transformations 'are 



\(d) r»ydy.= | (T^(d) /'32) 



and 
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T^(d) =»| T^.(d)l..32 



'A- 
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That is, and differ compositibn with ."6hV positive affine functions 



fx-f = |(x.32) 



and ij-ts inverse 



. . ^ X ^ X + 32 . . .. 

The important feature of these transformations (as far as temperature 
fit . > / 

is concemed)' 1^ that they preserve equal differences. A little thought J 

should convince you that any positive affine transformation 011 T (or T^) 

* c I 

will yield a suitable^ ;t^^^ature function, and that the.essex^ilal features 
' of temperature functions 'pre unaffected by composition with .a positive affine 
transformation. In fabt, there is no reason why we cbuld not reverse the 
roles of hotter and ^colder, and construct a temperature scale (function) on 
which the values for hotter obje'cts were smaller real number^ this corres- 
ponds to permitting the variation of temperatui^fe functions by compt)sttlon with 
any element of the full affine gl*oup». • . ^ 

A quite similar situation hoJ.ds with respect to the measurement^ of * ^ 1 

position on a line. The measurement of position on a line, by an appropriate ^ 
assignment of.^real numbersXto points of the line, is the process of giving the 
line a coordinate system, coordinate functic^rf* on the line is a measiSre 
of location. It is well known that if any coordinate function is composed^ 
'with any non-singular affine transformation of then anotther cqondlnate » 

function is obta*ined. (^ou will fjlnd lopre detail op this j^st^oi^^ 1-^ ^he SMSG *^ 
books "Geometry",' "Geometry with Coordinates", "Analytlc^eonetiy*' ,'*^d ^ ^ 

"Geometry Based on Ruler, and Protractor 'AxliDms" •) 0"6her measure fuflctlon^ A ^r. \ 
whos» Drbpertles are af fine - invariant are the measure^ofq location in*lme,(e.g*^ ' 
calendar time}, and p'otentlal energy. ^ . / ^-^s ^ 




When one looks beyond the physical sciences,' one finds examples of X ^ 
measurement situations in whipli *the image space is R -^but the dotoain of \ J 
tlie appropi:late measure finiction has less ^truct'ttre wy;h respect td* the 
attribute being measured than in the cases of such a|itr^butes as l^n^h and,* 
tempferature . , This is reflected *in the fact tha:t a lai^t ^roup of tr^nsf orl . 
ma^tions of R leaves intact the essential «f^a^jj^es oi* the relevant measure ^ 
fvuactions. Most measurement procedures for rankijig sets of o^bjeets in.^ 

tr^insitive order, permit" composition with elements of the isotonic (oh positive 
if, ' - . • .4^' ' . ^ ' 

isotonic) group, or ^Ve^with elements of the corresponding semigroups of 
>. ' . • , . . - ' , • J.. . ' - 1 . \ 

styongly monotone functions,. An example is the ranking of a class of students 

bylmeahs of the scores on i test; Thfese scores might range from,ysay, 0 to 



2G0-, but we would not generally inf^r that a student with a score af 8o was 
twice as good as one with a score of )^6'; or that the difference in ability 
between students with scores of l8,0 and 190 ^was^the same as the ability 
difference of students with scores of 3Q, and ' 1^0 * The scores merely yield 
an or^er relation on the domain, and composition with any strongly monotonic 
transformation of R does not disturb this feature* Qf course, in practice, 
we often use (gene^:ally implicitly) a monotonic inpreaslng transformation which 
t-ransf orms thd raw score function into a function whose range is a segment 
(1,2, 3, ..^,n) of. the positive integers, and we regard this function as a sort 
of "canonical function" for the measurement of this .particular attribute* 
Other examples of measiire functions of this type are: hardness measurement 
for minerals; grading measures for the quality of materials; location of houses 
on a street, by numbers (where east and we^t, or north and south, are introduced 
these canvbe regarded as positive and negative^ in either order); many kinds of 
preference measurement in psychology; and so on. An early ^tage in^he 
developnent of such measures as loudn^ M temperature (where we might otO^*^* " 
have.the means for deciding ;for each pa^^ of objects an order; such as "warmer 
than"-, which 'yields axj^ ^empirically transitive relation) would put them into 
this category* The sjjnplest form of -the notion of utility (in economic 'theSi^) 
might be considered' belong tO' the isotonic - invariant category of measure 
functions; a more advanced viewpoint of this notionf', which would put the 
measurement of individual utilities ^into the category of af fine-invariant 
measure functions, is contained in ChaJ^tef 1 of the modern classic. Theory 
of Games -and Economic 3ehavior , by J* Von Neumann and 0* Morgenstern E8] . ' 
In* this chapter o^te^finds a -fihoroiigh discussion of the sort of empirical 
"structure" on the domain of the utility -measure function," which would enable 
it to be considered as affine -invariant* It is interesting to note th^t, in 
the same chapter, there is brief mention of the basic^ic^ea of this section:" 
ttiat real-valued mei^re functions might be classified in terms €f the sets 
(often '^groups) of transformations on ;R whicl^ lead to -equivalent functions. ^ * 
This idea, .which seems to have occxirred independently to the psychologist. 
S. S. Stevens,. is also discussed {in mor6 detail) in [l] . and .,[9]-' Stevens 
^^^^ ^"'^erval scale to describe a type of measure function which Ife 

affine -invariant, because affine transformatl^oias (and hence, of coxirse, ' 
similarities) on R preserve equality of intervals (see Exercise lr6.32) 
but strongly monotonic functions generally'do not; 'he uses the term ordinal 
scale to describe a type of -measure ' fyi^^^^jj^ wliich ,is."isotonerinvariant, and 
ratiOj£cale to des^cribe a' type of measv^f^c^on which is pimilarity-invarir^. 
/H^4so introduces the -term n6miViaj^:ajgSe to describe those real-valued- 
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measvire functions whose essential fcharacter is unchanged -^by the permutation ^" 
group Pj^ . In 45his case tj)e (smly structure on the "domain Is an eqfilvalence 
^relation (which might be trivial), and tlie only requirement is that the measure 
function assign the same value to equivalent el^ents of the domain. In other 
wof&s, the measure function simply uses num)5ers t'o name, or iden!;ify , ^^ejj^- 
valence .classes . Examples of this type ^o^mea sure are tJiQ ^iden tif ication of 
team members by numbers, the assignm^t of telepjapn^ nui^ers to individuals 
(not gen^ral^ 1-1: a rule members of the same family have the same numb^) 
and the assignment of social security numbers, (in the^last example, if the 
assignment of a social security nilmber were required to indicate order of 
eijtry to the scheme as well as to provide identification, then the measure 
woudd T^e ordinal rather than nominal.) In some countries, as many bewildered 
tourists have discovered, there are towns where house numbers ''in a "Street are 
asjsigned serially in the arder of cpnstmiction! Sucl^^ assignment is ncxninal., 
, as far as the measurement of location is concerned,. {fet^dinal when regarded 
. as a measure of the time^of dsnstructfon, or of -age. As an age measure, this 
would not be an interval scale, becaui^^'it would not be ^generally true that 
pairs of 'house© with the same difference in their as'fiigned numbers would have 
the same difference in their ages . - ' , 

' • » * 

^ / _"i"iou will have noticed that the classification is rather "forced" or 
^jyei^slLmpil^^ in , several places. For example, although there^woujLd be 
^^^^bjtl^g wrong, in'prlnteSjgle, in using arbitrary real numbers, such as it , 
i/^f^^'^v^Ven negative Jhijmleers, td indicate social security numbers, in 
pr€fc;-eice we prefer ttb.^'gticlr^lio positive integers*-. "Thus the "invariance set" 
^^miglit, in practice], be restricted to th^. set of permutations of ^le positive 
^^^^gers. SiAilial^- remarks apply i^o the numerical measurement of house posi-^ 
"tigB?on'a st9ee,t,f whfere ^e.^ST^ally use integers. But these miilDr exceptidns 
, ^'So^ot detract fi^o^-^he v^lue of this transforraation-set/invariance idea in 
glvj^ a general clakiSifidation of reai^-valued^ measure functions. Moreover, 



. the fSea can be extended beyond those measiyre functions whose values are ' 
r 



real "numbers . i . . ^ .1 
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9?he' following table summarizes some-o^ 1:he above ideas: 



Type of Fiinction 



CLASSIFICATION. OF MEASURE FUNCTIONS . 

ESnpiricSl, Structure Invariance Examples^ 
in Domain ' ' Gi»oup' ' 



jPerinutation-inva^^nt Equivalence 



or 
Nominal 



Isotone -invariant 
or^ 
Ordinal 

Affine -invariant 
or 

-.interval 



S im i\ a r it y - i n va r :i a n t 
* or 
Ratio 



relation 



Above, and also 
an order relation 



All of above, and 
als.0' 0n*"equ<al- 
- interval" relation 
on ordered pairs 

All of aboVe/ and 
also an "equal- 
ratio" -relation on 
ordered pairs 



I or 



Social security numbers; 
identification numbers 
assigned to members <^f 
a team. 

Street numbering; hard- 
ness of minerals; rank- 
ling of students. 



A ^or^ Location position 

r-^ * in space': or time: 



S or 



in space '^or timej 
tempei^Siture (not 
absolute); utility. 

.Length, absolute 
temperature, mass, 
de»sity, work, area, 
volume,^ elapsed time, 
numerosity. 



; - \ 

We make several comments on -this table: 



1. Bougllly speaking, the domain of each type of measure function has a 
structure which. includes that of 'the types listed above it in the table; 
i.e., we hav^ an increasing con5)lexity of domain structure (with respect ^ 
to the particular attribute under consideration) as we read down the table. 

2. ^ The iny^ance groups become "smaller" as we read'^aown the t^ble. * 

(Roughly speaking, each is a subgroup of the^'one above.) Thi^ is a 
natural consequence of the fact tbat there is more structure to be ^ 
^preserved.* ^ ' ' ^ ^ . \. '^ ^ ' 

3. We o':^ten wish to put'additiohal restrictions*^ c^n various measure fimctioi^s. 
These include such restrictions- as: positive values only: integer vaiues 

. only;^ rational values only; values oh a certain 'segment of the integers \ » 
ofTly;; and so on.^ These "restrictions can be refiected in corresponding , . 
restrictions on^{^^the^admj:Ssil)le transformations, and the , resulting measure 
' f«nct|lons can l?e further classified acTording to^ the appropriate sub-groups 
or eepigroups which resui^'. , (For ,pxampie, in \^ng numbers to identity a 
finitfe set ofi objects' (e.g., Wembe^'s of a te'am), we^often use the segmental 
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of the 'integers from J. to n , for suitable n The appropriate trans- 
fomatio'n group can.be considered as th^ subgroup of thosfe eleme^itg 

of Pj^ which are otherwise constant.) Proceeding in this way we observe 
that the categories of^ real-yalued measure functions (classified by the 
a^ppropriate groups of transformations) form a ^partially ordered set under 
the relation of "subgroup", a'nd Jiot a 'totally ordered^^^set, as you might 
conclude from the over-simplified table. 

k. You will have noticed that We hsTve included the measurement of numerosity 
as a similarity- invariant n\easure. Of course the simpleU measure of ^ 
numerosity is thtf ordinary cardinal number measure. In a certain sense 
this -has a "natural" unit, and there are no "different but equivalent" 
^ measures. In this case the set of, "those transformations of R which 

yield (by composition) equivalent measure functions is the single -element 

^ group consisting of the identity element only. Thus cardinal number 
measure co!j3f§ b^ut in a class by itself, and referred to as "identity- 
invariant" . 1^ pra^ctice we do accept other measure functions for 
numerosity-mea^rement : in dozens, by the score, by thousands, and so on: 
These differ from the cardinal^ number measure by positive -similarity 
transformations, so it rs appropriate to include numerosity measures in 

, the similarity-invariant categoiy. If we wished to restrict 'such measures 
to those which' correspond to integer "units", then 'the appropriate subset 

pf S would.be the semigroup of similarity transformations ' , where 
n is restricted to positive integral values. * ^ ; <. * 

One final comment:* As you are undoubtedly aware, measurement ia iiot^ 
generally an end in itself . For example, iTi many, situation^s^j^jfe-tiural^ers^-t.. 
resulting from measurements are subjected to statistical^alyses, Ife^j^ing to. 
^the calculation of such statistics as means, mod^s, standard deviations., and 
,5^ on. The question of what statistical, procedures are appropriate fjor ij^hat 
'typfes^o^ measurements^ is strongly ^elated to the classification of measure, 
fun^ijt^bn^ by invariance -groups . ''^You can find^this question treated in thq 
^rticles of Stevens [l] ^ and . [^]. It should be pointed out that these 
articles have s^timulated' a, considerable amount of current cor^^'roveijsy, largej^y 
Revolving about the meaning to be given to "appropi^iate"' in tlie consideration 
of the relationship of measure function classification, and '^appropriate" 
fetatisj^isail procedures . ^ ^ ^ " * ^ 
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• ^ Chapter 2 " . t . » ^ • 

THE MEASUREMENT 'OF NUMEROSITY AND LENGTH * 

2-1 Ini>roductipn . . ^ - - * . 

*Irv Chapter 1 we tried^,o- convince you that a functional viewpoint of 

measurement was both, natural and useful. In tjiis chapter \^e«»take a. much more 

• I ' . * * . 

detailed. look at some simple measure functions, especially;*those for the 

»• 

measurement of numerasity and len^j^h.. These are "sickle" in a sense that will 
be cpme 'Clear er^Vhen we discuss "non-simple", or derived measures, .such as al'ea, 
volume, and velocity. (We shall see that simple and derived are relative, and 
not absolute terms They st^e 'also simple in the sense ^bat they represent 
the outcome of some of mauls earliest attempts to come to grips with the idea 
of measurement. ^ ^ ^ • ' 

The history of the de.velopment of measurement id6as parallels the history 
of tfee development of number ideas, and the ^nter-relationship df the two is 
a fascinating study: It is hardly ajij^^aggeration to say that the familiar 
arithmetic operations of addition and multiplication (for the positive whole 
numbers and the positive rational numbers) were "inv.ented" in order to satisfy 
the needs of measurement, especially nuiaerosity meas^ur^ment, length measurement, 

and area measurement. But our concern is not so'mi^ch with the history of the ^ 

- "* " ' 

^^^bject of measurement, as it is to give you a co^iceptual vieVpoint which is 

appropriate to our current level of mathematical development, and which exploits 

the precision of mathematical ideas to make clear what is involved in the 

setting up of measure^ fuinit ions, and in such related ideas as units and 

dimensions^ ^ , . ^ . . 

^ . Roughly^ speaking, our viewpoint is^^ihfftr, yno^ all about the realTiuiiiber ^ 
system ahd^its various^ important sub-Systems (natural numbers, integers, " ^ 

rationale, fete.) aijd their inter-feJ.ationships, and that we are interested in ^ 
describing certain functions, whose domains are sets of real or mathematical t 
objects, and which will, in a "sense to "be made clear, preserve an empirically 
suggested or mathematically determined sthicture ijf relay.ons .and .operations . 
In view of our. earlier remarks concerning j th6' way* in which our ideas about 
numbers have been influenced by^ our ideas about measurement,^ it Is necessary 
to. recall that ve now knoV that i^he real number system- ca^be logically 
developed from certain axiomatic assumptions., without the u^.e (except as 
motivation) of any of the r^ulta of measurement processes, ^his is important, 
• - /• • ^ f * 
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becatase it voxild not make much sense to use number properties "whieti-^^pended 
^ oft measurement, in a;v attempt to explain a theory^of measurement. 

Many of you will^ be ^ familiar with , an axiomatic development of -the real * 
ibey system from some approfft'iate set of axioms., (See, for example, [6],"^^*. 
[lOjO If you have worked through such a development, you will have learned 
a great\deal not only about the reals, but also, about the integers and th&* 
rational mambers^ and the way in which these various systems are inter-related. 
'As we shall n^d some of these ideas in fairly precise foi^^ we devote the 
next 5^ction to\a* brief review of the r'eal number system, with particular « 
emphasis. xDn those .Ideas needed later 6n. You will fiiid 'these ideas "^treati*L * 
much morfe^-^yst^maticaxO^, with most of the neces&ary jiroofs, ±n [6] and [lO]. 




2-2 -The Real J^umber Systenr 



We migh^| atte«pt to explairi to you thfe structure of"" th|*^^al number * 
system by defining it to. be .a complete ordered' field, and then explaining* 
^ wtiat these terms mean. Unfortunately subh a postulational approach teSls us 
.* nothing^^out, the "ijatural numbers,^ the integers, and the rational numbers, ort- . 
how t^e^e'^^e >^ated to one andjher and to ^he 'real numbers. If we need to 
kipw .arbdat these ^;things (§s we' do Tor the purposes of this book), "^e must i 
"ifork backwards-", from the postulated ileal number .system in order to obtain 
-lihem. In many ways simpler,, ana more instru^ti^^, ta start ^ith .a much . 

more primitive nuj^be^^ystem, the natu^'al numb&rs, . and/show how 'its properties, 
can'T^e developed ^fijom, a ^aimple axiomatiq description. Th^ we can define f 
successively the integ^s,\the rationals and -brie reals, Vithout the ri^edjtq 
introduce any new undefih^terms, or any addi-tianal axioms. This program is 
cstjfied'^thra^gb in 16] and [lOjj and in many of the similai; liooks now 
available. It ocicupies, far too much space to be included here: all we can do 
i&^ indicate -some oT the ?iore impoarfc^nt ?steps in the development.^ -r>. 

The Natui^ial Numbers . ' As a starting point (in addition to fundamental 

ideas from logic and set tbeory) we take the so-called Peano axioms 'for the . 

natural number^. Several different sets .of axioms (variations of "the set / 

.„^giyen by the Italian mathemat^ici^in G. Peano in I889) feo by this name. A 

" suitjable' set is:" * L •* . ? * \^ ^ 

' * ; . ^ 

^(i) •Th.ere exists a set^ N of 'Qbjects which we call natural numbers. , 

^f^^^. ("Natural number" is an imd^ined tei^») ^ ' 
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l±) The^e exists a function^ '<p : N -♦N vith the properties^ 
s(a) 9 is 1-1; . , ^\ 

(d\ every element of N with' one exception, occurs as an 

age Tinder (p . (We designate this exceptional element ; 
by S^e symbol "l" . ' | 

•(iiij) (Axiom of Induction.) If* - M is a subset of N ^ such that 

^' (a) 1 € 'M ; 

^ (b) <p(n) € M vheniayer n € M ; 
then M = N . . 



If 9, is interpreted as the jsponction corresporfding to th^ intuitive idea • 

• /'additiort of l" , these ai*e well kz\own propei^||^s .of "the set of positive^ 

' integers. Wfiat not so obvious, unless you hav^ gon^ through is that 

these fei^roperties, taken as axioms, enable us to 'develop logically a ^system 

which has al^ pf the properties which we have learned to associate vith the ^ , 

. * • ^ , J^^' • . ' 

positive whple numb^s. In this bookv whenever we. refer to the nsttural nufobers, 

f or* the' positive integers, it is this formally-developed system T;»hich we have,- 

;in^ind. . ^. ^ " - • v • ' .* 

• ^ • '* * * 

The basic properties developed for the natu^l numbers are:* 

^ (i) There exists a binary opej^tion on , called addition X^) * 

which is associative aVd commutative, and wMch has the properties' 

, ^ (a) m ^ 1 = qjf^ ^ f'o^ eagji m*€*ll > 

(b) m + .<p(a). =-<p(ni +.Ji). for each,; m, ^jji.^VK . - > " t 

(ii) There exists a binary* operation on N , called multiplication, 
enotfd-by' • j *or by juxta'position) which' is associative and 
. * commutative, and which dis:tributes oiaer ad'ditiont and which has 
4 ' the properties' 




Ti:.- 



• 1 = ni 5 tot each' "in e" N' ; ^ 
(b) m • (p[n) = m m ^'for eachi-^m- , n N 



(iii) There exists an orjpr relation *(<) on N .^^ defined *by: ^ m^< n,v' 
^ ^ if and only if there^ exists such thatr^^ + r . ^ * 

r This relation is connected wit|i the operations of additiot and 
multiplication in such a, way that the set* (lf,+,<)' is an ordered . 
semigroup, arid the set (N, »,<) is an ordered semigroup with '\ 
idejiiity* - Iwe'. , for m ^-n , 'P e'Ni; - , - / < 

^ • [ (a) m < n , < p — ^ < P (transitivity); 

1 • • - ■* 'M, - 



I' (b) exactly one of the. statements m ,= p , m < n , n < in ip 
» I '♦true (trichotomy)^ ' ' ' , . ' ' * 

I J (c) m < n if and only if m +' p < n + ; 

# (d) m < n if and only If m'p<n«p|. 

\ (iv) If an initial segment , ,^ of th$ natural numbers, is defined 
to be the set df those naturajj. numbers ies.s than or 'equal to 
then * .> 

\v •'^•'^ ♦ 1^ ^ f tfiere is no 1-1 mapping of I onto I : 

vfe*^ ' M , . m * / n ' 

t^^^.^Id; if A ^nd B are disjoint set^-, and there-exist 1-1 



m 



correspondences ^ 



I , B ^ I 

m ' n 



^ then .there exist 1-1 correspondences 

AUB ^ 
m+n 

and, 

A X B^^*--^i ' ; . 

m,» n 



These are, of course, only a few of the properties of the natural liumberi. 
As you are no^ doubt aware, there is a wholp brarxch of mathematics^ called 
number theojy, which* is ijainly concerned with the 'natural numbers. 



The Integers ^ From the ?jat&r|SL numbers*we can' proceed (without additional 
assumption) in either of two directions: , we .can, elther*definq the integers, or 
^we can deTi^tne positive 'rational numbers . In elementary work, in order to ^ 
obtain ^he^^dritegers we usually postulate zero and the negatives, but we con- ^ 
struct ^the positive raiionals as equivalence classes of ordered pairs '(frac- 
tions) of natural numbers, \mder the. equivalence relation- ^ 

m D ^ _ f '« - . 

. -if and opy^lf y mq = ~np'.' ^ ^^--^^ . ^ 

Actually this procedure for constructing the positive rationals has its'.exact 
countei^art in a c6nst2r^c'%ion for the integers ;, j/hich^may be* defined as equi?Va- 
leitca clBsi^es of ordered pairs (m,n) of natural numbers (we can think of 
these pairs as "formal differences") unqler tfie equivalence relatiop 

; (m,n) (p,q) ^'^ ±f and only if m + q = n > p / ' 



The operations of addition and multiplication^ and an order rela^tion, can 
be intrcJduced i^t<^"*this set of equivalence classes in a natural way, ^nd we 
find that this new system, , has all of the projperties which^ we 4lormally 
associate with the integers, and that J contains, a subset, J"*" , which is 
iscanorphic to the natural numbers jimder the correspondence ' ; 

../ [(n + 1,1)]-—^ , ' ^ r- ^ 

wKere^hQ- left* side denotes^ the equivalence class of (n + 1 ,JL) In this 
se;^se we may regard J as an "extension" of the natural number system. The 
main difference between J, and N is that J contains the negatives (addi- 
•tive inverses) of the elements which corresporld to elements of N, and zero, 
and tli^it J is a commutative group under addition. 



The Rational Numbers . These may be constructed as equivalence classes of 

^ . n i n) under the relation 



•dered pairs of integers (written as ^ ^ q ^. O) 

- - if and only if ps 



J. 



Opera tic^s of addition ai\d multiplication, and an order relation, £(re intro- 
duced ^^a, ilatur]^'3^t,way, to yield a system Q , which' we call the rational 
numbers. This system lias similar structural properties to J , and in addi- 
tion the elen\ents of,, Q , with zero omitted^ ^orra a commutative group under ^ 
murt|plicati6n; Q ^,is. an e;>cample of ar^. ordefed field * » contains a subset 



Khieh' is isomorphic to J\\tttider -th§ correspoaden 



ce 



V 



where j) is an integer, and rhe* left s|.de denoJ.es the' equivalence class of 
'ybhis sense We may regard Q as an extens i'pn* of J . 



<.l ^^he' order relation in ^ Q -has 



important properties :p 



1 ' - 
' (iV It is dense in the sense that, given any a ''and b € Q with 

. a < b , .there exists at least one (and hence infinitely many) 

c such that a < c <b . (Observe thaf^his is 'hotr^a property 

* of the order rela"tion,^^^p the integers . ) 

{ii)^ It is archimedean , in the, sense that given any positive rational 
^-"^ ' numbers a , b , there exists.^at least^ne (and hen6e.. infinitely 
ma-ny) positive integer,^ m sj^ch that ma > b. (The relation 
> is,- of course, defined^in the normal way: a b if and only 
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' • : 1 - . . . ■ . 

The Real Numbers . In spite\ of the deQseness of the ordering of ^'Q'_^ 

th^re are m^ny ways in which Q* is "incomplete", ^or example, is .well- 
' * * .* ^ * ' ^ 

known -(and easily proved) that ' there is no rational nunflber q with the pro- 

' • 2 ' • ^ ' 

tv, perty that q = 2 , and that this lack is highly significant in relation to 

questions of- segment-length in geometry. Q is also incomplete in other ways^ ^ 

which relate to its so-called topological (or continuity) structure. Both of 

these deficiencies can te overcome at the same time, by using the rationals to' 

construct a new number system, the real numbers. This can be done in a variety 

of ways g»,,' Dedekind cuts, ^authy sequences, infinite decimal or binary 

expansions) which lead %o isomorphic '^stems . For our purposes, the (Dedekind) 

cut piXDcedure is the most useful, a fa^t which is not surprising if we remember 

that Dedekind *s idea was directly derived from the' method invented by ECidoxus 

(about 370 B.C'.) for the development of a satisfactory theory of proportion- 

ality for segments . Eudoxus * procedure may be considered to be a substitute , 

for the factHhat no suitable system of numbers (i.e., the real numters) was 

then available for the measurement of length. As we shall have* to imitate 

this procedure in our discussion of the ^measurement of length you will be 

able to judge for yourself the greatness of Midoxus* achievement. 

Because of the importance of th.e idea of a (Dedekind) cut in connectioii 
with questions of measurement, we ^hall describe the idea briefly, and indicate 
how it leads .to a new system of numbers. For the sake of sin^)licity,^let us 
confine our^ attention to*the development of ■t;he positive real, numbers, from .the . 
positive^ r a j:j.dnal ji\;ii)iheri jC^e designaie. the set of positive. rationals by„j^- 
.this set is an ordered semigroup undfer addition, and an ordered group. under 
multiplication.) * , ^ v « n ^ ^ ^ ^ 

We have already observed that there is no rational number whose square fs ^ 
2 . It p.s easy to prove that there are positive rational numbers whose squares 
are, less than 2 (e.g., l) and that there are positive rationals j/hose squares 
are greater than 2 (e*g.,^) ; t ha t^ every positive rational ,belohgst, to exIictiyy^T 
on§ of these categories; that every pos-itive rational in the first "categfl*y is 
less than every positive rational in the second; that ,the first c^ategory con- 
tains no greatest positive rational, and the second category contains no least 
positive rational; and that if any positiy^o^ational bgJ.ongs to the first 
(second) category, then every smallej' (greater) positive rational" also TKelongs 



^,5^< ' .'to'that category. . ^ * ^ 
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These properties of the above partition of the pdsitiVe ^ati03;ials aVe hot 
all independent: some^are consequences^ of the -others. "After we^liave con- 
§tanict'ed the real numbers, ve shall find that such a partition i^jghar^ct eris- 
tic of. a positive irrational number, (i.e., TR^^'^ets^f^^pos^itive rationals 
respectively less and greater than,' a specified positive iTratTcmal^^^constitute 
.such a partition.)* Wh^t Dedekind, iSid was, in effect, to reverse this idesT^d*"^"^- 
obtain the positive irrationals. Ifi addition, in order thdt the new system of 
niimbers should contain a subset isomorphic to. the ^osj.tive rationals,- he intfor 
duced a minor modification by ^permitting the second category to 'contain a 
least^gositive rational." (Each positive ration§l p datelines a partition 
of the positive rationals into the^ set of those positive ratWals' < p , and^^^^^ 
the complementary set of those ipo^i^ive rationals >^ .) We\could now develop 
the positive reals by defining "ordered partitions" ak^ certain ordered pairs 
of sets of rationals, and introducing operations and relations into the set 
of "3U,%i^a^itions. B«<*Suse 6f -^he complementary cl^racter of the pair of sets 
in aiTi^rd^d partition/" it is s^fMcient (and gi^Igir to manage) if we con- 
centrate our attention on the "low^"^. ^|^t in a pajAi-tion. This we call a cut 
More precisely, a cut, C 



IS a set of pos^ 



ive'4*ational numbers, such that 
(i) C ^ <^ (the empty set), and C J^'^JX.^ 
'^i^" r ^ C and q < r , then q € 



(iii) if r, € C , then there exists ^p e cSr^i^^^ p '> r . 



'We denpte^ thB^et^ of_^^ R*^. and pr^ed to define operatipns -J 



of addition and midttiplication, andtslii order relation, in ,e;R as f ollowg 



< if and only if there^exisls r 



such 



^T7 



If you tfeink i^^^ese 9ujfcs as- candidates f03* the j^^^^^ositive r^l, 
numb^s', dnd li^p^ in'^mind that R"*" should contain ',a^',^l:^j^l of rational cuts 



(corres'ponding^5U:he rational partitions) whici^|^ isomorphic to Q**" , then ^ 
you will see that these definitions .are the natura^^^^^^^ \. '^'- '\ 

•Without too much difficulty, it J^aj be ^hown that the defi^ed^^perations ^ 
are associative and commutativ^j, th^t ^mil^plication distributes over addi- ^ 
•tion, and that order is preserved under es^c^h^^pe ration in the sense that, for • 
cuts^ C-j_ , Cg , V , • . ' 
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l±) C.^ < if ana only if + Q-T -<rO^.<^'^^^^., 

i • \« ■* 

Xii) < if and only if • <oC^ • ; 




We can also show' that R"^ has a multiplicatTive identity element ("the 
rational cut determined by l)'^*and that eaah cut has a muitiplicati^^ 'inverse, 
U.e.^, is an ordered aDelian group under mxtCtipIicatibn and an ordered 

abe.lian semigroup under addition,) 



We can now introduce a zero ^nd negatives (additive inverses), "by a 
procedure which is entirely analogous to the construction of the integers 
from the natural numbers, to yield the system R of real nximbers . Addition, 
multip^ation, and an order relation are defined in a natxiral way. " R. is 
an abelian group tinder addition; and, with the zero element omitted, it is an 
abelian group under multiplication. The distributive property 'holds, so that 
R is a field . It has an order relation, which is prei^erved under a^ition 

. and uiider multiplication by positive real uvuribers (i/e., thosfe real numbers 
greater thaa the additive identity dement) raaMng R an ordered Afield. The 

, ordering in R is dense and archimedean. (Obs^erfe that all of tjiese pro- 
perties were also properties of the rational numbers.) R contains a 'subset 
which is isomorphic to ^9 , and in this sense R may be considered as an 
extension of, R . Moreover R contains a subs^'^t isomorphic to Q , and 
hence R. may be considered ^as an extension of' $ . 

^ " ' / ' ' « * 

'A simplex but, important, property oF "'R , is ths/t if t is arjy positive 

real number, and^ C^^^fK k: g Q"^ ^ k < r} , ,then r lia t\^e veal, numb^f H/hich- 

corresponds to the cut C . % " . - » 

- ^ ' f 

' It is hardly" surprising, because of the\ method of construction of R"^ , 
that^R contains a number (cut)- whose ^quare^is the cut "2" . (I.e., the 
cut determined by the^ rational number *2) ; you can easily verify that if 

\ + 3^-2- 

) > > ' ' . ^'^^ W 

2 ^ - W 

then C = 2 . ^Whgt is perhaps rhore surprising, is that R has all of Aihe 

properties whjch are implied by the (topological) notion of completeness / We 

do not need to dip^uss this idea in detail, so we merely remind you that -^he^ , . 

idea of comf>leteness is contained, in each of the following properties of R , 

all of which can be, proved from the definition of R which we have given: 
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(i) Every (Jauchy , sequence in ^ R 



converges. (A Cau«hy sequence (a^) 



of real numbers is one which has the property thaV^ given, Stny/ 



r4al t > 0 , there exists a positive integer n. ' such 

I <v .) 



all positive integers p , q , > 



a - a 
' P q 



hat ior 



rom above 



,(ii) E|very (non-empty) set of real numbers which is bounded fl: 

hias a 'supremum , or least upper "Sound (denoted by l.u.b.j or sup).; 
* every non-empty set bounded from below has an infimum , or greatest 

lower bound (denoted by g.L.b., or inf j . . 

^(iii)^ If R = R^u Rg is'a partition of the real numbers (i.e., ?^ 0 , 
^ 0 , and ^2 " ^^^^ ^^^^ every number in R^ i,s less 

than every number in R^ then either contains a greatest' 

real nunlber,"^ • R-, contains a least real nximber. 



) If (a^) and* jl?^) are non-decreasing ^nd non-increasing 

sequences of real numbers, with an < bn for eVery- n , then the 




intellection of all closed "inteWals" ^^^^^n''' ^'"^n'^n"' 



(x : X € R 



.a < X < b )) is not empty- 
' n - - n'" 



[This property can be 



thought of- as a "geometric'* expression of the notion of complete- 
ness. You can prove it by showing that^he set A of those real 
numbers which are less than at least on.e a^ is ^on-empty and 
bounded above, and then proving that the least upper bound, a , _ 
of this set belongs to every [a^j^^jj] • -To see that this prop^y 
^''-d6es~^not Tiold - for the rational?" numbers,,', opna^d^ ijipj'^^asiiis^nd 
decreaeli^g sequences (a^) , (b^) , of rational numbers, each of 
which^c^onverges to and prove that the intersection of the 

rational "intervals" tSn'^n'' ^^^n'^n''*'' • <3 ^ ^ { ^n^^ 
jg Pmpt.y . (if you are wt familiar with the notion of jsequential 



. - - . > T-|^opy:prgenp ypu can find it treated .ir^ ^i?^.^9iiil^^alculv^ 

' S^me additional properties of R , which can be proved quite easily, and 
which are.joseful in relation to the theory of measurement, are: 

(a) Both ^he rational numbers and the irrational numbers are dense 
A. ^ Subsets of R pi the topological sense; i.e., if r is any 

rational (j.rra'tiional) number, ti\en^ fbr eveiy real t > 0 , there 
^exists ^t least one (and hence infinitely many) irrational 
\ t( rational) number^ x. , such %hai |r x| <« . '(This implies^ 
\i that every inteiKral [a,b] of real^numbers, with a <b , con- 
\ * t^ins both' rational and irrational nim$fers,)* i . 



(b) Let C be a cut. ^Thhn there are strictly monotone sequences 
^ (Qj^) , (q^) of rational number^ ((q^) increasing, (q«V de-, 
creasing) such'that for every n^ q €"C*, q«.^ C , and^' 



t 1 

^ ^n n 



* (c) If C is 'a cut, and q € d , then there is a positi^e'^lnteger m , 
such that for all n > m , q + i € C 

(d) If C ' is a^ cia,ty and. n as a positive intege'r," then there is a 
^ ' q € 5uch that, + J ^ C , "and such that q + ^ is not the* 
» ^ least rational which is not Vn C / - - 



Exercises - g ■2 

1. Prove the completeness properties,/!), (ii), (iii), and i^v)., above ) 

2. Prove the properties (a) -- (d) above. ' ^ ' " - 

3. If Cg. , are cuts, such that " ' ^ 
(a) if e ,^q2^c , then Qj. + q2 € , ' 

• .(b) if f c/„ qg ^ , then + , 
■ show that ^2 =' + Cg . ' . ' 

i^. Similar to ;3 but with mulWplication instead of addition. 




The ^ Cuts . To illustrate the use 'of cuts , ve first prove 

a theorem vljich relates to the' classification of measure functions discussed 
in Section 1-7, and ve prove Exercise 1.^.32 as a '.orollBxy. The^^y in ^Mch 
-cu±s.^nter- .i«to,thes%, propfs ts Weal 'of^the uTe^orrefel, nWbeV jHpex^ies ' 
m the theory of measurement". ' If you work througlj^the. details' y3u will ^ee 
hov much Simpler matters vould be i^ve were able to restrict our attention 
to rational numbers only! * r* • 



.. F f : ,R - R is a strictly monetae functi4 which pre- 

serves equality of differences,^ then f also ^preserves ratios of " 
- _ . differences ;• [This resuifvill be u'sed tn the discussion of . coordinate 



sysiemA in Section 2-6.] 
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^emma I. If x € R , f : R IJ is a function which preserves !eqUality of 



differences, 'ahd n is a positive integer, then 

'■ ' f(nx) = n(f(x) . f(0)) + f{0) 

V , ' : ' 

and 

? * \ f(nx-L) - fCnx^) = n(f(x^) - fCx^)")" 



nx - (n - l)x =.(n*- l)x - (n - 5)x v . . = x - 0 . 
Hence, because'**' f preserves equality of differences, 

f(nx) - f((n ^ = f((n ^ l)x) - f(tn - 2)x) = ... = f(x) - f<0) .. 
Hence, by addition, > ' " - - 

' ■' n(-f(x) - f(0)) = f(nx) - f(0) 

and therefore 

f(nx) = n(f(x) f(0» + f(0) . 

Henee 

f(nx3^) - fCn:^^) = - f(0)) + f(0) - [ii(f(x2) - f(0)) ^ f{0)] 

^-f^^- = n(f(x^) - f(x2)) . . ; 

Lemma 2. If f : R -> R is a striclly monotone function which preserves 
equality 'of difference^, then ^f is monotone with , respect^ tp differences. , 
"(T.e.,' f either preserves or reve^rses'the ordering^'of 1di^^ according 
as f is monotone increasing or 'monotone decreasing,) 

^QQ^* I'et x^ ^ Xp , X , X. € R , and let x. - x^ < x^ - xf' . Assume also 
that ' ' < Xj^ JC|^ < x^ . " (The treatment when the' first or both of these in- 
equalities are reverse! is entireljr similar.) Then there exists x^ such that 

'^1; < ^5 < . and^..x^ - x^ = x^ . Xj^ . ^ . . , 

Hence, because f preserves eqti^llty <3f .differences, , . 

fCx^)'^ f (x^) ^'fU^) - f(xi^) . 



If f is mondtone increasing, 

. ^ j f (xj^) < f(x^) < f (x^) , 

and henee / ^ ' ^ j ' 

^ . . fCxg) = f (x^) - f(x^^) < f{xA - f{x^) . 

aiid f Jl^ervesjbhe order of differences. If f |is monotone decreasing, 
^ ' * ^(x^) < f(x^) < f(x^X 



^ and 



' ^ f(xp - fCxg)' = f(i^) 1 f(xjp > - f(x;) 

Heriee^ reverses the order of diftei^nces . 

Proof of Theorem 2-2.1 . Let x^ , x^ , x^- ^ € R , x^ Xj^ , and let^ 

\ ' \ \ 
= k . 

If k ia positive and rational, let k = ^ , ^here m and n are positive 
integers. We wish to show that 



fix.) . f(xj ' ^' ' ' 

f(x ) - f(x. ) = --n • " 



n(x^ Xg) mCx^ - x^) ; 



i.er,'*nx^ " '"^3 " "^1+ * Hence, .since X preserves equality of * 

gnx^) - f(jiX2)-= f'Cmx^) - f(mx^) ". 



differences, > 



Henc€, by Ljenma 1, 



> n(f(x^) - f(x2)) = mifix^) - f(x^)) . 
^ince f S,s strictly monotone, fCx^) ^ ^(^^1^) > and hence 



V 
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f(x^) -^(Xg) 



as required. The cofrespor^ing result for k rational and negative follows 

r 

immediately if we first reverse the ord^r of one of the differe^ices; for j 
= 0 , the result is trivial. Hence, f preserves ratios "bf differences" wh6n ^ 
the ratio is rational. ^ , * , . ^ 

y • - ' t ' " 

In order- to complete the proof - of the theorem, ve mist show that the 

result still holds when the ratio of differences is not necessarily rational: ^ 

this is where we' make use ,0!" the definition of a real number in terms of cuts. 

We trea'fe' only the case of f monotone increasing: \he treatment, when f is 

decreasing is quite similar. 




suppose that ^ ' that 



and assume that r^ ;^(and hence, from the" strictly "monotone property of f , . 
r^) is positive.- (The case r^, r^ negative is "easily handled, as befbre.) 

Let ^ *t)e any rational number in the cut ocorresponding .t^ r^* , with m ^and^ 
n positive, , integers . Then ' - * <: 

i 



• n 1 , 



m 



\ - ^2 



and hence . - — < . , 

i^'TJ " ' • m(x - x^) <:n(x^ - x^) I ' . ^ 

'i.e., » *" uqC^ *- r-nx^v" . - ' 

Hence, rrom Letema 2, and the assumption that ^ is monotone increasing, 
' ^ • f (mx^) - f (mx^p < f(nx^)^ - f (nx^) . * ' 

. HerfcG, from Lemma 1 >^ ^ _ _ ' " ^ > ' * 

m(f(.x^)^ - f(x^)) <.n(f(x^) •- f(x2)y} - 
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Thus ~ belongs to the cuWwhich corresponds to r By an argument which 



is completely similar, we can show that if - does not belong to the cut* 

n • 

wbich corresponds tq r/,,then. ^ does/noT^elong, to the cut.which x;orres- 



ponds to r^ 



Thus the set of positi\ 



same as the set of positive rationals less than 
and the theorem is proved. *- 



• is the 



Tence 



Corollary « (cf. Exercise 1-6. 32^ If f : R jLs st^rictly "monotone, and 
If f preserves equality of differences, then f is a non-singular_ aff ine . 
transfoEmation, and hence f is isotone. 



^ Proof > From t>>^ theorem, f preserves ratios of differences. HenBe 



^ X - 0 ^x) - f(0) - 
- 1 - 0 = f(l) - fio) • 




Let f(0) = p , and let f{l) - f(o) = q . Then, because f is strictly 
monotone, q 5^ Q . Thus > 



, • . f (x) = qx + p ; 



I.e. , 



•/ ^ ^ ^ f : X -> qx + p , • . q 0 , 

and thereffore f is affine and non-singular. Clearly f is onte,'^ -hence f 
is isotone* 



Comments : 



1. . Theore^2-2.1 and :^ts corollary," show that* the non - singular af;fine 
< ' transformation of R are those isotone transformations which preserve 
-7^-)/ ^ , equg^Llty of differences (^nd-henc^ ratjas of differences ) . - 

[ 2. By comparison (cf . Exercise 1-6.3^) the similarity transformations of' 

R are'^hose which preserve ratiolr* ' • ' ' ' - s ' . ' 

. 3» A similarity transform^ion is, of "l^arse, \ non- singular, affine trans- 
^^o«. ^formation, and preserves ratios of differences as well as ratios* . 



r 



A 



^ As a furthe> example of the proJ)erties of the real numbers, ve give the 
promised proof for Exercise 1-6.33. result , will t)e used many times in 

the subsequent discussion o>measure functions, in relation to the matter of 
Qhange of ^unit /change of sfeale, and in t^e determination of the structure 
(a$ ra-Cio sca]^es) of ,th^ sets of admissible length functions, aiea functions, 
Volume functions, etc. ^ ^ 

• ■ • ■ - . 

Theorem 2-g.2 l " ^ • . r / , 

^ (a) function, *f (R**",+)' ->|^r'^,+) ,.is a ^omomorphism, if and 

only if it is a positive similarity. ' ^ 

Mb) Every endLorphism^f (r'^,+) is an automorp.hism, 
^ (c) The set of automorphisms of (r'*^+) is a" ^roup (under composition) 

and this group is isomorphic to (r"^) • ) • ^ ' 

Proof « . , ■ - . * ^ 

(a) In one direction the proof is trivial: if f is & positive 

similarity,' we leave to you ttxe proof that f id a homomorphism. ■ 
We shaH prove that if f is a homomorphism of ^(R'^,+), then f 
^ is order-preserving, and f is a positive similarity. • 

, If X , y € R , X < y , then there exists 2 € R , such that 
X + z = y . Hence f(x) + ffz) = f(y) , and t{z) > 0 , therefore ! -'^ 
f(x) < f (y) , and f is ofBer* preserving* (i.e., monotone incre*asing . ) 

For anyv x €,r"^ and ' m a positive integer, 

f^mx) = f('X + X4+ ... + x) ^ 
t ' ^ ' ^* ^ , (i* terms) ' ^ ^ • 

= f(x) Vf(x) + ... + f(^) 
, ' , - (m terms) 

= mf(x) . \ ^ / . 

•Henoe ^ - . , - . f(x) =f(m^) = mf (J) y . V 

so-that* ^ ' . f(^) = I fix) .\ • 

Combining these, results , ve get . ' ^ ^ 

for every p-ositive rational numbe©-.^*. Thus, .if is rational, and -if 
f(l) = k > 0 , we ftave f(q) = qf (l) = kq ^ ' * ■ \ ' ^ 
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^ 'Now supfpo&e that r is any positive rfal iiuj;nber,%^nd let f(r) = t . If ^ 

r is rational, then we have shown above that ^ t = kr . Jf ' r is not rational,* 
we know (from trichotomy) that exactly one of (t=kr>t<kr,t> kr) holds • 



t " 
If t < kr , then r- < r Hence there exists a rational number q with 

< q < r . Since f preserves orde^, we have f(q) < f(r) . Bu1J q is 



xr X <; Kr , xnen ^ 

t 
k 

rational^ h^nce f(q) = kq < f(r) = t . But > i.e., 't < kq . Hence we 

have a co^i^adiction, and therefore t kr . Similarly t :{> kr , so that 
t = kr , and the proof that f is a positive similarity, is coroplete. Earts^* 
(b) ani (c) are left for you to prove: the jproof^^are quite jstraightfdrward* 

Corollary . Eveiy endomorphism of (R'*',+) is & non-singular, homogeneous 
linear function. # ' ^ 

Proof . Hbmogeneity is. all that ^remains to be proved. We have sHiown that 
there /is a k € such that, for all x € , f : x--> kx • If npw* c<v 
is aijy posil^iYe- real number, ^f(cx) = k(cx) = c(kx) = cf(x!) , hence ^ is 
homogeneous of degree 1 



Exercises 2-2 (continued) 

*If a , b , are positive real numbers', denote by As (0,a) , B ,= (0,b) , 
the "opeh^' initial segments of positive reals le^s than a and^b , . 
respectively. ,Each' of the sets A , B , has a structure with* respect to 
Addition, and it' has the usual order, but neither is an additive. 
semigroup, because n^i^ther set is closed undei* addition. A homomorphism 
-^f : (A,+) -> (R^>+) \is a .function' which presents tlie ^(ijncOmglete) 
additive s toicture v VProve th^t ' ' ' .-^ \ . v vw^^-^-^< 

(a) e^ry such homomorphism is monotone increasing etrio^^l-l) 

(b) * there is a unique b such t'hat f * is an isomorphism from A 

to B*'* and f(x) = x ' for every - x € A « 
„•* a 

(Thi^ exercise yT^la ted to the measurement of angles*) 



/ 
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Prove ttet the set of automoxphisms of the ordered' gro^p (R,+,<) is the 
positi^^'similarity gcoup S . . CJ^ememberf to consider tlje "behavior of 
thef^ega%ive numbers.) ' r • . » ^ 



^flarly P|pyf^ th^ thfe automorphism groups of {Q,+,<) and (Q ,+,<) *, 



are the respec^c'^^^psitive rational similarity groups. (I.e., the, gr6up 
of transformatiori*^' k : x kx, foi* x ' rational (pQsl^tive* rational) ' - 
and k a fixed positive rational.) 

8. - If f ♦ is an endomorphism of (R ,+) , prove that f^ is fully determined 

by its value on a single element of If . 

9. If f : R->R is a monotone function which is not 1-1 (i.e., for some 

.a , b , with a b , f(a) ='f(b)) and which preserves equality of 

differences, /prove -^hat f is a constant function. [Hint; Fir^t prove 

that f is constant' on ^he interval [a,b] ^ then prove that f, has 

' , ♦ 

the same value at every point a + np - a| , for all integral n , then 

use^^the archimedean property.] ' ' *' 



Out ilext theorem concerns the monotone endomorphisms of the multiplica- 
, tive arQup (j^R , • ) of positive real nupibers . . The result cjf the theorem 
(thai all such endomorphisms are power functions) is needed for the^discus/ion 
of th^)theory of ''dimension", in relation ^o .tHose categories of measure func- 
•tipns which are ratio scales. ^ In the proof of the theorem we need to use 
basic/pi*operties of power functions, and also properties of logarithmic and 
exponential functions, so we review, thesei briefly before stating and proving 
^ the thfeoreni. ^ ^ * ^ ^ ^ 

gower Function's . If q is any real number, the function f : R R 

ct ' • " " ' " ■ * 

defined by fr:*x ->x is called a power function . ^As'ypu know, if x is 

a real number,. and if a is a' positive integer, x is define4 as an , 

iterated product; but when a i$ fractional or irrational, the definition ^ 

depends 'on the deeper properties (i*e., -completeneg^) of the real numbers, 

ahd X can only be defined for all, a , if x * is positive. To remind 

you of the 'way power functions look" fdr various values cff a a number ^ ' 

of the graphs of power furfctions are illustrated in the diagram »below: 



We "summarize the important properties of the power functions 

a ^+ ' 

f : X ^ X , defined on R : ' , - ' * 

(i) If a- = 0 , f ^ is the constant function f : x 1 for 
^every x € R . 

* + + 

(ii)^ If a ^ 0 , f is a 1-^1 correspondence of R ; onto R ; in 
this case the inverse of f is «Xso a power f\mction, and ; 

■ " (^)'' = ^i^ - . " , ■ ' 

(iii-f If a > 0 , f is monotone increasing. 

, ' (iv) If^ a < 0 , f^ is monotone decreasing. 

^ (v) The composite of two power functions is "a power function^ and 
^ f f = f . * 

(vi) Kor- each value of a , f ^ is continuous. 

[We do not wish-, to get too deeply involved with the concept of continuity 
which' is probal^ly familiar to you from your courses ii! calculus. You can find 
a formal definition in any good calculus text; informally, continuity simply 
means that, for all "sufficiently close" arguments, the values must be 
. "arbitrarily close" >to one another.] 

^ Exponential and Logarithmic ' Fujictions . The exponential and logarithmic 
functipns are closely related to the power functions. If, in the diagram 
above', you imagine the graphs drawn for all a e R , and imagine the vertical 
line drawn through any point x = (a e R , a >l) then this ordinate will 
intersect the graph of each power function at exactly one point. (This is 
no\ completely obvioxis from the partial graphs' which we have illust^ted, but 
you can easily irerify that the assertion is 'true.) These points of inter- 
section are the points (a,a^) *^ one foj every real a . The set of paixs^ ^ 
*(a,a^> is a function withgjdpmain R . Jn othet words, for each ^ a ^1 , 
, this process gives^ a l-l^f\;^ction x a , whose domain is the set of all 
.real number^ and. whose range is "in R"*" . It is. not hard to sho^ that this \ 

funotion is onto ^ R ,i and /hence it is a 1-1. correspondence of R "^ind R ,. 
' • ' X ' • 

These iiunctiops x , one for each positive number a except the number" 

. 1 , are, >Df course, the exponential funct^ns, and their inverses are the - 
.logarithmic furfct^bns. If you fefer again to the power function graphs, an^ 
' picture* the bx'dinates ^ x = a , then yoti will, see tha'f if a > 1 , qP^ in- 
-creasy as a, inc::eas^s.;. while if, a < 1 , a decreases as a 'increases* 
That 1^,^ the exponential function x a^ is mor^tohe i;icreasing if a >1 , 



' and monotone decreasing if a < 1 . We summarize some of the properties of 
the exponential' and logarithmic functions, and illustrate the graphs of the 
fexpoffential functions, for several values of a, . /The graphs of their in--* " 
verses, the logarithmic functions ,\majt/ be easily oj^tained fyom these.) 

' (4) Each exponential function x a^ is a 1-1 -correspondence from 
R to R ; the inverse, which is the logarithmic function , 
X -> log X , is a 1-1 correspondence f3:om R*** to R 

(ii) For .a > 1 , the function x a^ is monotone increasing, ^nd 
o the function x log x is mondtone increasing. 

. F&r a < 1 , the functions x -> a^ and x -> lo^ x are each * 
« a 
monotone decreasing. 

(iv) Each exponential'function is an isonaorphism from* (R,+) to 

. . X. +X- X_ X- ' 

(R^ .) ; i.e., 2^ala2 

(v) Each logarithmic function is an isomorphism from (r"*", • ) to 
(R,+> ; i.e., loggCx^Xg) = log^'^x^ + log^ Xg . ' . 

X- 1 ■ ' ■ ' ' • ' 

(vi) a = M • , and log x = -log, / x . * 
° a 1/8 

I iTtQ first of the properties (vi) is reflected in the diagram 
/ ^ below, in the symmetric relationship, of the "^rrespondinfe graphs.] 



Partial Graphs of Functions x-^a (a>0,a/l)* 



[ 



Theorem 2-2\3 . * • ^, ^ 

(a) Efveiy monotone e;idomorphism f of the group (R*^, ^) is a power 
function, and every power function on R"** is a monotone endo- , ' " 
morphism. ^ . ^ ' " > ' 

("b) The set of monotone automorphisms of tlie group ' is a group 

uii^er compbr&ition, and this group is isomorphic to the multiplicative 
group *(B-0 , •) of the non-zero real n\imbers, under the corres- 
pondence f 4— ^ a (vher.e f is, of course, tfie functioiu \ 



X .) 



ERIC 



' 71 



7.5 



Let f : (R , : ) (r"*'j • ). a monotone endomorphigm. Then" 
'f<l)=l|. Let. f(2).=^b .(We could use any a V i instead-of 
the number 2.) , Then ther'e is, an. a s R such that .fe' = 2" . That 
.is, f(2) =.2« . (If a > 0^ then > 1 ; h'ence f must be mono- 
tone non-decreasing; if a <.0 , f^ must be monotone non-increasli>g.) 
We shall show t^i^t f(x) = for every x 6 Prom the homo- 
Jnorphism property of f , it is ea?y to show that f(2^) = [•f(2)]'' for 
^every positive integer n , hence for'every number 2" , f (2") = (2")"^ = 
^m ^^gn^a^ ^ ^ ^^^^ f[(2^/")"] :[f(2Vn) jn 

J ^ ) - {a ) .We can combine these results to obtain 
, ; = 12 ) for every positive rational number 2^ . We wish 



: to extend this. result to show that f(2^) ^ (2^)^ for every y in 
R , because the set of all such numbers 2^ is the whole of 



,Pirstl;yr, suppose that a is i^ . In this case, f{2^) = (2^)° = i 
forjev^ positive rational^ q , and hence, from raonotonicity> 
fM) = 1 = (2^)° for every positive number y . ^-We can deal with 
Viegative (whether or not a is sero) after dealing with the case 

^ ' ' « ' 

a non-zero, y ^positive. - t - 

Suppose next that f is monotone and non-decreasing (i.e., a :> O). 
We s.eek>to prove that, for* all y > 0 , f (2/) = (2^)^ . Suppose • ' 
that this is noftr€e for some - y = r > 0 , .and that", f (2^) < (2^)" . 
Pien, 2^ > 1 ^-and hence f (2^) > 1 . . That is 

1 <^(2'') < (2'')" . ^ • ' 

^si^the fa;^_ that .the function x x^/'^- is igonotone 
increasing, ;ie, obtai/^i * ' • 1 

. > l'V[f(2^)3l/° <2^- 

Hence, from the monotine incfeasing-iproperty of the'function ' 
X -»log^ X , and putting z. = log2(rf (2"') ]^/")' ,'we get 

. - - ^ ' - . .-. ,u / 

Hepce, there is Ik positive ^atjl^nal number 'q , such thl^ - ' ' 




?nd therefore,- using the 'monotone increasing property of the function 
• ff(2^)]l/° =2^ <2^ <2^ . 
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Hencie, from the monotone increasing propeAy of ^the function 



\l) , ''f(2^) <(2^)"<(2T . ^ 



If 



But f ^is monotgne non-decreasing|t therefore /^si^ice^ 2^ .</2^v ^ * 

Because q is rational, f (2^) ' = (2^)^ , hence ^ ' - ^ ' 

^t this Contradi-cts (1)'^ and hence f(2^) ^ (2^)^ , Similarly we 
can prove that f(2^) ^ (2^)^ , Hence f(2^) == (2^)^ for all 
positive^ y , and a > 0 . If y = 0 , this statement;becomes 
f(l) =1 , which we have seen is true because f is a homc«norphism, 
If y < 0 , then we have * ' " ' 

l-s^l) = f(2°) = f (2^ • 2"^) = f(^) . f (2"^)' ; • • 

Hence f(2^) = [f(2"^)]'-^, . But -y is positive, hence 




Hence, for all reaj y , , 



f(2^) = (2y)^ 



That is, for all .x € R"** , 



f : X x" 




The treatment when OJ < 0 i4/e;itirely similar, and we conclude 
that, eveiy monotone endomo2rphism^of^(R , * ) is a power function. 
The converse (tliat every power function is a' monotone endomdrphi^m) 
fol^bfl^directly from well'-Tcnown prope^^ties of th§ power functiorfs. 

(b) Because each monotone endomorphism Is a pc5wer function x x^ ; 

• ■* * . 

a monotone endomorphism is* a. monbtone automorphism if and only if 
0? 0 , and there is thus a 1-1 correspondence <p :*f -^a of 
monotone ^tomorphisms and Aon-zero real- numbers. 
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^ a 

If f^,: x-fx ^ f 2 • -^/^^ > ^^"^^ ^ ^2 "o^^^^^o, 

» ^ go CL ct,ao 

then the composite function f^f^ takes; x -> (x ) = x \ 

Hence ^f^^^) ^ <^f^^f^ and* <>^<p is ^n isomorphism. 



Remarks: 



1. 



The above proof is quite lengthy, but not inherent]^' difJMjCult. ^s is 
common in similar theorems (e.g., Theorem 2-2.2) it* is quite easy [to go 
from the homomorphism property to arguments involving the rational numbers 
(in this case the rational powers 2^) and the difficult step is to move 
to an argument which applies for all real (or positive real) numbers. In 
the above thedrems', we were able to achieve this extension by using mono- 
tone properties (proved in T%orem 2-2.2;* part of the hypothesis qf Theorem 
2-2.3). We coul4 equally well have'assumed continuity (in Theorem 2-2.3) 
and achieved the extension from the rationals to ibhe reals .by a "conti- 
r ^ nuity" argument. Carried through in detail, this is more complicated "bhan 
the argument from monotoiiicity . This is not surprising, as continuity is 
a more complex notion. ' ' , ^ ^ . 

'2. The proof of Theorem 2-2.3 could have b6en deduced from that oft Theorem 
2-2.1 by using a logarithmic/exponential isomorphism of (R***, • ) and 
(R,+) , and th^ fact that such' an isomorphism is monotone. This idea is 

* • ^ conveyed in the exercises below, in which we have an "additive" equiva- 
lent of Theorem 2-2.3, ' ' » - 

^ ^, Exercises 2-2 (continued) 

•To. Let f : (R,+) (R,+)' be a mono-fioh^-'^^fi^orphism. Prove that 

(a) if, for any 1> /o ,.f(b) = b , then f is the constant function 
f : x*->'0 for all X e R ; ' . 

if f is not the constant fijpclfeon, then f » ;Ls 'l-l^ ar;id f is 
strictly monotone and preserves the equality of differences. 

'U. U§e Exercise 10, and Theorem 2-2.1, to prove that if f : (R,+) -> (H,+) 
is, a monotone., homomorphism, then there is "a k ^€ R ^ siich that 
f -:. X -> kx ^ for every x e . (i.e., f is either the constant . 
"zero" function^, or f is a similatity transfon^tion of R -.) 

« 
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12* Prove ^grcise ll (as a diredt consequence of Theorem 2-3.3) us-ing 



as illustrated in 



the e5tp^ential/logarithmic relationship, x 

the coinifiiitative diagram below, -Tn which the function g is defined (by 
composition) so as to make the diagram commutative: 



13 • 



16- 



17. 



X 



(R,+)^ 



(R , • ) 



A 



I 



) 



If ' f : (R , • ) (R ; ' ) is a homomorphism, whi'ch is- monotone on an 
open interval (a;b) (a 5^ b) , prove that f ^ is monotone opt R*** . 
[Hint: proceed as in the proof of Theorem 2-2.3, to prove that 



a 



f : X X ; first, for all 



2 (all rational q) s and then for all 



positive real x in (a,b) - Then show that any z,6 R can be written 
as ^ 2 = xy ^ where -x e (a,b) and-^ y = 2*^ . for some, rational q , and 
use the homomopphism hypothesis to show that f is a power function, r 
and hence monotone-] 

If f : (*R,+) (R,+) is a hbmomorphi^m, which J^honotone in any 
open intervi^l (a,b) (a b) prove that f is a similarity trans- 
formation, and Henc'e monotone on B ♦ 

Prove that f : (R,+) -* (R,+) is an endomorphism of the group (R,.+) 
if and only*if f(0) = 0 and f preserved the equality of ' differences « 

Prove '^"S^iL^ P : (R , • ) (R , • } is an endomorphism of the group 
(R , * ) if^nd only if f (l) = 1 , and .f 'preserv.es the equality of 
ratios- [You should prove this directly, and also indirectly by using 
Exercise I5 and the exponential/logarithmic relationship as in Kxercise 
12 above.] 

If* f : R R preserves tlie equality, of differences,, prove that the 
function ' g. r R R defined by g : x f(oc) - f(0)- , is an 'endo- 
morphism of the group (R,+) . 
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l8. If f : r"^ -^^R*^ .preserves the'equality of ratios, pijove that the 

function g : r"^ ^ r"^ defined g : x |||| , is an ^ndomorplrLsm " 
of the group (R*** , •) . * , ' / 

Remark : The various results proved in this section and stated in the exercises 
illustrate the^ close pa/allelism between the homogeneous aff ine fhinctions on 
and the power functions on R"^ ; and b&tween^the affine functions on R , 
and the»posi-tive-constant multiples of the power functions on (I.e., 
the functions x cx^ , c > 0 /a € R .) 
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Exercises 2-2 (continued) 



- 19« If f : R R is a> monotone function, such that the restricted function 
f|Q maps ^ (Q , + ) homomorphically into (R^,+) , prove that f is a 
positive similarity. 

Remark :' The result of Exercise 19 ^ above can be furthe^ generalized. If you 
are'faMliar with the notions of topological d^hsity, and continuity, you 
can* prove that if f : r"^ r"*" is a monotone' (alternatively : continuous) 
function with the property that f y -^-ky (k € r"^) for each y In a 
dense subset of ^r"*" , (e.g.; Q"*")* then f : x kx for- every x'e R*** , , * 

Powers^ of Functions . Let A ' be any set, and let f : A r"^ . For * 
every real number a , we can define a /urlction f^ ; A R^ ^ by 

. ^ V f°(a) = [f(a)f . _ A 

a ( 
The function f is called "f to the power a** , or "f .to the a" . 

Thus, for each a , the po>^er operation is an operation 'in the set G of 

all functions from A to R**" .. You shoiiLd prove that this operation has 

the following properties, related to the algebraic structure of G , which 

'was discussed in Section 1-5: ' ^ . ^ f 

(i) f ° = 1 (the constant function). 

(a) {^f- = (ff)° = . \ ' • ' "■ 

' (iii) (fi-f/ = fi°-f/ . ' , ■ ' ' 

(iv) (kf)° = k°f° <k > 0) . ... ' ... 

r ERIc • . * 80 ^ 
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^ If you remember that many of the common measure functions have values 
in y you should not be surprised to learn that ve shall need to use the 
"power" operation in our study ,of the relationships between ratio scales, 
when Ve consider tke subject of "Simension". 



■^^^ . Exercises 2-2 (continued) / . 

^ / 

20* Let d : R X R -> R be the difference operation *( 1,6. / d(x!'jy) =s x - y) 
and let f : "R ^ R ^e a function which preserves the equality of 
differences. Prove that the functicSn g : R ~> R , .defined in Exercise 
17 above, makes the following diagram Commutative: 



d 
R 



' f X f 

R X i^---^ > R X R 



d 



Converseljr, prove-'that if, given f : R R , there exists a function 
g : R -> R which makes the above diagram commutative, then f preserves 
the equality of differences. (In other words, for any given f j R R j 
the existence of *a function g which makes the diagram commutative, 
is equivalent to the condition that f should preserve the equality 
of differences.; Now use the result of Exercises 17 and 1? to 
give an alternate proof of Theorem 2-2.1 and its Corollary. 



2-3 The Measurement of Numerosity 

The ideas involved in the empirical measurement of numerosity (a^ clumsy 
word, but pr6bably better than numerousnessl ) are so simple, and the stixic- 
ture of the most appropriate value set (the set pf positive ififegers, whose 
prehistgrical development was undoubtedly due to the empirical properties 
of the measur^ent operation known as "counting") is so closelji related to 
the attribute .that we wish to measure, that numerosity measurement is ignored 



I 



* in many treatments of the general subject of Measurement. Wf shall not igndre 
it, because it is instructive to examine the measurement of numerosity in €he 
same spirit that we shall use^ater in the discussion of length measurement, 
and in other more complicated measurement situatioliis . 

As we Indicated earlier, we shall assume that we are fully ^familiar with 
-the real number ^system and its various subsystems, and that^ (except *for moti- 
vation) we have developed ,thes,e systems without direct appeal -tb the real 
world and empirical ideas. We will have some difficulties, du^fto the fact 
' that mo^ of us work with an intuitive rather than an axiomatio%et theoiy. 
It is hoped that this will not obscure the main features of the development. 



In outline, informal idea what we arfe going to try to do when . 
setting up measure functions, is 'as follows: 

^There is an attribute which we set out to measure. We cannot 
defUie this attribute, but our feeling that certain objects (which 
mate up the domain)* possess it, is sufficiently clear that we are 
prepared ^t^ establish empirical procedures which, generally aided^ 
by induction (i.e., empirically-inspired guess work, generalizing 
from particular cases; not mathematical induction, which is really 
deduction) enable us to give a structure to the domain. In mo$t 
cases this vill involve the establishment of relations and opera- 
tions on the. set of objects in the domain. The domain will thus 
be given an empirical structure. In many cases the ^-eal numbers, 
or^some appropf»iate subsystem, will have a comparable structure 
^and usually much additional structure). 

(ii) We select an appropriate subset (call il/ V) of^he reals, and 
we ask ourselves the fbllowing questions: 

(a) Is it possible to map the domain into V in such a way 
^ ^ that the structure is preserved? I.e;, the mapping should 

be a homomorphism. [Sometimes the -mapping is 1-1, (i.e., 
an, isomorphism), *and sometimes it is, onto. Frecmently we 
are able to establish a^ (empirical) equivalence relationr 
on the domain (related to the selected attribute .which we 



wish to measure), and' we look for a suitable structure- 
preserving mapping on t^e resulting set Of equivalence 
classes.} r — 
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(b) If such a mapping exista, is it unique? ^ 

* (c) If more than one Structure-preserving mapping ,( measure func- 

. tion) exists, is there any relationship between these func- 

^ tions? (E.g., can we get from,. one *to ^another by composition 

j . * • ^ ^ 

with an appropriate automorphism of V 

Let us keep this plan in mind, and return to the qjiestion of numerosity 
measusrpment . The. ideas of attribute domain, anU "equivalence \jitih respect « 
, to the attribute" tend to blur together, but roughly speaking, the idea "we * ^ 
have in mind fox numerosity relates to the empirical 'pr6cess of pairing-off, 
or jnatching. As'elements of the •domain, - D ^, we think of sets of objects 
such as bags of stones, or flocks of sheep, ^and we confine our attention to 
finite sets, we must say what we mean by "firv-te",' so, to make matters as 
simple as*possible, we draw on our assumed knowledge about the nufiiber systems 
and%define a set to be finite if there exlsts^a lL-1 cCii^r^spondence between the 
set and a' segment Cl,nK of t^he positive integers. (We! could, if necessary,' 
avoid the use of ^^t this stage of the^»development . ) • & '.^ 

In the* domain D , we can compare 'elements: (i.e-, finite sets) with' . 
respect to numerosity by Uie empirical process of pairing-off memberV-T5f the 
^sets:, if w^ *can^-pomplete this pairing-off of the members of two finite sets 
S , T f without having "&ny members of either set left oVer, we say that S 
^ has tR§ same num&rosity as T , or th£^ S and* ^ ar^ equally numerous i 

(We write ItMs S ~ T ; we may read it "S is equally numerous to T" .) As 
\ / raT^as wq can tell empirically, i^ an equivalence relatiop on oun domain. • 
_ (Due %o the' difficulty mentioned earlier, you probably find it hard to ^picture 
as an experimentally-defined relation^ whose .transitivi|iy, for example, 
-^ust ♦be |erif ied ex^erime;3^ally; \ihen wej study length measjlirement, the Torres-, 
.^^onding situation sbould be more clear If our domain is infinite, (or very 
larg^) wq cannot test all possibilities, sp'we use induction "and slkply guess 
j .that, it we ^ad unlimi^^d time and j)atience, we could ^^erify that is an ^ 
^ v'^eq^valence relation. » (Scientists*make inductive guei^^s like , this all1*the 
time, generally in much less "obvious" sltuaticyaa. with the ^expectation that, 
shoulct they have guessed "wrongly, thi^ will eventually ^e^;pm^ em^iricajly 
„evictent^) We denote the equivalen6e class of a set* S , M \2 , and the,§et 



fdf , all eibjuiValence^l^sses^ by D'. 




^ The very same empirical process (pairing) which enabled us to organize 
'our dbraain inta classes of* "equally nvimerous" sets, envies us to de'fine 
another 'reGLat ion, that of "''less numerous than" T if, In the \ 

pairing process,' the meijibers of S are exhausted first; i ^e . ,^.eacl^^ber 
of S is paired with one of T , and there are elements- of remai^ng. 
We assume that, as a result of many trials, we have discovered that this * 
relationship doeg* not appear to depend' on the w in which we go about the 
matching process, and that as far as we have tested it, the relation *< is 
transitive* We also discover that, for any two finite sets S and T*,^ 
exactly one of the following holds: a - T , S < T , T < S ; and that if 

^1 " '^2 ' \ *\''^2 ' *^1 "^.^1 ' ^ "^2 • ^-^^ ^^^^ ^^^^ 

justified .in assuming that the relation < is transitive on D ; that it 

yields a^cor'^espon^g relation (for which we use the same symbol) on the set 

5 of equivalence classes 'of D ; and -cbhat this is a (strict, total) order 

relation on D. . ^ In other words^.the relation < on D , defined by 

S < T if S < for any. S € S T. € T , 
is an order relation on 5 . ' ' * 

We consider next whether any oth^empirical structure can be established 
in D^, bearing in mind the attribute (numerpsity) .in which we are interested. 
Several possibilities need to be considered: for example, the operations ^ of ' 
union and intersection can be carried out as. physical^ operations, and experi- 
ence, would suggest the assiaiaaB^tion that each ^is .associative and commutatlveV 
and that each, distributes oi^r the othej-/ However, not all of this structure 
seems to be^ immed^iat^ly relevant to Our intuitive idea of ^numerosily . After 
sop^l'CQP&ideration of possi'bilities, let us imagine t^hat we have concluded 
that tm operation of union for disjoint =sets. is boing to^be relevant^ and 
^hat (bearing in mind a^r eveS^tual objective of ..set'ting. up a Yunction to the . 
'positive integers) unions of disjoint ^^ets should map into''sums, oand^ a ' 
numerosity-m'easure function. At this point a difficulty appears: not all o i 
pairs of, sets in our domain are disjoint^,, aife ever) if (for , ^ *€ D)^ 
S^n = n = 0 , it as not necessarily true that n = jiJ , Qn 
the other hand, ve discover tha^t if S. n = 0', S» 0 SI = d an^ S - S' , 

^ Sg , then S^ U ^S^ - S » U . This suggests •tjaat .we might ^if t our 
'attention ifrom D 'to 5 , Sid consider what fukheij empirical numerqsity 
struct?ure we can establish? on 5 . /we could then aook for a* structure-pre- 
serving map fi:om 5 to the set j"** of positive integers . While ihinking. 
along these lines, we recall that the natural mapping D -r> D* (defined by 
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o S S , for etfch finite = set S) preserves ordery&pd that if this were to 



be comgcrsed with, a suitable mapping frgjfti D to 



the composite map would 



have the 'desire^ property of mapping* equal]^ numerous sets into the same 
positive integer. • cr - * ' 

Ve now proceed to establish a^n operation JJ. in 5 as follows: if S / 
€ D , select € S , e , sUch that H = 0 . (This involves an 
assumjyfcibn fpr vhich we e3q)ect to have. empirical support.) Now define r 

fyrT/'^*?i/^ ' (^h® notation on the right denotes, of course, the.equi- 
lence class of U ; it is sometimes convenient to indicate this "dis- 
y 'Joint^feion*' by the notation y. .) Empirical examination . of the ^proper- ■ 
^^ties ot the. operation U. on 5 suggests that we are justified in making the | 
following assumptions: . ' ^ 



is closed under 



V^j) . il is associative and commutative, and ^5 
Ui; -Sij preserves order, ij;^the seQse that fop S, 

fn other words, the' system' (5\i> <) is 'to orciered abelian semigroup 



u 



of 



We npv 1;urn 6u'lr"^tten)b 
1 + 



ron 



whether there is a mapping 
B intp--:J (the'iet of ^posltivQ Iniegess) whichf. preserves this "numer- 
(3sity stl^ictute" !\Acrfcually'\here are two possibilitj^s^to consider J ' is 
an ordered '^beilai)f|^n^group "^i^h.^i*^^ct 5^«diti^^ and it is 
order e<} Bbelian'sjfe^lnigroup^wi^^ to rauTti^ic^tion, so we shoxild keep 



Is also an 



o both possibilities' in^mind 
a suitable, fuhction^is.^,^^"trf^>^ 
any e D ,^e take^ai)^"^ S^^c 

I ordered se 



SjL 4f"||^ it iveXfit egers\ 



e. attempt to 'set up such 
i^e^s of coimt ing ; given 
s Qf S, with the 
assumption* of 
te at^^n^e pos^-tive t-nteger 
{(&,s).) to see whejther^it ' 
.^j.^^^^ y^^^ |Unti^ion|^ Wei niustj firsts make certain 
^ ^ imiquel^ \detemiried; 'i\^ tha\ the^ relatidn is 
-.single -valued. That this is so, foAows'jE^om tV " ^ 



^nd, pjfir 

finiteness ensures that this prW^ss will^e: 



s , -and it seems natural tp test ^|^e>^elat^0n » 
yiele 

for given S 



yields a suitable structurjb-preser'Ui];ig funti'i 



is, 



procedure establishes a 'I'^l ,£iorrespondence\ betw( 

'4 j * J 

so thai if ^ using a different set from^, ^ A 



^ct thai 4ihe^"c5ttflting 
^andv^he segment 




pairing in the 



|counting*|)rqQe|ure,fwe wete tol arrive Atja ^ifferejfit poki^tve^ integer s' , 
,the transitivity of the 1-1 pc(rrespondOTie,!i»^ati^^ ilould ' impA that there 
existed a^l-1 co.rrespondenceittetween thel segmeV^^ (l,s) and ^(l^^*^) • But 
.(as mentioned in the previoi?^ section) the;^pps^ of. this can be • 



proved wifihin €he formaL syafeem 
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has estfeiblisr 



a function qp : D J , and a related fxmction ij : D -> J>. . An argument 
similar to those used above' shows that cP is 1-1. * / - ' 

'We consider next the way in which the counting process is related to 
the empirical order in D ^ and the resulting order in D . For ^*<T ^ the 
empirical— procedure for establishing this relation yields a 1-1 correspondence 
o-f_ Sy with a proper suiset of T . It follows that if q)(S) = s , qp(T) = t , 
then there is a 1-1 (correspondence of the segment (l,s) with a proper sofbset 
of the segment (l,t) . From this it can be proved, purely within "the foipal 
system j"** , that s < t . Hence q) and $ preserve order. . ' 

. We look neict tCL.&ee whether ^ carries "xinions" in 5 into either sums 
or products in j"^ . We s66n discover that "unions" are not carried into pro- 
ducts. As far a? sums are concerned^ it can be proved, within J , that the 
segment (l,t) corresponds 1-1 with the set (s+l,s+t) = {n€j"**: 
^ ^ ^ <^ <.S ^+ t) ;:'that (l,s) 0 (s + 1 , s + t) = ^ ; and that 
' (l,s) u (s 1 , s +^^= (l ^ s + t) • Hence jp is ah isomorphism of t"h*e 
ordered semigroup (d)i>,<) into the ordered semigroup (j"*^, • 

It is natural to ask whether 2 hence" (p ) ' is onto. Before we 

can consider^ this_question/seriously, we have to be much "clearer about %\ie 
domain -D than we have beeij. If we restrict D to sets of material objects, 
which Ke might think of as objects cbmposed of fundamental physical^ particles., 
our question would be equivalent to asking whether the number of fxindamental 
particles in our universe is finite. This is not a qji^tion that can be 
easily ajisweredl In this connection we poinlf out that the question of the 
ontoness of jP is. closely related to the em^jtoicai properties «j{hich we" h&ve 
^ssilned (inductiv^y) .for 5 ^ ai^d to ourjljdeSiCription lof the ^ op oration U • 
If S is any l-element set in p , our* asi-^ption tliat the operation can 
always be performed, implies that we can iterate the operation to obtain 

= S U S^l^ S (n terms) for ev^ry n e.j"*^ and lieiice ve, conclude 

that 2j is "onto. If th3^ opera'J:ion becomes impossible for some m + 1 € j"** , 
it means that we haVe a set S^^ wj?th m objects, and that 'fehere is no/ 
single-relement set which is^ disjoint liith ^ • JHiat is', a]Il elements of';^^ 
our "universe" belong to S „ and our "universe^** of objects is finite. Thi? 
means that our assumption that U can always be, carried out as an empirical 
operAtion (for any pairlof s^ts not nec^sarily disjoint) -is invalid, and 
hence the system (5,U) 'is not a semigroup. On the other hand, if walallov* 
D to include sets of mathematical objects, sucH as natural numbers, 
is easy to shqV that ^ semigroup, and that is onto J ^« • 



* The measure functioij which we have set^iip for the measu1^di|ent of our 

intuitive notion of numerosity, is khovti as the . cardinal me9:|fere. of a finite 

set. and its value on a set is. the cardinal number of, that ai^r At this stage 

: ^ ,^ v'^fcc.^v 

there are several questions whicl? we might reasonably^ask o\^^seive^: ^ 

(i) Is . <p the only numerosit^ measure on D such that m ♦■islan 

* ^ ^ isomof*phism of the ordered semigroup (D,U,<) into {J yfy<) ? 

+ + 

And what if consider other value spaces such as Q or R ? 

* (ii) Is it possible to extend the domain of ^-cp ^ so that cp sti'll 

corresponds to iTCfcr intuitive" idea of a nilmerosity measure_, by* ^ 
dropping the restriction that sets in D "be finite? ^ ' 

(iii)* What about the other operation (multiplication) in J ? Does it ^ 
C fit into the picture anywjiere? * » 

The second qud^ion is considerable- mathematical interest, an^ its 
investigation led Cantor to the theoiy of transfinite cardinals*- You will 
not be surprised to learn tha^t these a?e important in the mathematical theory 
. of measure. ^ ^ . ' ' ** ^ 

The^firsf question has two parts. In orderSto attack the first pai*t, 
let uq make fhe assumption that the cardinal immber measure function ? is ^ 
ontp j"** - This implies^, that. ^ is an isomorpMsms '■^ If t^ere exists a second 
*isomorgjtiism ^ ' ^ >• , . '"^ ^ V \ 

(not necessarily onto), 'then we can combine "the (compositional) inverse of * 
^±th (p* and obtain an isomorphism ®* <P - p (say) of th^*D?dered semigroup 



(j ,+,|^)^ into ^tself. Let us see what this iijiplies: ^i^ p.(l)^;^Jc^,) then 



.pfii) = i^(l|+ 1 + 1) = p|l)*+ p(l) + pCi)^^p^^p(l)-='r4 



J 



(xt term^) 



(n" terms} 



Let^ denojbe the function,, n r^lik for each xn ? J -Ve clieck readily 



in fa'ct, aji isomorpmsm^ W. into^a prbf)er subset lts<gp-f, 



that ipj^ 

the orderek ^semigroup ot all posi-di.ve jnultiples of k ^^^j (See" ExerciB-e* 1-6.35 •) 

. ^ ' . » - " '-^^ , 

n?hu5; for each po^iMve integer k , ,the compos-ite Jjoap' p^ip ' seems to 

liav^^&ll of the structure-preserving properfies which \ie depi^nded for a , ♦ 

numerositv measure, lit is easy to show that the set t)f all a^api^ p, has.* 

jemi^roup^is isomo^hjlc 



the structure of - a semigroup. under composition. (This 
to the s'ejnigrotfp * ( J[ , • ) * ) 



1 
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If we consider the next ^questioi), that of: the existence of numerosity 
measures whose values itre not necessarily inteBe^B. we find that the situation 
is quite similar to that just discussed. If tfee v&lue space, is taken to be the. 
set Q of positive rationals, then tlie appropriate ftmctions, composition 
With the cardinal measure fiinction are the functions ' • , 



X kx 



for. each positive rational k 



In passing, we obserre that the numerosity ° 
measure fimctions corresponding to measurement in(dozens, or by the scorp, ^y 
the hundred, by the million, etc., belong to this ©ategoiy. If we go further, 
and permit values in R , we reach a similar conclusion, except that k may 
ihen take on any positive real value. • " • » * 

At^^this point it is convenient to give a formal definition of "numerosity 
function"^^ definition which is in keeping with definitions which we shall 
give later for length functions, area> functions, and -so on. We define a 
numeros ity f unc t ion (with integer values) for D , to be a function 
^ (p : D -» J such that ^ ' v> , * 

(i)'^ if and T belong to" T , with ' S T , 'then- qp(^) = (p(T) ,• 



(ii) if and T "belong tc3 D , and SjH T = ^ , then 
^ ^(S U T) = q?(S) + $(T) . 



J 



In other words, all. we require is that 9 shoiild give the 'same value to 



equivalent sets,' a'nd that "disjoint unions" shoiilgl map into sums- The modi- 

an^ R are obvious- We ^oint out 



fication need^!^ to permit values in Q 

tFiat if D is a semigroup, then it follows that a numerosity fxinction cp 

I asj you should 
preserves order, 

(This is a result of the clo^e ponnectioh betw^gx^Lthe order propert.ies of I 



will| ii^duce an isomorphism f (D^u) -^{J ,j+) and that 
verify, the definition* implies that a numerosity function 



if.^n 



and 1 and thQ operations and' -if i e.;5.^if m ,1 € J-"** then m < n 



_md only^ if tbere is^s P e suclr that m + p = n ani^astetiarly for ^ 



Kie operation }J_ is a 'binary operation on,. 5 , aad Taence deliemiines a 
function U : D x ? D T%'Telat$pqship jaf. W^s to addition in J iiS 
conveniently indica^'ed by th^' f,511owfig.4ia£rm, whose coj*iutativity is equiva'-v ' 
le;it td the def in^t$9l^^oi\ (p;X \ (^^ Is the cartesian- product ^» 

mpplni defin.ed 



•1 



def in£t $9nvc'oi\ q);X.* . ("^^^^M^^^ 

ned at, theSnd -bfVsecti'^n^^?.) > 
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addition 



• We h^e still to consider question (iiT"), *wllich asked .whether there was 
hny place for the second operation in J*** (raliltiplication) in questions of 
numerosity. • ' ^ . , . 

If we apgly the procedure^ for forming the .cartesian product- to the • 
/cardinal measure functior^ 9: D ^ J*** , wef'get a natural mapping 

<px <p:DxD-^J xJ . As mentioned in Section 1-5, we can compose , 

tf * ^ + + V + • 

this with the "multiplication!" .mapping of J x J into J 'j Q^sq recall 

that the efements of D are themselves ^-'finite sets*^ and that the cartesian 
product of two finite sets is a finite set; i»e., .D^ is closed ^der the 
cartesian product operation. This binary operation corresponds to a mapping 
from D X D^to' D . (Don H ^confuse the cartesian product of two elements 
. (finite sets) of D with the cartesian product D X D^.) Let us^put all of ' 
these mappings together in a single di'^gram; • ' -- , * 



D X.D 



cartesian 
product of 
elements 
(finite 
sets) ^ 



<p X g) 



• multiplication 



1 



S corresponding diagram for a "/typical" element X3f D x D is uj^eful in ke/spjng ^ 
track of the various functions: . «■ • 



'95 



89 



4 I" 
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CS.,T) 



S X T 



(<p(S)', (P(T)) 

■ 4' 

q>(^) • <p(t) 

q)(S X T) 



It is- a pei?fe^g|fe&sonabl^ question to ask: "Does <p(S) q)(S x T) ?" 

In 6ther words, /^s the first diagram a commutative^diagram?" That the answer 
is "yes" f ollows ■. f rom otlr definition ot the counting function", (p, from-the 
definition -of <:artesian product, and from properties of - j"^ and -of multipli-*" 
cation in- J , which we stated in- Section 2-2. ' ' 

. ' -■ . . 

We can give an even ciearer <Uag*ram which represents this situation, if . ' 

we assume that S and T each contain a reasonably* small number of elements. 
For example, if <p(S) = 5 , and q) (T) = 3 , the 'last commutative diagram 
can be replied >y - , /■ - . ■ • 



(p X (p 



(5,3) 



cartesian 
product 
operation" 



''(aj^,b^) , (a^jbg) , (a^/b^) "S" 



7 



'multdplicatioh . 
operation • 



(•a5,b])V(a5,b3)J 



> . • about 'the other nuragrosity 'functions, Pj^q>, where' j'x^kx , 

; k 5^ i^?, It is trivial to chefck that, whether we^use 'V , q"^ , or as ' .- 

tl|£ inlage space, (p^<p) (S x T) = k[(p(^) *. (pfl) l' , '4ire ' " ' ■ ... ■ 
.^^■■■"■7X-p^q^"|'S)][(p^q,)(5)]^ -'(pCtJI. .Hence (p^(p).4oe/^not' ca% cartesiin . . . • 

prpduct&in D into- products in the, image spai^e, unless k = 1.,.' /in other. ' .* 
'Words, '4;he cardinal nun^beir numerosity mia^ure fjonctlon is d-I^tlng^shed- f rom ' ''• 
; .311 numerosity fimc>{ons by this propertf of map^ 

'-■ ^ elements of D .int^,4orrespp;idirjg.4ium^er p^pdijcts |n thl "t- ' '. ) 



:9o;: , , 
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The situation pictured, in the diagrams above contains the g^rm pf an 
idea that will recur over anO) over again in discussing the relationship 'of 
measure functions. The fact that we had a" second operation (cartesian product) 
mapping D x D into D is quite special to the measurement of .numeroslty/ 
In oi^her situations (e.g.^ angularmeasures^ area, velocity), w^^^^^nSs^aye ^ 
measure functions [x^ , [x^ .,"wi.th domains , , (not necessarily dH^ferent), 

and» "(i.e.^ a subset of X D^) , and a ma^irig 
of another measure function, 



a relation between 



from .the domain 
•^^'^^^oi^itativil^ will then hold -in a diagram 



^2 } onto^Jhis relation^ 



^1^^2 



R X R 



^3. 



Wh^n .iifv i*C§ngle nteasurement, 



and are length measures, *v . 

is division, and t?ia conimjt^ulye diagram expresses the relationship between 
length and angle measures which is involved in thj^ idea of radian measure. 
If [i^ is an area measure function, " and m, 
V is multiplication 

function,. time-interval^functibQ^and v is division 

have more to say later about these -id^as. ' - 



^ and length measures*,*^ and 

When ii^ is "average velocity", is a~ length 

We shall 



By now you might have reached the cbnclusion that we are spending a 
great deal of time stating the obvious. In a sense this t^e, because*' • ■ 
th'e formal system , the operations of addition and multipiiJ^catiSn, and 
,the inequality re]^ion, were all constructed precisely for the purpose of 
providing .a "moder' fat tqe empiaiQal ideas qf j^umerosity. measurement . To > 
some extent this will be t'rue agSin in the next section, in which we dijcuss 
iihe empirical measurement of length, but we feel "that it* is worthwhile going ^ 
^ through %he development, in .an attempt to clarify what is empirical, and what 

is the formal (mathematical) model, and what are the relations between the ^ , 
two* .Mathematf&l systems devised tov modeling the i*eal world haviS^ habit 



J 



of developing a life of thei;?|own, and^this does not ne(|essarily have\anjr 
empirical cou^iterpart . 
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-usually involves important p: 
improved instrumeLtation and 



Exercises 2-3 ^ ^ ^ 

1. Prove* the assertion maAe above, that the set of functions which map the 
ordered semigroup (j ,+,<) asomorphically into its.eif, is an ordered 

^ abelian semigroup* (with composition as 1:he semigro^ operation, and an 

appropriate inequality relation).. Prove also that this ordered semigrotip 
of transfoi^piatal^s^is is'omos/p^ic to the ordered semigroup (j"**, * ,<) . 

2. What is the structure of the group of automorphisms of (j'**,+,<) ? - 

3. Similar to^ previous exercise, but wit^ Instead of j"** . 

^ We conclude this section with some remarks oq a number of matters which 
^rise in C(^nnection with most i!tieasure functions: 

« 

* Domain ; Fr6m a mathematician's viewpoint, a function is not properly 
described unless its^domain is specified . In most measurement^situations 
one is not only concerned with the domain, but alsor-with efforts to extend^ 
the domain in some meahingful way.' In ,the case of empirical leasuyes, ^this 

•actical questions of pi'ocedxire — -accuracy, 
,\so on — and^in many cases it gives rise '"to, 
philosophical problems. ^Tn faht, when andlyzefd carefully, many of the philo- 
sophical arguments concerning measurement tixm out to involve questions of 
-domain. * * «, - , ^ 

^ In most measurement situations, the initial method^ us?d for d^ining.a 
suitable feeasure function have to be modified when the domain is extended. 

For example, in cardinal number measurement (by co'unting) , the pairing-off " 

* * • 'ii It ** '* ' * 

process by hand is ngt appropriate for counting large numbers of physical. 

particles, such as are involved in radioactive decay, and complicated electronic 
dev^Lces are used. In other sitjiatipns we resbrt to mathematical methods in 
order to '''county Without counting'^ (See Jl2].) As a general rule, the 
domain of a useful (empirical) , measure function 1^ extended to ihe point wheye 
the -pr6ces'|.^pf measiirement involves a complex m^ure of empirical evidence, 
.induction, Tand mkthematical theory. . *> 

Accuracy . As menti'oned etbovjs, the subjects of accuracy ^nd domain are 
inter-rela;bed We shall not concern ourselves very much with the practical 
side of this important question, but, even in ^conijfection .witla numerosity ^ 
measuremen^^' ye point out that our impMed assumption of absolute ^acctiracy , 
(in c6t|ntfng) is not £^p^^y Valid unless wd' restridt the domain severely. \ 
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Accuracy involves "both p.h;^siological and psvchological .considerations, as • • 
well as* instrumeptation. -On^the physiological side, .we might instance the * . 
limited ability to discriminate (visually or otherwise; b'etween the' elementi^ 
of a set in the 'domain..^ (The ^elements of the danain D are fiiu-^e sets.) 
We recall tha-tj in mathematics ,^ we do not accept "that a set is well --defined^ 
un]fe&s tl^re \^ a^precis^ method for determiiiihg whether or nob a givla/bti^ect 
"belongs" to the set, 'and we assum^e, in eff^e^t^ pe;rfQct ^iscrii^natipn^, Xn 
.physical -rfSuations this is often impossible to achieve, even when aided T:^y 
refined instruments. On the psychological side, we h^ve all^.the problems of^. 
human error,"- memory aJid so on. ^ ^ * ' ' - *' ^ 

From a mathematical point' of viewy this aspect of mQa5."UKement (accuracy) 
•i\>. - •» *• . - » 

raises many interesting statistical questions,, JLn eluding those involved in 

the process of "ro\&iding..9f f" , but consideration of these 'is not partfc of this , 

book. y , • ' \ ^ 

« Units . This topic will asfeume greater importance when we consider a 1* 
measaare function, such as length, whose ^mage space is th^. reals (or the 
positive reals For the present we merely remark that, for a gi'we;i me^P^ure 
function, the corresponding unit is the set (i.e», equivalence, cla^^X of.. _ 
those elements **of the domaiik whose image is the number. X .. (Sometimes ^a 
^particular object in this -set is referred to as the .unit, touch as, we re'^er , 

< -y— — ' . . ' ^ • ' . ' 

to a fraction as a rational number*"^ Where there is Acre than onfe fii^ction* ' 
Which is suitable for the m'easurem^nt .of ^ giv^ja' attribute, th^rchoice%of 
function and the choice of uni1>-aJ'fe'-^often equivalent. Once a fiihction is 
chosen, the unit i9 fixed; on the'^qjj^r hand,^ if a unit is sjiecified^ we shall 
see^hat the jCunction is uniquely determined* There are. iiqpoijtant questions 
cdiicerning so-cq^feled "change of units"-; \€ fliscus^ in tlMer sect ionL . 

■ - .'■tt-\ • {• V ' 
For cardinal number measure, the -unit lis the equivalence ^i41ass of. thbse 

sets which eacfr^contairi a si'ngle el^sment. For numerosity ineas^y'^nier\t^in _ ^. ^ 

dozens, the unit ("dozen") is the equivalence class of sets 'iS^J'^em 

and so on. It is 

for '"the correspond 



I 



r 



is sometimes., convenient' to use the same ^^iiame f o]^ tI\g5<izK^' and 
ending function. ^ . • - • 'V^^V^/ 



Language. ^ Much of the language which we .have us^ed abt>Ve in conne^ci^ion' 
with numerc^tr measurement, is not the language which we normalfLy u§e in our .. 

^ \ ^ ' .. ' W * " - 

clAily lives, 'tt is useful, therefore, to look at. a few equivalent s^tari&emehts 
usiaag "both foJms of expression* We wiH come back to this .qu^estlon^pf* . ^ 
langiiagp agaiji, after the introduction of ejjipirical length measures. ^ ^ 
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(i) 



(ii) 



Common Usage » . c*f 

There are 28 students in this 
class. 



This box contains 12 j dozen 
orioiges. 



Usage As In This Section 

The cardinal number measure of the 
set of students in this class is 
^8. 



1 . . - 

(iii) Company X made "^a prof it of 

/$14.7 million in 196k\ 



/ 



I 



Tm numerosity in dozens of the Bgt 
of oranges in this box is 12^^ 



The ^umerosity in millions of the 
profit in dollars made by Company 
.X in 196h is U.? . " 



In these ^camples the eveiyday language is clearly more ccaipact. Observe 
also that there are various conventions regarding units and objects. In 
.example (i), the unit is unspecified, but it is clearly understood j" the s^t 
of objects (the students in this class) is identified after the value is s 
given-; In^example (ii), the unit (dozen) is named after the number; and the 
words describing the set of objects j"This box - - - oranges") are separated. 
In example (iii)^Vhe unit is "milli1,n", the "objects" ar^ dollars", and the , 
jfords describing the set of objects are; split up. ("-Company X - - - profit 

- 196V'). ■ ' . ^ ■>:- 

Of course the functional description becomes much- more concise if we 



introduce approi>riate qymhollsr^^-^J^^'f^^ 



"^12 



ff> , denote the 



measure functions; and S^^ , ■ the el^ment^-fif t&e 1-espective domains, 
for examples, (i), (ii),j!iii) above, we may write 

' (il^ . - * . (p(S ) = 28j . ' 



(ii) 
(iii) 



■ I 



\ 
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~ The Physical Measur^ent of Length * ^ ' 

^ ^ The word "physical" in the title of this section is used ty way of 
oontrast with^th^ word "matjaematical" in the title of the next section, in 
which we tliscuss the question of length measurement in formal^mathematical 
systems. It does not indicate that we shall be concerned with physical e^^p-. 
ment, or with most of- the practical pro'blems that attend the physical- process 
of length' measurement in varied situations. . . ' " ' ^ 

■ ■ ■ . ' " • ' ' 

As in -^he preceding sectio»{ we are co^erned with an vundef in^ attribute 

(in this case, lengtli) of certain "objects^^>^ These objec-^s may be such 
entities as an edge of^our ^deskj rigi^J, "rods" pairs of fixed "points" which, 
represent spa^p locations, and so on. We may think of these objects, intui- 
tively, as the physical counterparts of| pairs of points (or, equivalent^-, the 
line segments which these pairs of points determine) in a geometric space, but 
this is in no sense a definition. la order to have^^^^K^^mple "neutral" word 
for the elements of oug domain, let u^ -call thfese ^^en-^s rods . Thus aS^qd , 



J.3 an object which we vash to include in they^^iain of any length-measure- 
ment function* * ^ . " j .^^' ' ' ' • 

, - QiiT-. gf.rfl t.Pgy will be similar. t6 that ug^jg'^n Vc^er i'dst section, Corr.es- 

!pQ;ading to our intuitive idea of iei^h, we establi^ procedures for comparing 

lengths, and these lead to a certain\jstructure ^on the d^raain^.' (.Unless we 
restrict the domain severely, many of the^^tru,etural properties of the doma'in 
will be only inductive, hypotheses.) We then ask^urselves whether' there are ^ ■ 
^'any functions on our domain, with values in a suitable number ^system (e.g., 
the ^9?3^itive reals R^) , which preseir/e the st^nidJure of the domain; and 



should) there be more .than 



.t ions' are related 
I * 

Uet ViS assume that we 



(pne, how these di|fferent^ength-m^asurement func 



have decided on a physical procedure for comparing 
"re&gths" (i.e., comparing' rods with respect to this Intuitively felt attri-' 
bute, I length) . We may think of this as placing, two ^ods side-by -side^ .with A 
one end of each matched, and then deciding (visually, by touch, or some othdr 
*way) whether or not /the othe^ ends match. If two rods, d*. , flA (frdm the * , 
^omain D) , match exactly, we say that they a're "equivalent wit^ i'espect ^to • 
length" (or h^ve the same length). We denote"this relation by ^d^ d^ and. 
'.inv%;stigate i^s properties. We assume that our canpaVison procedure niikes 
this relation symmetric. Moreover our -intuitive idea of length suggests ^ 
•that we should assume that the relation is reflexive. Transitivity is a 'more- 
interesting matter. In practice, if we take- three rods , d^ , d^ such ^ 

• ' o , . ' • ^ ■ 91 « ■ « ' n 
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that dj_ ~ 32 ,rand. - d^- ,-then it is likely that we shall find that 



- t f 

But if we were to take k considerable number (say lOOol rods, whi*-* 



the empirical properties- 



^3/ 



' ^999^' "^1000 



^is most unlikely (whatever physical ^ocedura we hav^ adopted) that ' 
v^m. appear equivalent to d^^^ >,(This is Veil known^tp carpenter's: a^ • 
carpenter who Wants to kt a iUrge number of "copi|s" of a length of ,t*imber, 
does not follow a procedure of cutting copy 2 equivalent to copy I copy 



{ 



3 equivalent to copy 2 , and s« on'.) 



This Wdiately raises the question df. accuracy, and what we meant 
abqve by the expression "match .exactly". Thfe actual matcl^ing procedure is . . ^ 
^ likely to involve us in the^ use' of 'vision, or touch, and.hence might, involve , 
properties of light, and Shysiologife^ and -psychological propertfes q/ the* 
obse'rver. It might ,al^o Involve us in moving rods about, and. In making c6m-. 
parisons at diff,e^nt^tinieg and places, .under-differeAt conditions" of tempera- 
ture and atmpegheric pressur.e, in different gravitational Ind magfJetiV fields, 
in various states-^ of mbtion. .We know, of course,^-thit some of these, ^in^s • 

- are important in relAion to what we are considpiving' length), and we must . ' 
decide what to do^bout them. Problems 'of th^Jort are' disVussed in some- . ' 

. detaifl. in Chapter 1 of [2] . The^clusion that is forced upon us is\hpt '^'^ 

- n6 physical procedure for leri^h comparison can be exact, in t^ie sense that 
lt_^iliread. With no ambiguity, to .the*stru6ture diseased below. 't\fact, 
if we.probe a litt],e more^-deeply, we kn. see that the impossibility of' exact- 
ness is not just a propertrof our procedure", but, since" there are lio physic.al • 
counteipartsjof the points and line seWnts of " geometry, I there Is.no Ph^icfl 
way of even Specifying "exact^' the . elements of o{ir domaL. ' , ' . T * 

%°'"'^f ^"'"^^^ progress in" our attempt, to establish^ structure in ov^' , * 

inj we sfiall largely ignore" the Dracticflllv-imr.oT-+an+ Agtion of ore- ■' ■ ' 

' \ , .• ^ -t' '■> 



\ 



domain^ we siiall largely ignore" the pr^ctically-importapt^ 
■cidion. , In jparticular, we, assume, for the' moment, that ou«omparJ^soji pro*^ 
cell^ure for the rods iij.our dom^i^T is exact,' in' 'the sense tJE 'it enablel«usAo 
• make a.definite dei:isioA with respect to eadli pair of' objects; and thatch/ ' 
resulting relation on the domain is an equ^alepce relation. .'-We <ieno4-.the 
e.quivalence- class of an 'element d ' " ' " 

.equivalence classes, "by E ., P" 



\ 



, b^ d ., and we denote the set of all 




^4 



i 



ft 



fx ' 





The gomparison procedure used for determining length-equivalence, leads 
(with similar assumptions of exactness) to a relation, of "lesm\than with * 
respect to length" (<) "between Vods. We assume that'oui: em^§r±<:al evidence 
justifies the assumption' that 'this is a^ transitive relation *on D , and that 
it yield^a corresponding order relation (<)'*on D '^V' 

We now* examine our domain in delation to the- dens i^ "of order rela- 
tion; i.e.,. given d^ , d^ e D , with\d^ <,d^ ; ^e. search foi».|^d^ such 
that d^ < d <-d^ . Let us asslime tHat -we can always"^ find suoH^a' d , so 
that our,o2?der relation is dense. (Notice tha.t this is ore ally very "big 
assuciDtion: * not only does it involve /the question of ^ the absol^ite a-c curacy of< 
the comparison procedure, but it implies that/ if our domain hasj at least two 
length-different objects, then it has infinitely raany.i^ It follb'ws- that'' the 
^order relation in D is also dense. ] 

' i ' 

The next step Is to introduce an operation in D (which, hp^pefully, will 
yield a derived operation in Dj , which we will expect to map tJtto addition 
under an appropriate measure function. We establish this operation by a 
physical procedure of. "Jointing", which we can think 6f as placing rod^ * 
in' fine, "end-to-end". V^^ assume that this composite entity is sin object of 
our domain D . Denote the join operation by * . Then for. d^^ , d^ € D ," 
^1 * ^2 ^ ^'^'^ closed under the join operation. The *empiricat 

procedure suggests that we should assume that this operation ie associative^ 
and that it. has' the property that d^ - d| , d^ - d^ =^ d^ * d^ ~.d^* * d^ . 
In other. words, the join operation leads to a correspgnc^ing associative opera- 
tion C'for which we use the same symbol) on* equivalence classes. ^ We examine^' 
' next the conttautatiyity ^f ,the join operation. Clearly we would not regard 

d * d^ and d^ * d. as the same rod, so 'we dd not find t^hat M .is commuta- 
12 2 1 ^ ^ . ^ ^ . , , 

tive on 1) . If .you think ot 'the possible physical processes involved, you 
viUL see that 1>here is a ml^nor diff ictilty in examining commutat^vity in' D : 
for* ^ d^ € D , it is unlikely that we can directly compare * cl^ with 

* d- . This* seems to violate oUr ^ssxunptiQns. that (a) , botii-«^ these 
elements belong to D. ; and (t) we have a len^h comparison, pyocediir^ for 
each pair of elements in D , This difficulty is *not seriolis: we can 'over- 
come itrby assufhing that we caf^lways^^nd a thijrd ^^emjsnt A (d^ ^ 
to compare with *d ** d , or"1)y6^suming that "we have^more th^n one "copy" 
of each rod. Either* way, let us Assume that our empirical evidence is.con- 
sistfent with the assumption that * is commutative on D ♦ 



.. ■ . 9.7 • • , 



c- . . . ■'. ■ ■ . -,• . 

' , ' \fe look nex^ at the relationship of the order relation, and the join . ' 
operation' in 5*' ;^ and assume/ that empirical evidence ju^ifies the assiinption 
that^ I'or a , % , c e D ' , • * , . ^ . ' * 

(lY' a < b if and only if'there exists c' ^with a * c = B : .* 

^ . .«(ii) a < B =^ a * c'<'B * c for all. c € 5 . 

Iri other words, ve feel Yjustified,, as a result of our * investigation, -in ' 
assuming that' that system " (5 , ^ <) which we have -obtained by physicJal opera- 
tions, induction, and" abstraction, is* a densely-ordered abelian semigroup. 

^ ^, At this stage we might stop our^ empirical investigation, and consider 
our objective: to establish, a length meagre function oh * D . Before doing 
this' we have to say a little .more clearly what we requife of such a function. 
We define a length function to be a function \ : D -> R*^** which has the * ' 
properties • ^ ' . , . , ^ * • 



(i). X(d^) = \(d^) if and only iX \ ~ ^2 ' 
(ii),;^if d^' = 'd^Xd^ , then 'X(d )' = X(d^) +\{d^) 



Th^^ first requirement ensures that \ will induce a corresponding length func- 
tion (for which we use the same Sj'^bol, \) on D . - The second "additivity,** 
' condition implies' that \ -must be "finitely additiv^' . /fnd the earlier ' - ^ 
assumptions which we have made ensure that \ ,mus'ti' preserve order, both as 
• 'a 'mapping on D ,'and as a mapping on 5 . The systems (5 , * , <) and. ^_^^nr>,,, 

(R ,+,<) &'re^both ordered^ abelian semigroup^, and ouir definition of length ' 
• function* impli^ that X : (5 , <) (r'*, + ,<) mlist be an •isomorphism,^ 
but not necessarily onto. ' i . , * , ' * 

* . VQ^^^ Spabe ^ and Range '' for ^ Length Functions . , Ve recall that there are 
subsets of the positive re^ls which have the structure of- an^^dered, abelian * * 
semigroup; in particular, *the positive integers^ j"^ , the positive"* rat ionals, 
Q ", and the positive reals, R^* afe all ordered abelian semigroups , under 
addition, ^ Ve therefore ask ourselves the following questions: - 

^ 1. ' ]Js there'' 4hy strt;icture-:pyeserving 1-1 mapping v( isomorphism) of D .into 

^ ^ , , or R^ ?^ ' ' ^ . . • r 

e. If there vis such a mapping, is tijere-more than one? And if so, how are 

' they related? "^'^ "^^-^^ ^^«v . 
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(^We can quicjdy dispose of question 1 as far as J .is concerned. The 

order relation In D . i's . dense ^ Vhile that' in J is not. 'It., follows that- . ^ 

. there cannot he ^ 1-1 ordeuf^reserving map from D .to J . (Intuitively., 

the reason 'for; thi's is thatf,Vor any two elgmefhts of 5 , there ars infinitely 

many elements' between them; but their images in J would be positive integers, 

*t and th^re ar^ ^nly finitely many ifitegers between each pair of integers. ^ 

\ 

Ve recall that both Q and R have dense order relations, ^o neither' 
is ruled^out as a possible image space on account of the denseness of the 
order* in . But we shall have to do quite a bit more work befor'e we can 
j^ecide whe-»>her or not there»is any s-Rructure -preserving map from to eit! 
Q ^ or R^.*. We se^ aside this question for the time bein^', merely notinj 
^xhat*we vtll, in fact, be able to show the' existence of such a fuRsMon as 
' far 26 ^/ is ^concerned, but that we shall noz (because of questions /f 
accurac^^ bath. o£^ procedXire and definition) be able ^ 'deciciie empiri^lly 




whethei^t^i?^ is really needed or.^^hether Q ', or ^ome ot-^ter sub^gft of R 
wiil^^Juffice 



When we come tp look at the question of . iengfb-mea'surement in 



mathematical systems, we shal|- see that % ^ willjn^t suffice |;or the measure- 
ment 6r« length i<n ths euclid^n pla;n$j b^t we^h^^JL also see 'ftiat, if we start ^ 
from axioms of classical »synthetic^geon]Let^, then we cannot prove that rT 
is needled* In fact"*, tfiere ar-^ geome^t^Le^ wliieh satisfy the classical axioms, , 
atid .'^^hich *do jfot require R for lengthymeasufement :' , but mqre about that 
, in the next section./ , ' / 



J' ^ Relationships . Between Length Functions . * We turn noW to our se(;ond ^ , 
quesJtion; If "J^here is a length function, \\ from^ *(D to (R ,+,<) , 

are^there any others? And if th^p are, how are thjsy relate^^ The first * 
\ question is easily answered; have seen (Theorem 2-2>2) that* any positive 

. sjpilarity transformatioiv kybn R" is /an automorphism of the ordered serai*- 
* "group (H**^,+^<) , and hefnceYas you Say ' easily show) tlae composite ,f unction, ^ 
' "^^ 0 is -^Iso^^n autrbmorphi^nH<^ {!>//,<} 'into, (R*^,+,<) . That is,- 



is^, also a suitable lengtn function. 



If we denote* }jX by \^ , then we -see 



imjUediateiy th&t ^ 
■feive similarity ,.of^ 



% the? 




^ ; d.e.,* *\ . is 4he corapbsite^ of ^ \^ witii a posi- 

' . \ ' ''f ' ^ ' . - ^ • 

In otfier^ words, there is" a symmetry between \ and 



sense xhat each may bef c^btain^d fron;^ the other by composition 
wi'ty/a V^i^.^i^ posi^i'v'^^ similarity, ^and.. the. two- S'im^ are invers^^ . 

ej^ments in'^ the posi-^ivL similarity group. (Ae we^^ha-JI^ s^e in the next 
jectionj fif \ is -not onto,, then some of these composite functions might. , - 



exhibit such ^expected behavior as failing to possesS a^unit, "but we l^eave * 
discuss j.on of this interesting question iu\til latfer,) 

It Is now natural to sfsk whether all suitable length' 'functions (if'tjiere 
are any) are related in this wa^/ by positive similarities. We cannot yet 
answer this quest ion«.-absoli3tte[ly^ but we can- give a conditional answer: if 
there exists- at least one such function, ^whi'ch is onto, ,('i«e., K "i^ anT 
isomorphism of D 'onto R : note that this implies, in particular, that 
takes on arbitrar,ily large values — which is actually implied' by our assump- 
tion tliat D *is closed under ^e join operation — and arbitrarily smalll » 

/' . • / 

values) sfnd if \^ is another suitable function (not assiyaed onto) theji it • 
- 1 > ' ' » • 

is easy to show that 




is an isomorphism Of, (R ,+/,<) , into itself. But it follows •from Theorem 
2-2.2, th^ the only such icoaorphisms are the positive similarity. autoT 
morphisms. Hence \^ (and hence every o;fih^^ admissible length function) is 
also pnto, and^any two tfeuch iimct ions, d iff ei; by a posiytive similarity; i.e.,, 

s * * • * — » " * ^^^^^^ I 

they are similar functions. Ih "other wqr&s, ^S^^* is Jri^^jyiy^ wftixjtu C^Ji^io^ly, 
distinguishes any ^n^' function from the bther;/and, in the sense of Section 
*l-7^ "length"'' is a^o^it^f^^'s^ilarity-i)ivariant' me^ or Tat io^ scale . 

We now look at the length^functions . ?hem^elves, with the 'assumption that 

they 'are onto, hence similgir*- D^tnote tKe* set of all such functions ^by ' 

A . Then, as in* S^ction^^^^; we can define 'dn operation of addition (+) 

on ?'uncti6ns from 5. tof R^ ,'*fe'rid we find that if" ^ ^2 ^ ^ ^^^^ 

^1 "** ^2* ^ ^ (i'^'J closed, under addition).' Again, as ^in Section 1-5, 

A has, an order relation ^ C<) and (A , + , <}• is an ordered abelian semigroup 

The order relation in A is"" dense. Moreover it follows from the assumption^ 

thjat each \ ds'onto R , that if we tal^e any \^ €'A then for ^ach 

♦ ' * • * + ' * 

\ € A , there exists k such that \. - ; and for each r € R , the 

.function f : A -» R defined by . • ■ " -.. ' • . 

. . • \ . • ' ' ' 

can be shewn to be an isomorphism of (A^ + ^ <) and (R ,+,<) . Notice that, 

since the choices'- of \^ and r^ were arbitrary? this isomorphism can be 

set up in infinitely xmr^ ways . ^ * ' // 



v. 



There is also an operation of multiplication in the set of *all functions 

from D 'to' R**" , hut it is ea-sy to ^verify th^ the s\jbset A ' of ■ lengt^ ^ 

functions is not closed under this multiplication: the product of two'lengtTi , 

* * o - .' 

functions* is not a length fun<ition. , , ' 

» 7 

We return nov to the question which we left unresolved: ^whether or not 
there are any structure prefeerving functions from D to R j,i^e., whether 
the set A is empty or not^? You'^re probably familiar rwith procedures fpr ^ 
setting up" suitable length functions*: 'we ♦shall describe two of them. The ' \ 

farsib is the one usually used in elementary work, and the' second is derived 
from the procedure used by Eud'oxuS to develop a theory of ratios for segments^. ^ 

Method I : ' £.^ngth^| | ruiiction in Terms of Selected Unit and Sub - uhits > c 

'i/e f^^iTsv select, .quite arbitrarily, any rod* d^ in D as a "unit"*. 

(strictly spe^kijcg, the unijb is the equivalence class -of d^ .) ThenTor any 

jdtfier rod d, we comoare d wifh successive multiples of d^ until we ^ 

r.each a multiple ' hd^ ('i.e., " * * ^0 ' ^" '^^^^^ clearly . ' • >^ 

iS^ such that nd^, < d <: U + l)d^ > where the,.symboi <- stands for 

, "les'/fthan or equivalent to'^ (This requires that D be archimedean, a ' , 

property which we assume to hav« empirical justification., It also requires ;\ * 

tftat»we' havfe an unlimited nlunber of rods which are equivalent (in0.ength) to 

, ''d^ . rb. Is convenient to simplify notation by Rising tSe same notation d^ 

••/.for 'each <3f ^thess," in the notation hd^ : stiddtly speaking we should move to ^ / 

dfQuiValeice' cl^'^ses at this point.) Assume next that we are provided* with 

- la yod^ *d^ , such that lOd^ - d^ . ' Ad ji>in these to the composite rod ^ nd^ . ^ 

(laid off alo%^ d) . and obtain- a po,sitlye ^integei' 5 ^1 5 ?) . ^^^"^ ^'^.^^ 

rid^ * n^d^ < d < hd^ (n^ + l)dT Assume next, that we are provided with 

Oil**. 011^ . 
10 rods d^ , ^ijch that lOd^ d^^ > and continue the procedure to obtain ^ 

. In^is wair ve can build up the decimal number r = n.n^n^ ... and we, ^define ^ o, 

* ' Z-^'- ^ - ' . ♦ / 

,a T.unction . * • > ^ . 

-\ ** ^^::;p-^R , by. X^fd) = r . ^ 

'(ciearly/y we glid npt^ need to use submultiplies with 10 equivalent ^5irt*s; ye - 
. coiLLd> ^Or .example, have used"'2 equivalent parts to obtain? the Jion^integpr ; 
' part df-. f in binarjr form.) ^ , . * . ' , 



Bemark . Two things about this prqce^^ are Worth pointing out* . . >« 

1. In the propess, we compared the rod. d wilJh the "iterated join" of , ' 
d^ - with* identical copj^es of itseff* In order to obtairT the number^ 
n^, and' th^digits n^ ^ n^, , ... , we n%^ded to.be able to count. 
. That is, approached i-n this way, the raeasurerafent Of ^length depends on 
the simpler ability* to measure numerosity. * ; • ✓ 

In brder tp buildup the decimal ^umbei* 'i^ = n^n^n^ . . ♦ , we needed to 
be able to "divide" the rod d^, into 10 equivalent parts 'd^s-d£,^ 
ipto 10 equivalent parts d^ j and so on.* As we Kave no assurance , ' 

th^ the procefss^ of matching will^ever terminate (i.e. / lead to' a ' *** 
fi^tfe decimal expansion) this implies thaij,>if the^process is to be . 
^ carried out as outlined/ then we must be able -to* obtain "arbitrarily 
small" rods.^ That >s, for each positive integer m^ w^ need to use 
- rods - d^ sucbthat lo'^d^ ^ 'Our knowledge pf physics suggests ^ * 

that such rods*cannot be ol^tained. (i.e., that'matter, un;iike the f 
real line, is nbt "inif initely,''divisible" ♦) '' . . 

We assume that ^t^ is a property -of the, gperations used f or determining ^ 
equivalence, and f or*feetermining the' f^UKi^ion \^ , that • induces a- , 
corresponding^ function (for which we use t*he same symbol) on .5 . '^e no\i 
examine this 'function,. to s^e -whether jor not it ^has the properties we demand* 
of a length f6nction.' If (as a result of ^pirical evidence) we wer§ to make' 
a number of additional^ assumprt ions conc'erning, -for example^ the "algebra", of 
the multiplication" * nd^ then we covX^ make some attempt at proving that 
-the \q empirically Wpied; is an isomorphism of l5,f/<), int^ <R'^,+,<) V 
We shall have more 1?o SaJ^ in the*next section -on the ^corresponding qttes-tion 
which arises iri connection with length measurement]" in' geometry'^ but as far as • 
empirical length-measixr^ment Is concerned, whether or not is an isomor- > 

phi-sm is a question wMch"can*only. be answered on an "empirical basis, taking* * 
into account not only/the* experimental evidence, but also the consequences of <* 
the assumptions (hypit^^sds). suggested by "the evidence. * , 

';Concema^g-'th^ question of "ohtoness" : ' we Qis^qrve^that, \in2,fesjs., "T^has 
a terminating deeimaj. ('Qr -binary, if that. is wh%tt we nave used)'' expansion, 
even. Jhe asstaHiption, of ' ^xact*.* matching will not aliow^us t^ actually find r , * ' 
*Wcau5e of tjtje^nfinite [aMracter 'offcthe proces)^ . Hence, even if ' r * is ' V . 
rational, an assumed exact procedure would.; not r^ecessarily 'disclo.se t^is .. 

-.1' • % ' . ' ' • -1 \ ^ fe- ;i 'i,', . ^ * ' ♦ , ' 

Moreover, '.if w^, admit, 6yen tl)e,smanest amount of inexactness- (say of ^tha. 
order of iO cm) ^ ^"the^n^ since^eyery* :5*eal rijimb^e^ interval conta^.ns * 



2-k ^ jr' 



infiriitely many rationals anci infinitely many irrationals ^ there is no *■ 
possibility of seriously . considering the question of whether for .some • d e D ,^ 
X^(d)* must be irrational* In otheV words, ^there is no way of ^deciding 
empirically whether^ or not we "need" real (or at least more than rational)* 
niimbers^ for length' measurement, and it is meaningless even to ask the question, ^ 
unless* veteran find some way to say pre cicely what we fi{ear> by "heed". * \^ 

* 'The' procedure outlined above ror establishing tjie existence of a length 
\ funcMon, required an arbitrary choifc'e o^* "unit". W© have defined the Unit^ * 
A of a length function t6 ^e the (uniquje if it exists) ^^ement of 5 whose 

'^image is the number,* "1"' . Thus %t we^ssipie that each length function is 

+ \j » . • •v^^ • 

onto R , then th^re is a 1-i corr/cspondence of '.units and functions as des- 

. - cribed^atove, and tfje set of ^ia^;^ssible ^lnits is clearly *D itself, ^ut 

-^if each ^mpir.ically-obtafined function 19 not onto r"**^ , then some length ^ 

-*'f unctions will exist whi^ch do not ^ have units ^ ana there^i'll not be a l-'l / 

' correspondence of '"bgiivs" with the set of alj.,^^l^ngth fundtions . 



4 

' / , * Exercises 2'-h * 



^ !• Assume that- th^re exists at least 'one length ftmction \q , and*prove 
the aSseist^n just made*: that> f or 3^5 ,y«ie?% exists a^ J.ength 

function , such that : 3 -> 1 •* • , - 

• 2, As'sume^that eachrlength .function is onto R , and prove that the 1-1 
. • cQrraspondence k ' ' ^ • ' - * 

----- -* ^ - 



of D and A , is o'rder rev-ersing. ' ' * ' . , 

[ • . ' . , • - . / 

A is a* set wij^h at. least, two elements/ and with a^dense or,der relation* * 
Prove that there cannot be a 1-1 -order preserving map from - A* to J • 



Prove that for k £^ , the .function k : A^--^. A .defined ^ ' _ * 
• k(x) = (Bs.) is an automorphism of (A ,+',<) show als^o that ^ if each , 
X is assumed oi^o 'R , then there are no other automorphisbis, anjd S\ 
t is isomorphic toi'^the automorphism group of ( A, + , <) , under the 1-1 
correspondence k 



i 

t 
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fl/ / if BaclTi length function is a'ssumed to be onto R i*, then it -follows^* ^ 

^ trivially that the nuitfber ''Jl" ^^is contained in* the ra-rlge o*f each'^Lerigth , 
* » ' ' < ^ ' \ 

^ function; i.e.,. each^ length funciiion , has a unit.* -Conve^'ely, if we assume ** 

*that each langbh function has a unit, i:hen it is not h^d to show that each' ' 

■ ' . . • y + * M 

length fuhction.is oijto- R . FpT if r * i§ any positive :real number, -and if 
, »\ . is any length function ,^ then -X is^ alsS-^e length function: and if ' d, is 

^ ^* 1 . ' . • ' * ^ * 

Oie assumed. unit of we have (-\)(dj = 1 , so that '\(dj = r . Hence' 

- • » ' . • -^^ • • . ^ -i- * '1 ^ ^ 

. eyery ppsiti^re real num^ier is in the range pf and \ is onto We 

\ r^ordV^his siiaple but , important result as a 'theorem. 

r Theoregi 2-h\l Each ^length function ^is onto if and only if every length 

^'v-^ function has a utiit. ' » ' * ' . ' 

* • . ' ^Ratios and Ratio Pperations V In the .following discussion' w^. assume that 
each length function's 6nto ;H . , so that each length function has atinit. 
^ If you worked the Second* exeroise above, ypu prob^bljr discovered that if ' d , 
d^ € D. , and J.f ^ are length functions* for wjiich d^ , d^ are 

units:(i.e.,. \i\)r>^^i\) =^l) then = ' \^ \ (This follows 

^ . sj.mpl;y; from the fact tliat if =' k , then ^^*= , and hence' * 

y \ » = .)"- Thi5 suggests that not only is 'the 1-J. correspondence' of func- 

, . V ' - ^ 

/ ~ • * 

^tipns and^units order-revers-lijg, but that; in some sense, there is ^eciprcJcal 
'relatjronship inVol^ec^ i.e.'/ that th^e should be some sort of "ratio", of 
units, '-d : d , and a "ratio" of functions,* \. • \^ , such "that " • 

■ . . • K'- \ - V - •' 

' We 'cDufd consider that the described process for assigning a* "length" 

to a ^rod d , using the rod as \mit, established a "ratio" d d ' 

• u " • ' 0 * '* 

(i,e\, tha't d r^d^. =-Xpj(d)) and tha^, because of the arbitrariness' of the.- 

bhoice of d^ , the measurement pro.cedure acTtually gaveLa means' of determining 

a. ratio (i.e.', a real number) -a^ : , for each'^rdered pair of rods * 

^ ' ^^1'^^^ ' ^^^"^ assume (on the basis of empirical evidence) that t^is ratio 

is the' same for equivalent pairs of rods^ so' th^t we obtain an ('empirical) 

^ fOti^tion t w * • , , ' ~ ' 



p : D X D R 
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defined Isy ' 



• , If we continue .to assume that each length function is onto R ,.we can 

show the well-known relationship betweejl these ratios and the .similarity ' 
, factors which relate trie corresponding lengtl^ functions^. 

, o « • • 

. > ' ' 4 - » 

Theorem 2^k,2, If each length function is a^sumfed to be onto R , and if 

X- 4 are the length, fuoictions whose units are d^ and d^ , res- 
— ^ § V ' • , , 1 , - ^ / 

pectively, then. = ^2^^1 ' ' * ' 

Proof. 'Fr^m the assumptions made,^ each two len^h fuxictians are similar. 
Hence there exists k € 6"*" , such that - • Hence ^2^\^ ^ ^l^^l^ ^ 
But (by. the definition of ' d^ ; d^) , '^2^\^ = d^ : d^ . Hence 
^2 ~ ^^1 * ^2^^1 ' required. 



Remarks : 



^'1. If d^* = "inch"yand d^ = "foot" / *this*'is simply the well-known 
relationship 



;h",^ai 



• - ^ ^ • -1 / 

; ' ^ ^ ^foot- = l2 ^inch • • ; • / 

Or-, ifi words, ^"length in feet equals one twelfth l^engtH in inches". 

2. If ~ ^ ^"^ reasonable to define the r^tio of X^ i£ 

be the real number k . -We write this in the usual way, as X^ X . 

- It then follows from the "theorem that X^ • " ^2 * 

* . *' ^ - 

»3. It is easy to seej^hat, since all length functions are similar, the 

ratios of length functions gdtisfy the relationship: 
(X^ : ^§)(^2 • ^1^ = ' ^1^ 

A . > 

Jience, ^if d^ d^ > d^' , are the * corresponding units, we have ^ 



(d^ : d^^)(d; : d^) = (d, :.d') ^ 



"2 ' "3''"1 * "2' '"1 ••"3' 
which Rewrite in the more*usual order: (d^ : ^£^^2 * ^3^ ~' ^^1 * ^3^ 



■ 2-1. 



If ve use the common^notation ' for 3 : 3^ , this property taltes the 

•■- ; ■ . ■• -■ ■ ■ , .. - 

highly suggestive fom - . 

but we must not assume that thi^ result holds 'because of numerical 
^'cancellatioh": the units d are not nufnbers, even tho\igh the^r ratjk)s 



are . 



In general, , whenever w'e have a get A , and & binary operation on A , \ 
With values in r"- ( i .e. , /a- IMnction 3 : A x A R^) vhich^ fo» all a , 

, a^ in A , ha« the " ^cancellation" property that, •. * * 
P(a^,a2)p(^2^^3r=| PCa^^a^) , then 3 is called a ratiof unction , or 9 
^atio operation on ,A , with values ill R«v 1^ follows that, if we assume that 
tne described procedure foi« getting up length functions on D leade to lenglh 
functions wi^ich are onto R then the^brrespohding function 



. 1 

p : 3 X 3 r"** , 

def ir>ed by , ^ ' ■ 



. is a ratio operation. We s^ali^see la^er that there. is a natural correspon- ' ^ 
dence of .r^tio operations and ratio scales. ' ' , - ' - ^. 

fn many treatments of length ^measurement it is assumed that, in additiofi, " 
^ -^o an equivalence, relation,' a' related or<3er relatxorly and a related "joTn", 
or "addition" operation, there i^ a related ratio operation, and an empirical 
• ^ ^ process for measuring the values of this. .ratio operation. Among the properties 
which are generally assumed ( inductive!)^) f6r this ratio operation - 

' • . p' : D X D R"** * • ' ^ 

'are » . - > • ^ , ^ 

(i), If^ ^i-^i and' d^^d^ Vthen pCd^/d^) = p{d>|^;d|) * ' ' 

• (ii) If . d^ <d2 , then, for every d^ , pCd^.d^) <j>td^,dQ), ^ 

' ('iii) . P(d3_,d2)p(d2,d3) = pCd^^d^) ; . 

. ^"^^^ Civ) P(d^* d2,dQ) = p(d3_,dQ) +p(d2,dQ) - * • - 
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Jlh^ene^-al, a ratio operation which has a p-rCperby lik% (iv), with respect to 
a conimutaiive, associate, tinarj- domaip operation like the ^'join", is\ca3JLed 
an additive ratio operation . We shall see later that every'* ratio operation 
determines -an equivalency relation on its domain, and ^n operation of- addi- 
tion" on equivalence classes, cuch that the given ratio operation is additive 
with respect to the defined "addition" . However, in measurement, sit,uations 
theye is* usually a prior operation (like the Join) and we seej^ a' ratip o]pera-* 
tion which, is additive with res]pect to t^his; 

' if the existence of such ^ ratio operation for length is assumed, then 

it is easy t^ use the ratio operation to esl^abli^h length functions* We shall 
' > • * * 

see how this j^p done in the discussion "below of an .all3ernate (theoretical) 

procedure for establishing empirical length functions: a procedure which 

corresponds closely to the classical device used by Eudoxus to overcome the 

difficulties l-esulting from an inadequate number system and tl^ie consequent 

absence of a satisfactory theory of length. . 

The concept of "ratio" is 'fundamental In a large part of physical measure 
»ment, and most of_,us' have a strongly developed intuitive feeling for Its basic 
property, the ^^cancellatipn property, which we usually use so naturally that 
we are scarcely conscious that we are making^use of'it. (E.g., from "A is ^ 
tw;Lce as long as B , and B is three times as long as C"' , ^e draw the 
conclusion "A i^ *s"ix fSni^^ a5 long as C" without any thought of the assumed 
(empirical) properties of Tatrios (or, equivalently, of length functions) from ' 
wjiich the conclusion may be drawn.) t 

You may have observed that we have defined the term "ratio operation", « 

"but we have not yet defined "ratio", /s .far as we are concernedV the two 

'idjeas go together: whenever we have 'a set A and a ratio operation 

P : A*x A -> R*" , tl^n ^(a^^a^) is'* called t'he "ratio of a^ to. a^ (vith » 

-re^^ect to p)'^ . If "3 is the "length ratio" function, we might express 

this as "the ratio of the length of a "to the length of a " . A ratio" 

^ ' ^ . ^ * a * 

pCa^a^)' may Ije written symbcJlically as ' ^2 ' ~>'f'^'^^y except 

in the special case "fhat a^ ^ and 82 are themselves ftttmbers, this \is notft 

ordinary division? "ratio" is just a binary operation p from, a' seii^ A to 

the positivje re;als which satisfies the' cancellation jgr^perty: ^.4^ ' 

^^^1^^^2^^^^2^^3^ =|^rS^^>a^ . This operation, .like nUDpiber division, IS noxt-,. . 

associative and non-co;imiutaiive. You Vill recall tha|i nyunb,er^ division is ' ^ 

usually regarded as a secondary opera t ion / defined in the. well -known way in ^ 

terms of *multiplica-tiion. (l.^., for a 0 , w^ define - to be the uinique 

a 
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c such tAat ac = "b . ) ^-Wtr^ hall -see-l-eteglthat there is a " mult ipli cat ici^" * 
•which Is similarly related to eveiy ratio opieration: a so-called "scalar 
multiplication" "by positive relal numbers; bixt Jhere is not gen'erally any 
suggestion that this "scal^ multiplication" is a more fundamental concept* 
than "ratio", ^i'n connection with measurement questions.. ^ 

We shall explore the relationship of rutio operations /^ratio ^.cales, and 
scalar multiplication more fully in the pext section. ' ; V > • 

Method^ II ; Length Function in Terms of Ratios and. a Selected Unit . 

" _ Let us imagine that we are back at the poi»t where we have established 
-the length-structure of^ (D,*,<) as a densely-ordered ^belian semigroup, 
and thart we arQ interested in comparing ihe ^-atios (a still underlined term 
in this paragraph) 'of ordered p^iirs of rods. In other words, for \ > ' 
^3 ' ^4 *^ ^ ' ve^want -td establish a. criterion for determining a relation, ^ - 
a , on D 1< D , which extends our intuitive idea that when 'd^ is an. integral 
"multiple" of » d-^ > ^^^^ ^3 the same integral' "multiple" of d|^ , then 

' (The word "multiple" above ,^ is used as before; in the sense of repeated joining: 
i.e^> for -n a positive integer, nd = d/ d ... ^*'d (n* terms).) 

GJvTsr) Tods^ d^ , d^. , d^ and d^^ , we assume .that the oorresponding 
equivalence classes each have -an unlimited number of elements, so* that we can 
co^re arbitrary (integral) mullTiples of any rod, with arbitrary ( integral') 
multiples 'Of any^ther; If we'discover that, for positive integers -^m , n 

i "'7 ' * ^ • s » 9 ^ ' 



md, ndx and md, ~ ndp 
f 1 • '2 , k 



then we defii?e 



It is. assumed that this empirically es^tablished relation leads to a 
correspor/ding relation, in 5 x S , ,and that this relation is symmetric, 

^reflexive, and* transit iv^;^ i.e., .it 'is an equivalence relation. However, ^ 
is possible that, fbr given (d^,d2) ,\herd is no pair of positive' integers ' 
m , ^rt , such that m^^ ~ nd^ ; 'and, intuii^ively,* if .does not seem satisfactory 

^that -every such pair "bhould be regarded as'^-inequiyalent under OC ; i.e.*, that 
every such p&ir srioul& 'constitute an' equivalence class with a single glement. 
(For example ,Vif (d^/d^) is sucb a pair, then, intuitively, the pair 




j^^,2d2K^^^buld ^eyepuivalent to ^(dj^^d^) •) '^he Gxeeks found ^ such 
"incommensurable^* mi^s in their geometry, and Eudoxus* brilliant* idea^was 
to extend jbji^ def ^riition of equivalent ra^tios by def inijig- 




md^ < nd^ wheneyer 
Vreally^is an extension of the relation a .J We assume that this leads 



only if', 



md2-<_nd|^ 



[You should verify^ that 



(empirvically) ''^^a corresponding equivalence relation on 5 x D . Observe 

i>hat, a.s with the e^rli^r procedure, vis can never discover empirically whether 

* or" not BudoxUs' idea is actually headed for a theory for; physical measurement: 

as lorlg as we admit tha,^^^^ comparison procedure is necessarily imperfect, 

then^ for arjy '^i ' ^2 ' "^^^^^ 'Hf-^ always be positive integers' m , n , such 

tliat md^^ appears to be equ^ivalqnt to .nd^- ^> \^ ~ " ' 

Z * * ^ J ~ - 

At' thisfstage, in addition t9 the empirical ,str^ctuSe of (D~, ^ ,<) as 

a densely-oj^'dered archimedean, abeli&n semigroup, we liave an "equivalent-ratio" 

struc.ture on ]> X J) . The correspondijlg geometrical structure wa's quite 

sufficient for the purposes of ^classical gepmetry, ^but if we want to obtfiin 

real -number -valued length fimctions, we' must go a stdp further. We^ observe ** 

that 'the procedure for setting up the equivalent-ratio relatioft leads directly 

to a function p from 5x5 to R**"", a ^'unctioif which, in effect, gives a 

.'positive real value to each raiiow This is defined as follows: 



If, for d£ , dg G D 7 £in^ for some- 



V 



md^ 



nd^ 



then*'we define i 
P : (d^,d'2) 7^ r^ 

m 
i& 

p , such that . jt.««w 
:Cunction on D x 



: (^j_^^2'^ *~*m * More^ generally, "for any ^* ^^'^^'^^ 

^here r is the re^l higlber' determined by the -.cut'' ' 

that D 



- t nd^ < Tiid/) . \ (in order that this set be a cut, we are assuming that 
empiri^lly arqbiiijede^n: ife-, for anjf j d^ there exists .an int 



integer 



> d- ,) We use the same sym"6ol, P| , to dferfote, the Resulting 



We, assume,4ilMit the following prpperties o£ the function p are consistent 
with, einpli^iQ^;). evidence : , 



•(i^)0(d^/^'d2)p(.d2;d2) = , fdi- all d;^ , d^ , d^ 



*5 /d. 
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In other words, p is an additive ratio operation. As u^al,>e also vr^te. 
p(d ,d ) as a "formal fraction", r4 , and as * d^ d^ 



■2 ' 



From' this point, it is ^nly a short step to the description pf a^ suitable 
length function. So far -bhere is nothing to distinguish any particular element 



of D 



J so again we make an arbitrary choice of some ' 3^ € 5 , and define a ^ , 
function ^ ' / ' , 



by 

Xo(d) = p(d ,y = 3 : ' , • . _ 

for each d € 5 . u * 

The -^erif^Lcation tl^at \ Is a suitable length function is a direct 
^consequence of the mafly assumptions' which Ve have ma^e, and'which .(we -have 

suggested) are consistent with empirical evidence. We' note that the selected 
^comparison class d^ is the unit-^which corresponds to \^ , as we^would 

ex^t from a comparison of -the above procedure with that of ^Method I. 

It is interesting to con^are thfe ySwo procedures Khich ve have' outlined 
-for the- empirical determinatifon^of a 3^figtfi>^Hie&surement "function. From a . 
praGtical point of view, one bf th^€e procedures requires the existence'' of 
an unlimited number of "copies^^f a selected unit rod, and the existence ^ , 
{or "constructiQn") of suitable "fractional parts" of the selected unit rod: 
the other. procedure requires that we have an unlimited supply o$ "cdpies" of 
every rod. The first method is closer to the actual procedure used. in length- 
mea^ureipent *with a ixiler (or weighing with a 'balance) ."^Neither procedure' can 
enable ^us to resolve the question 'of whether or not 'ratioi»al niambefs.^are suf-^ 
ficient^for empirical measurement* (or whether suck, a question is meaningful).. ' 
In practice, of course, _^ we usually* use only rational numbers as«values, of 
empirical measure functions . t - , ' ' 

Lengtbi " functions , Units ^ and ^Sues ! Kg return now Xo a discussion of * 
the X^^la^ionship between length functions, units, and values.'* We assume that 
each length function map&--^(5 , # , <) isom9rphicall^ onto, (Rf,+,<) , and note 
that the following*' propearties appear to be consistent Vith the empirical 
evidence: * " . " * • ^ . • 



If — ► , — ► , ^.^4-^ imder the^l-1 correspondence of 
functiois and units^ then ^ - * 



^' (i) — = — = -r- for every. \ • _ ■ _ 

. *' - ■ ' - ■ - . - . . ' 



(iii) \^id^) 



(iv) \(d3r=X^(d2) » ' ^ . ■ , , 'f ' ■ 

(Of course these properties are not all independent: see exercises belov.) 

^ ' M • 

^ > ^ > > X - i< , . ; . . " . ' Exercises 2'h ^ (continued), ^ ^ ^ ' ^ i 

* ^* • 

(Assume, where necessary, that each length function maps , (D , * , <) 
+ • *. . ^ 

'isomorphically onto (R .) 

5- "(rerify the above projperties (i) (iv). 

6. Using d^ ss a unit, tjie lengths* of .d^ , d^^ are 7*6^ and 9-w5 

* resj)ectively^. What is ^the length of ^2 ^^^^^'4 a"^^^?-"^ 

If the length of *d|^ wit'h ^\ ^ unit- is ^12.8 , vhat is the (length) 

• fatio of d,. and d. ? * ^ V . 

7. When d- I3 used as a unit, the length of d . is 7 • When d.^ ' is 

' ' • / ' ^ 

^ used as unit, the length of d is* 11 . What is the length of' d i,wii^nr 

* 'd^ * is used as a urlt? - . ' 

• 12*' ' ^ \ * ^^-tir"- 

• 9. Show that 'if d^ ., d| , * . . , d^ is a finite sequence ^Of rods/ whose ^' 

'lengths are in ariijfimetic pjrogafession when any ro^ d .is used ^s:%\ 
junit, then ,th*e lengths ^e alSo in arithmetic progression when^any'^ther 
' : nanit is used. * •/ ^ ' ' * " ' - , ^- 

; ^ * • • - T ^ ^ 

' ( Note ; In, view of the result o^ Ib^ercise 0, we say th^t a sequence o^^rods 

is in arithmetic progression whenever their values (under, any length. function ]f: 

, are in arithmetic progression. We cfoserve'that sucli a statement is unit - free ;- 

^ ^ ^ 

it does not depend on tjie choice of units.) ' ' * 



Show that if , , , .d^ is a sequence of^rods whose yalues are 
in harmonic progression under' any length function, 't ha V they are in \ 
hanj^nic progression under any, other leng^lj 5\m9tion., (We* say that- such 
a sequence of rods is in harmonic progression ; this is also^/^ unit-free 
statement.) • ' ' 

'".^how that if a sequence of length^ functions \ , 9 - - - , >^ has the 
property thg,t, for some particular d 6 D ^ \^(d) , ^^(d) ^, ..S^, k (d) 
are in arithmetic progression (hampnic progression), then the 'same is - ^ 
true for the values on every other rod in D . (Such a sequence of • 
functibns is aaid ^^o be in arithmetj.c progression ( harmonic progression )'; 
we could have defined these terms directly, using the structure in ' A .) 
Let fd^) =.(d^ , ... ,d^) be' a sequence of, rods, and let 

= fK^ ^2 ^ f^^y be the corresponding length functions. Prove 
t^at (d^) is an arithmetic progression if and, only if (\J 'i's a 
harmonic progression; and that (d^) is a hamonic progression if and onl 

^if (\^) .is an arithmetic progression. Hence show that (under the 1-1 
correspondence of units and ^functions) the arithmetic mean of; two units 
corresponds to the hamonic mean of the related length function (which 

.gives the harmonic mean of the Values, on each ^^lement of the domain), - / 
and that the. harmonic- mean of two units correspond^ to the arithmetic 
mean' of the related functions.* (Cf. Exercis^^ 7 above. ) ' 

In^^the colxfeext of classical euclidean geometry, 'devise constructions fir 
finding the arithmetic mean and the^^harmonic mean of ^line^ segments! 
If P : A X A -> r"^ is any ratio op'eration, prove thaC- 
' (a) L .fpr, all^^a^^^, ^ek^ ^ ^ ^.^^ . > ^ \ m.- , 



(b) for all a e A • 

./ * ' P(a,a) = 1 . 
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function which has a/unit,, and if p-:.D\x D -^-R , 
iration i'or length, prove'' that, for any i^^ , d^' € D , ' 



0(d3_,d2) 



ylirdp^" 



"length ratio" of to is the same as- th^ 

\(d^) and ^(dg.) \ for every \ '^hich-lias a imit."" 
re not a/sumed tb be onto R**" ,^it is not necessdi^: 
tion should have a unit. The above result is stfill * ' 
on, but in order to prove it we must us^ the pro- ' 
pertyl that^ll length 1 functions are similar.* In the next^ section we 
shall I see that tMs f^op^Tty can Ise f^roved as a consequence of the ax|fl^* 
of classical geonietry,^ without assuming that each lengt^^ function is 
^ , onto-^R'^-'.f ^ V /. ' " ' ' ' ' ' • , 

,15.^ If G- denotes the ^et of all functions from a set A to .R • there 

' <Ls ^ "scalar multiplication^^ of elemeoats of <}v by ^sitive real number?, 
'as defined in Section 1-5 • In terms of this multiplication, we define a 
function ^ * " 

-I ' q) : G X G ^ G • '* 

* '*.*'».. 

to be^ hgrnogerleoug of degree a , if there exists" a € R , such that,. 

' \ ' q>(kg^,k^) = k q)(g^,g2) ~ * 

i for ever^ k*,^and eve^ Cg2_^S2) € G x G . Let^ ^ '"^e a function 

' ; I q) : G X G ^G ^ ^ ^ ^ 

, , ^ vh^icri is'^obtaifted-^fr'^GOka finite nuiQber.^of the operations (in G) of 

addition, multiplication,^ scalar multipfircatiM- by positive real -numbers^ 
and the forniationof pojwefs. Then deter^^ines a ^"corresponding" 
. f^^ction ^\ . . \ ^ ' ^ 



such that t^^Si^gg^^^P^ <P ^^i^^) ^^2^^))' y ^9^ 'Si* ^, 62 

Prove thiat is Ihomofeeneous of ^egrjse" a' If -and oiiy 



all - a € A 



if q) i^ homogeneous jof degre< 





* • 




• 1 r. 




♦ 
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16. With the same n<j>tation as Exerc:^s^e 15, let A be ,tj(e domain of length 
f^inctions- and let F^c G) ^ be the subset^ of all l^gth fuiicti9iis. Let ^ 
'•<p: G X G -^G be a homogeneous -function of deg'bfee 1 , ^'ormed as in 
Exercise 15. Prove that if f f € F , -the/ <p(f-,,fo) ^ F . That 

. ^ is,^ every such homogeneous p^sy^Jr^J^S^J^^B^^^^l) of tvQ length functions 
is also/a_ length function. In particular, \ and are length ^ 

unctions, then so. are the I'ljnctions and + • t% remark 

that a .<:orresp6nding result holds for evfry ratio scale.] 



Remarks: ^ * * 

1. ^The result,s of Exercises 8 - 11 arnd Ik above carry over to othen sets of 

measure functions whose domains are/densely -'ordered abelian semigroups, 
^ vhose ranges are, R . , and which a/e similarity invari^^nt..' (E.g., area. 
* time intervals, ma%s, etc.) 

Perhaps you* have observed, the siiAilarity of the formulas (ii) - (;lv) 
above, relating ^length- function/ units, and values, tp'the fcirmulas 
which relate logarithmic functijfena, bases, and values; and also to the 
rules for differentiation *in Cs/loulus^ For example, compare (iv) with ^ 



irre: ' 

. ,the formula 



^ , ' ^°SgC i log^c -logb , >T. « ' s:;, ' 

: • ' // : ^ ■ ^ ' 

and with -the chain rule for ^fthe derivative of a composite function. 
_(With a suitable choice of riotation we could*' make 'corresponding^. ' ' . > <i 

formulas identical.) You Wght f ind.it interesting to look for the 
underlying reasons for thi-s similarity. ' ' - - 

1?he fa<yfcs that ' r * • ^i" 

Ill is fully determined when -a' value is^as signed 'to 

ir^^ eiemekl?^o':?^^^%.domai^^ there is exactly one lejjgth-^* ^ 

' ' ^^c'tion^hich h^- ffive^>a!k^ / 

(ii) • any tvo length funb'l;ions differ by compos it iorT^ith' ^ ^oM/t^ve ' / ■ 

similarity ^transformation; • * , ' " "''^ 

* \ ■ . • ■ . ^ / /, ' . * 

^^^>-^V^T^^ ^^^^^ practical importance. In^particular, they lmpj.y that a 

function for length measurement can be completely established, on the basis of 

a selected mea&Ure for one object (usually the unit, wi^h measuri • l) ; and 
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that, in o^^der to convert from one system to' aiiother', ♦we only need to know 
the length of a singl'e object in both ^ystema: it is not necessary to com- 
pare unitp directly. 

♦ 

^ ^-^.Use of the Term " Sca3,e" ^ This, word is usefl in a« variety of ways in 
relationship, to measurement questions, and it would probab^ be hopeless to 
attempt* to fix^n a single meaning." for example, "ratio scale", as used by 
-Stevens for the classification of measure fionctions, refers to an equivalence 
, class of similar functions, stich as our class A' of length functions.. The 



>5^ord "scal?^'' .is also used ^or each function in such an equivalence class: 
•e.g., /the me€r ^ 'scalg of .length. It is also usBd to denote ^ object, or 



machine, emplo^^ f or obtaining values (i.e,, "generating" the fxmdtion) on 
some (usually restricted) j)art of the domain: e.g., a scale used for weighing, 
Apath^r JT-elated use is in sucb expressions as "scale model" a'hd "the scale of 
a map": we shall have more to say i$^er about some of these us'e's ^ " ,^ 



^ More About Language . Let us look at the way in which a word like "inch", 

is used. From our point of view, "inch" may. be regarded either as the name 

for a unit, (i.e., the^ name of a parti-cular equivalence class of ro3s) ^s * 

the name for the correspoliding function: if we assume that there is a 1-1 

coi'respondence of units! and functions, then the choice may be regarded 'as 

immaterial. To conform to genei^l usag'e we shoiold regard "inch" as the name 

of the unit ,5 and refer '4to the -corresponding function as "the inch function" 

or *X. . Similarly lep \A denote the foot function. \ the meter 
in. , ' • .p ' r f t ^ • * ^ m 

function, etc. With* this co|avention we listT together, a few common expressions 
3?elating to length 'measurement, and the corresponding expressions in functional 
language: « >kI 



Comnton Usage ' " \\ ^ In Functional Language 

(l) ^ This box is \ inches Ibn^; ' '\ (this box) =1^ 7 c--, 

or, the length "^his box is 
4^ inches*. \ 

(if) The sum dtfeihe lengths of box ■ , \ . (a) + \ (b) = 7 



• * ^ , and bo?c . B is^ 7 inc^ies . 
(iii)* Length of A = 7 \incbes . ^ \/ (a)» = 7 



in 



(iv) 



« 

L- = 7 



'^I^(X) = 7 ^ (The.* common attrevia- 
tion is meaningless? unl-ess there 
is an . implied; unit, ' ' IS^ ) ' and an 
implied'' object, X .)* t 



(V) 



12" inches = 1 foot. 



\. (A) = 12\, if and only if 



. (A>' = 3^ J or \ . = 12\ 



ft' — Vin 

or .f.oot;lnch = 12\,^ 



ft 



12). 



ft 



(vi) The length of A ig 9ft 7'in% 



arid 



(base 12) ; or. 



.^^^(A^) =^9 , 
^^,(A) = 9.7 




,(vii) .2"ft > 23 in. 



We ol)seiV6 that the • c^ommon ^usagq f6; 



^ = 97 (base 12) 
115 (base lo) 

(where 
T.n D) . 

^nd (vii) has a perfectly clear' 




meaning in terms -^f 'the ."sdalar mdlt,iplifcation". (by positjlve integers) of ^le- 
^ ments'(such as "inch", "foot") in ' 8 . i^J^ ' *^ ' 

This seems an appropriate place to a^ whether or not any meaning can be' 
^iven to -Khe expression "the length of A",\ihere A is an object in the d©- . 
main 6f those ^objects which are length measurable./ We can do thi's most* simply 
by tlie technical device of defining the length' 4f ,£ to be the equivalence 
cl&ss (in 5) to whicA A belongs. This enal:>Ies us to make all sorts of 
meaningful statements about lengths of objects in terms of the structure in 
D --.i.e., withoi^t reference to any particlilar units or length functions. 

"With this meaning, we can interpret a statement ^ch as/* the length of A is 
7 feet" as equivalent to "7 foot is the equivalence cla'ss in' 8' to which A 

'belongs"". We can also give a clear meanirig to a statement sucii as "A is 
longer thaYi B", without reference to Itoictions or uijits: "A longer tM^ B" ^ 
means ^;imi)Y that X >B in terms ofir tjje order relation established in 8 . v 

Unit - free Statements , liany of the statements which we can make about 
length; are~jtrue no rrf^tter which particular *length function (or^unit) we use. 
Such statements ^re often called olnit - free or invariant statements about 
length. We have already seen examples of these in the exercises, above. (E.g., 
lengths of rods being in arithmetic progression.) Some further examples of 
unit -free statements are: . , 
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' ... .CD Jack is as tall as ^ta; ' > ^ * ^ > » > »^^>-., ^ , 

(li) Jack is taller" than Jill;* 

\ — . ' ' 

(iii) Bill is half as tall as his father; 

'4 • ' 

(iv) this stick is as long, as thc5^e tvjo sticky combined;" 

(v) , 'the length of A is the 'average of the lengths of^ B^, C ' » ' 
and ' D ; . " ^ • ^ ^ ' 

(vi; the perimeter of a square»ls ♦our times the length ^of, a side; * 
*^ , 

(viij the ratio of the lengths of those, poles is the same ^s'the . * ' . 
ratio of -the lengths of their shadows; 

(viiij -t^e ratio of 'the length Of this pole to the length of its .shadow, 
is greater, £tt noon'than it is at 4 -p.m. 



All of thes'e 'statements have clear meanings in terms of the structure in 
D, ; th^-final 'st6p,,,to the.def ini-^ibn hf actual 'me*^sUre fui^ctioris on 5 , is 
not needed in .order to give meaning to {hese statements. » 

The Domain of A . The whole descriptic^ of length measurement in this 
section has been based on father vaguely suggested empirical oi^eratfans on a 
'Certain set of real objects-v *It is cleap^thatT^-^he domain to which the sug- 
gested proj^edures could be applied, is '\too small'l, and that oth^ opera;^ions 
must be jf^ed.if length measurement is to be possible in si!tuations where the 
primii>lve pi'ocedures described cannot be used'. What we seek'to do is to >' ' ' 
"extend the domain", by 'using ^isocedure^ which ^are applicable to an e^llarged 
domainr; which lead, if possible, to a ^corresponding structure c^T^Ehe 'domalji* 
(i.^_., a densely ^'ordered, abelian, archimedean semigroup); and which "apree" 
with our earj.ier procedures where both' are^ applicable . Yqu vill 'fin^ dis- - 
cussion of some aspects 'of this question in [2] , and in, Chapter A of 1 
It is worth noting tl:\^t, in e^ctendi^nig' the domain^ we wish to inclu^ objects 
which no longer correspond to "linear" 'situatidris, but which are "curved". 
I" Tilis idea will come up again in the next section^ wher0 yo^i .will see that - 
^ questions of domaip, and extension of the doj^ain, are also important in "in0the-' 
mitical" measurement; i.e.^' in the discussion of defined measure functions 
'(length,' area, eVc.)- in formal mathematical systems. 

Of course, the mathematical and physical 4.deas canhot really be separated, 

* ' -v. « 

except at almost rudimehtary level .^^^^Many^ propedui»es for Qxtendlng the .empirical 

domain involve the u^e of mathematical theories (e.gTy trigono^netry) . Moreover, 

'^^'Ss^uggested ^ in the preface, lengths of reaDTobject^^'^^e^Qften arrived 'at by 



%he use of "models"; i,.e>^ iy first ''mapping'! ^he object int(^a suitabljs 
mathematical system, .and thQn*a:e^iving at the length hy a combination of" 

^ ejnpirical and^ mathematical ^rftces^es* Fo*r example, the circumference of a • 
wfieel^is*commoniy "measured" , measuring ^th^. length of its diameter, mapping 
(dmpHcitiyO 'the wheel" into a circle vhose diameter h^s the sl?ne length as 

. that 6f the wheel, and then calcui^ti*ng the^ length of the ^circumferenpe qf the 
-;e-ircle-,' using ^"yiejthepry of mathematical length-measurement. The justifica- 
tion J'oi^ this procedure lies in the /fact that^it ieads to results" which agree' 
(within the accuracy* of the empirical processes involved) with the resul1> 
which wquld "^e obtained "by direct physical measurement, 

Si-buations dealing wi1;h.J'. model -building" often involve assumptions which 
oan be conveniently indic^d' by the use^ of commutative diagrams. For example, 
. in the simple situation of the whe^l, we are led to a diagram like that below: 




B denotes the. set of wheel diameters,' W the set of wheels, and i the 
natural map of a diameter ta the corresponding wheel. D denotes tjje set of 
plane line segments, the. corresponding circles (for which th^e se^ilhts 
are diameters) in the plane, and J the natural map of a segment to the clX:le' 

^ wit if thaf segment "'a s^<iiameter. CommutatlTYiTy' iV the left^^rec tangle Is^'fii^simple 
conseqjience of assumptions concerning the nature of the model mapping ^ . 

^Commut'6tivity in the right rectangle is a consequerfce of a mathematical result 
cdndeVhing the relationship of the length measures of a circle and any of its 
Oiamet'e'rs/ (Th^s result is valid no matter which particular mathemat4.cal • * 
length Measiire tunctibn \^ 'we choosel) \ denotes an'* empirical length' , 
function on a, domain which includes B and W . ' ~ 



The empirical. hypothesis, which justifies the usual method for finding, 
the circumference of the wheel (i.e., select a unit, measure the diameter, 
'and mult'iply this number by jt) , is the* following: 

If V and \ are chosen so that the top "triangle" is 
em, 

coinmutatiye (i.e., so that under |ji , the unit for \^ 
'maps into the unit for X,^) , then\he bottom triangle 'is 
also commutative. ' * . , - » , 

' With thiS' hyp^thegis, it is i^eadily verified t'hat the whole diagram is 
now commUt^itive, and hence we ob^tain the usual "formula": 

\ (w), = n\ (b) , where i(b) = w 



e ' e 



This is just a very special' case of a general situation concerning the 
use of ' mathemcttical mod<^ls: frequently assvinpjfions (hypotheses) concerning 

*the validity of a , mod el, can be stated ^as "commutativity" conditions concern- 
ing- mathematical and .empirical relations ^and^ "fun'^^Tons- The connecting^func- 

• tions betwe^en the "emjfirical world" arfd the "mathematical world" are 'usually 
measure functions, it 'is not generally possible to prove the*. validity of \he 
model, (itC-, check all commutativity* properties) because* of the comglexity of 

•^j^e domains of i^he. functions and relations involved. But to prove the inva- 
lidity of the model, it is only' necessary to find a single case where commuta- 
tivity fails. This is what i^^^^requently happening wheh some experiment is ^ 
devised to test the validity of a certaip liypothesis" involving the use of 
mathematical models: commutativity is being checked for a single domain 
element ,' with respect to two different "function paths". . - 

•■■ • - ' ■ ^. ■ ' • 

vRatio ajgd Gomparisbu *. We' conclude this section with a comment on a 
frequently^ he^rd statement • . * " 

(i) "We*can only compare like things.", ^ 

,^»wl^ch has somp re^^ionship %p the subject measui^ement . This statement 
is ofterMJ^^^iJafiorrectiy, to^ support the claim that, for example, it doesn't 
make sense to malTS^a statement^^uch as 



(ii) "The ratio of the number 0^^xvgk§ in this»box to the number of 

' cars in":^HrpamnriorTr^^^ / > : / 

r / / . ' ' . ^ 

From our, point of view, the only reasonable meaning to be given to 

^statement (i) is that,^ when used to compare objects, it is equivalent to 

' ' * » » . # "«■ 

something like: ' • v . ^ 



^ * (iii) "We can only taeaningfully compare objects in terms of some 

, ^ , 00ffimon,^neasurame^a1i%ri^^l1^ei i.el/ objects which belong tc^^the 
domain of some c6mmbn measure function." . . ^ - 

««».-«v -^»- •.^■V Jems. V -iV-.i^ S" <t -t^ Jii i > > ^ 

, We may then compare t;hem (with resgect to the attribute which the func- 
tion measures^r^*^m£ of'.tKe "ratio, structure" of the doma;Ln, or by com- 
paring theii; functional values in b"^ 0bBerve-4>hat> if ^the measure f unct^ion 
is similarity-rinvariant (e.g., length), then it does rtot matter wjiich of the,- 
equivalent measure functions'^ we choose if' we ar^" only interested In the ratio 
of the values . 



With the meaning that' we have given ^t|> statement (i), statement (li) is 

meaningful: the attribute iri question is nuinerpsity_. But a ^atement such 

. * as "the leiTgth tif this box is greater than the weight of this box" Is not 

\ 

m^^aningful: the box is first referred .to ^as .determining an element of the 
domain of a length function, .while in the second reference the 'box determines 
an element of the domain ^bf a vefght funbtion^^ and these domains must be 
.consi^ered^^as disjoint, in spite of the fact .that the same material object ^ 
determines a*n element of each. . * 

^ . / * * ' 

On th^ other ^ hand, -a statement IXke "the wetlght of this box , in pounds ±9 

greater than tHe lengttf of ^this^'box in inches^' is a meaningful, even-'if rather 
uninteresting, statement about numbers; it is n\unbers which are bTing compared, 
and not -the domain elemejits ^which determine Ihem through the specified measure 
functions . - * ' 

2-5 Lenfeth In Formal Mathemati-cal Systems 

In oxder to discuss the concept of lengthy within a formal mathematical 
^system, we must, of course, have a pregisje description of that syst^. For j 
•^example, if our mathematical s^rstem is the so-called number line, we can de- ■ 
fine a mathematical concept of length in a particularly simple way: if A 
^ ^ ^ A B , we msy define the segment 'ab ~ Iw ^ 

; l^-AB = {p : p € R , and A'*< p < B ^or ^B < p < A) 

and we can define a "length"' function* \ o^'^the set of> all segments by 

/ • ' ' ' . ' ' M^y = [a - b| . ' ^ ' , 

if^lAB) . is' usually denoted in geometry by AB : % use this* notation where 
-convenient . ) • 
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The corresponding situsTtion in the cartesian plane p x R , and in carr - 
.tesian 3-space/ R X R X R , is well-known, and veiy little more complicated. 
.Does this mean that the mathematical theory of lengthy is complet/^ly simple 
virtually trivial? Not Bt all: two important questions should lAimediately 
^ occur to you: ' ? ^ . ' 

(i) What is' the justificatiorT for assuming (for e-xample) a 1-1 corres- 
pondence between points of the line, 'the planl|^ and, spaof, and "the 
real numbers, ordered pairs of real /lumbers, and ordered triples 
^ } of real numbers, respectively? - ' • 

(ii) What at)Out length for subsets of spa^e whioh ^are not? line segments? 

Questfon (i') ^amoiijits t(> asking for a justification for cartesian g^metry.' 
Such a justification could, be empirical, or it could be given, in terms .-bf some 
other axiomatic treatment of geometry- Question (ii) is the-ivery important ' 
question of "eocj^ension of the domain". . '# * ^ 

. . V[e look first at mathematical Imatters related to guestioh (i)'^ .^ierore 
we caxi attempt an answer,' we^must be rfear about what the question meang^. . - 
Roughly spe^iqg, it ask&^ for a procedure by means of which we may establish ^he 
isomorphism of a. "given" geome^^ry* with cartesian (geometry . ^ In order to answer 
this que,stion we have -to be clear about the geometry that Isr "given", i.e., 
about -our assumptions, or postulates. ^ * ' 

'Unfortunately, no matter how we%>roceed, it is much ha^der^to giv^ a f ull ; 
system of axioms for "^eometiy" , than it is for the natural numbers. *Thus, 
'althQugh in principle this section is capable of precise presentation, this 
' implies that we should first make c^ar all of our" assumptions . We will com- 
. promise a little on *this ideal, and hope that ther^pi^ssio^ns ^ill not obscure 
the esseati^.id^as v^-V* ' "^■^-"^^'^ ' ^' * 

examine th^ question of^*mai?hemat.icai length"* in thre^ main 
j^Vpf ^f?iassical euclidean geometry,- that of .cartesian geometiy,' 
and from the* intermedial te" standpoint of the -treatment of geometry which was 
#Vgge^te(^ b^^G. .D; Birl^hpff, and 'iiarried through in ^'JP^ other 

recent books, tt is convenient' to* fotiow the terminology of Moise, and refer 
to this last approach as mei$lc geometry .. 




Length in^Ketric Geometry. If we examine a metric treatment of geometry 
(such as the SMSG treatment) based on "ruler" and "protractor" axioms we find 
that (if S denotes spac*e) a jdi^taQce function . ^ ' ^ *' 

a : S X s ~>^R ^ ^ . . 

is postulated. In other words, for each pair* of points A , B g S , it is 
assumed tl\at a distance, a(A,B) j!s given. (This notation may be abbreviated 
to AB , but.it is more^nstrvictiv^, for some of our purposes, to use the 
longer nota^tion.^ The following properties are postulated for a : 

(i) For all A , B g S , a(A,B) > 0 ^ 

(ii) a(A,B) = 0 if 4ind only if A = B . 

(dii)- a(A,E) = a(#,A) . 

A lifie is a set of points^ (This is not a definition: "line" is an 

undefined concept in metric geometry.) A coordinate system 'for a li^ie i ,j is 

defined to, be a a-J. cori;esppn(ien,ce of ^he given line and th« real number, sys- 

"tem, ^ ,^ (i.e., a 1-1 onto function- qp : ^ R). which'is related tg the 
distance function, a , as follows: . t» * . -.'^ . 

''if A , B ^ X , then^ a(A,B) = |(p(A) - (p(B) | . - . - 

I4> is* then^^ostulated (the so-called "ruler postulate").' that, for-each 

line i , there exists a coordinate system, tit is further postulated that 

/ ^ ■ * 

if , , Q* € ^ , P Q ,^then there exists a coordinate system, <p , for I ,* 

such fha^, q)(p) = 0 ; and q)(Q)*> 0^; this postiy.ate is npt really ^eede^: . 
it 'can be ^proyed as a theorem.)' We\economize on 'notation by using the same 
symbol q) for each of the postulated .coordinate functions, one for each line 

'It can be shown (see exercises) that if is comp'osed with any rigid 
motion of R (i.e., a transformation p .on R of the tyi)e p : x*-> Jx + b ^, 
where J = +1 .or -1 , b g R) then p q) Is «.so a coordinate system for I : 
i.e., each line has infinitely many "cooratnate sy^^tems, whdch are^ related to . 
each other by composition Vtii rigid motions, and each of whigh is related. t@ 
the given distance function, as In Hifte"^ rotifer p^^tulate. 

It is further postulated that each pair of (different) 'points, A ^, B , 
determines (uniquely) a line , AB , and betweennegs is defined by:^ 
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C is b'etveen A and B (dejioted by A' - C - B) provided that C € AB 
■ AC 4^ ,CB /= AB . For A , the segiHent AB^ is now defined by 




AB = i<r r'C fe AB= and A - C - B} .5 it> follows inunediately that AB = BA . 

,s^a'"l-l jcorre9P9ndence is established between the^ set of (unordeted) pairs 
of distinct points an S , and the set^ D , ,of all segments in S' ♦ 



Length Functions. In metric geome-tiy- a. function ■ , *- ;J'^ 

is defined to be a length function if it satisfies * ' 

(r) .^henever A - C - B , 

, \(AC) + ^.(^)_= \(AB) ;^ ' ' 

(ii) f\ gives -the same valup to congruent, segments , fSee below for 
definition.) < 

' \ j -; 




In /metric geometry, the function ' 



&fined by \^(AB) = a(A,B) , satisfies Gi) trivially, frbm the definition 
of betweeifmess . We shall see belQW that it also satisfies (ii), and hence 
that ^^A^ a length funo-tioxXi^ ' \ ' ^» 

ijfi vie w of jh .e.j:act^ thet^ ^ ^gepienFTs uniquely determined by\tB^end 
"^^s, so that the functions a and XTq are closely rei^ated, you ► might . 
^hink that ^it is an unhecessary luxury to introduce the length function \q , 
*in addition 'to the distance function, a . We have done this for two main 
reasons: ^ i • ' . * 

^ , (i) it makes the treatment jnoie closely parallel to that of the 
previous section; and 

(ii) the domains of and a are quite distinct. When it comes' to 

^ ^ ' . i 

the question Of extending^he domain of the Tength-functions.-, it 

^ ~* ' * * 

is the domain" D which we, will*^wish to extend, andtsnot the doi^ain 

of a .'^ In other words, we'will^wish to extend the concept of 

/ length, fe"o tha£ it applies to sets' of points which are not line 

segments. 



/ 



^ ' *The function \^ is a length ^function for the^ set D , Thinking along 
the ^ame lines as for tfhe empirical length functions of the last j section^ we 
asj/^hether* ot not there are any other mathematical "length functions" for D 



A 



Rjci; 



— .~J J, .- - ' 'y-^i^^ 



and; if more^^^Ean one, how jare different length functions related? We^ shall 
see that, as in the previous section, all .functions which are similar to \ 
are alHo length f uhtftions . ' . ' ' ^ 



• 



^ 'Congruence and " Length "Structure" for Segments . We can establish a 
"length sifructure" in D 'by making strong use* of ' the given distance function- 
a* . Wp define first a' relation "has the same 'length as " (which wq denote by 
the symbol " = ") • by ^ , 

^ ' = CD if and only if «a(A,B) = d(C,r)) . ' * 

The usual word used i^ gepmetry for this relation ^t)n segments, is cro^gruent . 
I-t is trivial to verify .that congruence of segments is* a n> equivalence rela- 
tion: ve denote the set of equivalence classes by 5 , Trivially, the defined 
functiori, \^ gives the same value to congruefit segments., and hence is a 
length f-unction. Any length function for D must give the same value to 
congruent segments, and hence determine a corresponding (length) fiinction for 
D it is convenient to use the same name fpr corresponding functions*. We 
also use the given distance function to define a relation ^'less.'than in 
length"" .(<) in D (and hence in 5) by - * ^ • . 

• J AB<CD if and only if a(A,B) < a(C,Dk, 

and we prove easily that th^s gives a f strict total) oi^r relation in 5 , 

We IcJolc next for some (Operation in D or 5 which will be antilogous to 

the join operation of the previous^^Settion. We will not be able to carry out 

physical operations on c5ur segments (gUch as placing th^m en^'to end) but our 

axi^m'k permit us to do something 'ra,ther' like ^hi^^ we can use the coordinate 

. st27uct|rre of each line to prove that, given any two segmopts AB , cp , and 

any Irfie i , there exi^ ( ii^nf ini^ely. many ways J points E , F G on £ , 

such that e"- F - G , AB = S^*, and CD'= , <lt is "natural to defiiie 

. ^ , . • 

; EG^ = EF * PG ' ' 

but of coi^se.this does not lead to a binary operajtion on p , because rela- * " 
tively few pairs of segments will%e* suitably located so that they can be ' 
"joined". However, our main interest is in 5', and not in D , and any 
"additive" function or- 5 immediately yields a corresponding length function 
on D We can now prove that, although EG is certainly not -uniquely 
determined by AB , CD , the equivalence class of ^EG is uniquely determined ' 
by the equivaJ^ence classes^of ,AB and CD (You should provide this proof.) 



This enables ."js^Sfc-define a join operation on^Jbhet set 5 of congruenc'e 
classes* of segme»G. If , d^ are two such classes, denote the join class 
by d^ * d^ . (Notice, by the way, that while the join of two rods in the 
previous Sfection placed them end to end, but (empirically) disjoint, the join, 
of 'two s^^ents exists only when they ^re coilinear, and when, they intersect 
in -a common end pcJini^) ' ' % ~ ^ , \^ 

. We can now prove, purely within the formal framework of our *geortieti:y, 
that the systeiil (D , ^ , <) is a de/iseljr ordered arch^raedeefh, atielian?^Smigrpup]J 
and that th^joiil operation and the order relation are connected by ihe -pro- 

perty that* d, < d^ if and only if there exists d^ with ,d^ * d^ = d^ . „ 

^ , , 3 1^32 

If you provide these (and other) omitted proofs for yourself, us j,ng .the, defini- 
tions and postulates given, you will appreciate that their simplicity depends 
mainly on the existence of. the postulated distance f;inct^on a , and on the 
existence of the postulated coorainat^ system,^ (p , for each line. In othei; 
words, these are very powerful axioms. (You will probably apprecia,te this 
even more, after you have seen how ,diff icult i^t is to introduce length func- 

'tions. into classical 'synthetic geometry.) ^ ^ * ' 

, J . ' * 
Having now established ^the structure a densely, ordered, archi- 

medean, abelian semigroup, *w&-c(5uld 'go further and establish a theory of 

"ration" in^ 5 / by again appealing to the given distance function a : we 

shall. not stop to do this; it .dqes-^ not?" present , any difficulty. ^ 

" If we now reverse our viewpoint, and ask whether there exist any functions 
^from D to- R which preserve the structure o^f D , it is no surprise to 
discover that the defined length function \^ more generally, ^ny- length 

^func€"i6n, "xO*^^ yields a corresponding function on '5 ^^e use the same symbol^ 
Xq j for this function) and that this function (and, more generally, any length 
function, \) is structure-preserving. (You should verify this: see exercise's.) 
Moreover the coordinate ^system postulate ensures that is onto, and hence ^ 

we may use the corresponding result from the i»:evioiis section to deduce that 
there -exist other isomorphisms of (D,* ,<)^ onto (R ,+,<) , and that these 
differ from X^ (and from one another) by composition with an automol^hi^ 
(i.e., a positive similarity: see Theorem 2-2.2) of (TR^,+,<) * 

We denote the se^t of functions thus ,obtaine(J by A. , and use the same 

notation for the set of corresponding functions op. D V which are obtained by 

compos i^vtl\e natural *iclassif ication" func^Swaj — fr^^T> , with fvintt'ions ' 

in A ) . Each such function, X : D R , is easily shown to be a length 

« 

function, and" every tVo such functions are siinilar. The set. A* of Tength 
;func1?ions is an .example of a ratio scale, p 



might now ask how these new length functions are connected with our*, 
geometry? To hegin with; we remind you that our f irs*t length function, \^ 
' yas directly derived from our postulated dista^ice function a . Cg^d we ■ 
^reverse the process, -and construct other distance ' 'functions. 'from afl <^f the 
-Pthef length functions which ^e have now discovered? I.e., if \^.€ A , let 
,us define • - • 



a^': S X S R 



-■r .'"by 

/ / 



a^(A,B) 



\^(AB), if A ^ ; 
0 " if A = B . 



We know that there exists k >.0 such that \^ = k\' and hence = ka , 
Using this, w^ can easily prove that has the following properties (which, 

we recall, were postulated for a) . * " . » , 

(i) For every A , B e S ,^ C^(A,B) > 0 . ' 
(ii) a^(A,B) = 0 if, and only if, A = B . . 
(iii) a^(A,B) ^ a^(B,A) . 

We can define a new notion of "hetweenness" corresponding to , and 
we can ver.ify that ^ / ^ > ^ ^ 

(iv) A -B -C(a) if, and only if, A -B - C{cc^) (The notation should 
' • he self-explanatory.) ^ • - ' 



We have already seen that, although one coordinate system qp' was postu- 
lated for each line^ £ , there are infinitely many others, related to <p by 
composition with^ rigid motions of R . By direct checking we can verify that, 

^ 11 ^ none Df these is relatejj to 'C^ in^ the way that <p is related 
to . However, it is easy to verify that,' tc^ each line £ , the "coordinate^* 
function q>£ = k(p . (and, more generally, any" function derived from "kqp by 
' ^ ^ -rigid motion) 'is a 1-1 mapping of £ onto R , and that it is related to . 

0^. ^in the same way that qp ij related to a . That is, for all points * 
" - A, B € i, a^(A,B)«ka(A,B)/ll|^A)- (p(B)| = |k9^^^ 

All of this suggests that we might ask the question: if *we develop" a 
^ ^ no^f "geometry" by using a^^ , , in place of a , q> , Jiow will it be 

related" to our fyostul^ed geometry? The answer is, of course, that there ' 
will be no*discernibl?difference: every significant 'theorem £s the one 
geometT^ is* a theorem in the other, so it seems reas.oaable to say that the 

RJjC ^ / — _ — , ..^^1, — „ . J ^ 



geomet.ries on S are isomC>i3g^c, or equivalent,- in a sense that is not too 
, difficult to make pr^qise/ shall not examine this question ii), Qetail, but 
if you have filled in the proofs which we omii^ed earlier in this section, 
then you will have done most* of the work. V ' ^ 



Perhaps the, "relationship of distance/length and congruence shduld be 
made a little clearer*. If, as in the metric approach to geometiy, we postu- 
late a distance function, then congruence is defined in terms of that function • 
For 'reasons Of simplicj^ty, congruence is oiten defined separately for various 
subsets of ^space (segments, angles, trian^les^, and so on) but eventually th^se 
are all brought together with a^sjngle definition: s.ubsets and of 

space (s)' are said to be congruent (written = K^) ^ if and oyly^f^^TS^re 
i^ a I'igicJ. motion, or congruence, of S onto S,, which maps ^ onto . 
^ ^igi^ motion i^ defi^ed' to be a 1-1 correspondence which preserves distances. 
I.e., ' A ^ 

* p : *6 -> s 

is a rigid motion,' if it is ^1-1 and onto, and if for all pairs of points A , > 
B € S , ^ • , ' * ^ ' 

' • ' n a(A,B) = ci(p(A) ,p(B)) 

where a is the distance function. ITow if ^ a, is another distance function, 

(differing from a by composition with a posit ivS similarity of R , then we 

^ . i . ^ 

have * ^ - 



C^(A,B) =:to(A,B) = ka(p.(A) ,'^,(B)) 
V= 0£^(p(A) ,^B)) 



In other words: p is a rigid, motion in terms Of a , if^nd only if it is a 
rigi(} motion in terms of^ . It follt^ws that the basic nation of congruence 
is unaffec-fted by the change of distance function which we have introduced. It 
can be shown that composition with a ^posftive similarity is the only possible 
variation for a , if the set (actually a group) of rigid motions pf p (and - 
hence the notion of congruence)* is to be unchanged. . ^ 

We can sum up the above by saying that^, although the treatment of geom^ry 
which we have Sketched (in part) postulated a particular distance^ function a y 
.and a jparticular coordinate system qp ^ there are infinitely many other^co- 
ordinate sy^ms which co ^s pond to the given distance function; and there are 
infinitely many other equivalent distance functions, each with its own* related 



s<et of coordinjate systems Moreover^ these additional distance functions and 
coordinate systems are related ,t6 the postulate^ functions and to each other 
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. by poeitWsimilarltifes. Corresppucling to each/distance function_therfi_-is a 
length function on segAe^ts, and the set of admissible length functions is' 
. ^ invariant under composition with positive simUferlties . The basic Wi6ns Sf"" 
^ betweenness and^ congrtlehc'e are 'the .same for all equivalent disfence funSiolis: • 

•i,.-,,-..--:- Iii-the Birkho|f trea'tntent .-of geonietry, wheiJ^er a "length"- fs" mention^a— 
- it iff understood t"Hib thiS' is -^e "length" in terms of the po.stUllted disteS 
^function, and a related c«ordir/ate system. TbUslthe length function is >elearly 
^. determined and understood, andWd jpt be specifically identified. 1 j; 

Corresponding to each length function, there-.is a^ unit; ^his-i^-tte-- * 
^. . equivalence class,^ in 5 , wl^ch maps into the real number 1 , under the ' ' 
'length function. Conversely,- given arxy.«quiv§lence class in • D , tligre is a 
length function for which that- class- is the unit. ' ' ' . ' 

• The situation' is veiy similar to that described in the section on the 
empirical idea 6t length, and many of the results of that section will, of* 
, ^ course, .carryover. In particular, there ar^ the. same relationships' between 
; ■ , units and length f»^tions and the results of all 'of the' relevan,t Exercises 
2-k are still true^jr In fact, the. proof s are ^ssentiaUy the same as those 
which (hopefully) -ybu supplied before. 

\ 

' ' * I 

It should not have surprised you that, although the..metric trea%g^ of] 
, geometry appeared to favor one pakicular length functio^T^" one particular 
coordinate function, _^n identical treatment could be carried oun'by using anj. 
equivalent length.furfction, and/any corresponding coordinate function. Aftet 
. ^ . all, the geometry of Eutlid was carried through without the use of .3^ Len^jj 
fun-c-tr^ using ohl;^ tl{>structure of B as%' densely ordered abelian semi- 
,group Ji|^ .structure whi'ch (not in 'those terms of course) was derived from a 
unit-free set of axioms. (See later.) 

Before leaving the metric treatment, there are several matters' which we 
t should mention: - ■ ' 

(i) There are .important qliestions concerning extension. of domain: ' 
these are not. specific to the metric^ treatment, so we defer 
'- •■ consideration until later. ' " ' ' . 

(ii) Proip the begifmings which .we have sketched 'for a metric treatment, 
* - X,-. proceed to develop the familiar iresults of geometr^, ' 

including, in particular,, the possibility "of setting up a car- 
_te5j.an.-,sooi*dinate system for the whole of space: i 4., a 1-1 
' ■ ' ""^PPing' P of 'S .^tof'.R X R X R witl^ the>operty that 

/ • ' • ; 
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a(A,B) = ii^^ - ,b^)2 ^ (a^ . ^^)2 ^ ^ b^)^)^/^ / where 

.A(A) = (a^.a^^a^) ,.p(B) = (b^b^^b^) . Details of this 
development can be-fourfd in the references. ^ ^ » , 

(iiij If^you examine the many theorems (in a metric treatment of 

geometry^ which rnvolvs the concept of length, you wili^ find that 
the actual' values of the postulated ' distance function *are not 
used ih atiy essential way. In other 4ords,.for any segment it 
is^nly the congruence class in D whicK~ is involvec^^, and this 
^is the same»under all admissible length Itlnctions . 

(iv) Two important iiheor.ems which involve length, are Pythagoras' 

^ Theorem (^whose result ig easily atiown Invariant under a similarity 
transformation oS r"**) and the%o-called "triangle inequality" ^ 
which ^tes that the sum of the lengths of any two sides of ^ 
triangle- is greater than the length of the third side.. Notice » 
that if the V length of a segment" were to be interpreted as* the 
equivalence qlass m D ^to whic^ the ^segment belongs, the latter 
theoi;em is still valid in terms of ^ the structure of 5,; but the 
corresponding interpretation .sof Pythagoras* Theorem is not satis^ 
factory, because we do not have a multiplication ±A D . This 
, does not mean that Pythagoras' Theorem forces u^ to use the values 
• of a length function in r"** , but it does mea'n that,* if. we wish to 
avoid the use of values,- then, we must proceed ift seme other wav.. 
For example, we could coiisider arr appropriate^structure in D x'd , 
•^and this^would lead us in the^ direcj^ioa of, area., This is^ of' 
course, the way in which, the Greeks saw Pythagoras' Theorem: for , 
them it was a* theorem about area. 

In view of the impossibility of deciding ^empirically whether or, 
not we really needed r"** as a mltie space for\ur empirical length 
functions, we might question the use* of the real number^,' rather 
than the rational numbers, or some other subset of R , in the 
]?ostulated^ distance-function, and in the coordxn&te~system postu- 
late; (and in the angle measure function which is also postulated 
in metric geometry) , > . ' *^ ' 

■%e look briefly .at this last question. As^^pa^t df the systematic develop- 
ment mentioned in (ii), we will have proved Pythi^gqras' ^Theorem. From thls," 
we^§ee that, if we had .tentatively begun with the rationSls Q , ne would 
reacfi.a^^ppint where we would require a number whose square is 2 , in order 
• ■ ■ * . / - ) . 

rj9r '' ' "■ .... • ' //} 
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to satisfy o\& distance posVLate-. (I.e., every segment has 3 "length",, 
then the length of the hypoteniuse of a right isosceles triangle whbse congruent* 
sides have length "l" , must "be i/2 . This tells us, in'particulai^, that 
the hypothesis that euclidean georaetiy is a suitahle model for real spaco^, 
implies that there exist irrationally related "distances" in real space, 
remarked earlier, whether this is, in fact, the case, can never he decided 
empirically, and it might not even "be meaningful to ask the question.) As is 
t;reil,-known, the re5l numlbti^V? is not .rational . Thife does. not, of course, 
tell us that we mustvuse t^ie^Sl^W^man^ers : it merely says , that tliie nationals 
are insufficient. We might proceed cautiously, an(J tentatively ti*y out l^he 
surd numbers. (Briefly, the surd field is a su'bfield of the real num"bers: it 
is the least field which contains the rationaj-s, and which is closed under any 
finite number of the opeirations of addition, su'btraction, multiplication,' 
division, and square root extraction.' It is far from "being the whole real 
fi^ld: for example it &oes not even contain the simple alge"braic number "^72 , 
a* fact of considerable importance in the proof that there is no geometric 
.construction for "duplicating the cube".) This would ^et around the* difficulty 
produced by Pythagoras* Theorem, and it would give us a geometry which is ^ ' 
satisfactory for many purposes, and which (with suitable definitions of the 
terms involved) can be shown to satisfy the postulates of classical synihetic 
geometry. But if, for example, we j.*er^ to require the existence of angles 
whose measures are integral- submjXLtiples of existisig angles, we would en- 
counter another problem: some^ngles (e.g., an angle whose degree measure is 
^0) would fail to have "trli/sctors" . At this stage ve might well'wish to 
impose conditions which wpuld .require that our image space should , a t.JLeast - 
include the algebra ic^ numb/rs . '(This field contains all those real numbers 
which are roots cJ^P?:^ome Ipolj^nomial equation with integer coeff icientsT"" it 
is intermediate between the surd fiel^ and the real fieli.) Jt is possible * 
that by putting more and more demands on our geometry we could reach a point 
where the reals woul'd be needed, but, as stated above, such a requirement' is 
not^ needed in order to satisfy the axioms of classical synthetic geometry, for 
which t^ie surd field is quite adequate. Thus the ruler postulate, in requiring 
a function which is onto the" reals (which implies that ^ the distance function - 
is also qhto) represents a strengthening a£ classfcal geometry. Metric geo- 
metry, usiAg the full set of real numbers)' is "only one of the geometries which 
satisfy the axioms of classical synthetic geometry. (We shall see later just 
what- aiiditional postulates are needed if synthetic geometry is to be necessarily , 

isomorphic to metric geometry, and to real cartesian geometry,) 

-* , • 
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Exercises 2-^ .:;^ / ' ^ • ^ ^ T * *' 

i . ^ . 

1. Show that the rigid motions of R d^ined by;- -.: ' 

♦ . > , \ ^ ' * » . ' 

p : X ^ jx + b ( j ^= -fr^or^ " -1 , b ft) ^ ^ ' - * ^ 

form a (non-abelian) group under^composition, and that this' group is . / ' < 
a subg'roup'of th'* affine group ;A-t (Cf : Secti^ 1-6. X T ' 

2. If p is a rigid motion on R , anS "o^* (p*, denote the 'postulated' > 
distance function and coordinate function, for a line ,^.J^ , *fhov that v ' ' 
th^ composite transformation pep is also a coordinate ^stem for / . j: * 
That is, pqp is 1-1 onto, and has, the ^property -'that for' , B € , - 

- ^' a(A,B) = |pcp(A) - pq)(Bir;j ^ . ^. 1.^, . 

^3.' Verify that -^^he function ^ ' ""^'^ . ::^-r.'"' 

X t D R 

derived from, the postulated dista^ice function and -the ruler postulate 

of metric geomejiy, is an isomorphism of the ordered abel^.an semigroup 

(D ,* ,<) -onto the ordered abelian semi^oup (R^^+j<) > - /' 

k. Provo that the set of' functions 



F = {f : f = pk , k eR) ■ • 

where p is a rigid motion of = R ,*is the group A of affine transfor 
mat ions of 'R ^ " - / 




Length in Syn^thetic Geometiy . In a certain sense .length" does not appear' 
in classical euclidean geometry (usually referr.ed to as synthetic geometry ) 
so the heading abcVe might be "considered ihappropriate . But what we a^e going 
to do J, is show thajt a notion of ^len^tt is Implicit in synthetic geometry^ and 
that it may be introduced explicitly, so as to give^ the d^-stance/coordinate 
structure which is postholated in the, metric approach (and from wh^ch, the fully- 
coordinate cartesian structure can* be developed). A fully detailed treatment- 
would be too lengthy for /thi^, book, bu^ we can sketch the, main lines of the 
development. , You will see that 'these have considerable similarity to the 
empirical procedure which we described for the establishment of a Ifength: -t- 
structure, with segments corresponding to rods, and congruence coriresponding 
to the empirical relation "equivalent with resfect to length" • ' / 
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__In synthetip geometry, we have the usual incfdence structure, with 
points, fines, planes (as undefined concepts) related by. the so-called 
"•^ "incidence axioms"; (e.g., given two different points, there exists exactly 

,J one line containing them; given thr%e non-coU-inear pQints, there exis.ts 
. . exactly one^ane,n:pnta idling, them; a^^p on))^ These are the same as, in. 

Jth^metxia treatment, .But, whereas in the metric approac^^a distance"/ coordi- 
nate stfuclure is postulated, ^and the -concepts of congruence and betweennes^ 
^^.^ arQ defined and their properties proved, in the synthetic approach congruence^ 

and betwe.ennes9 are undefi;ied concepts, with pos"^ated ^opertiesr. Insofar 
*^ ^ ^ as these postulate^ involve segments, we 'shall have to use them in order 'to 

Establish a concept of length, so we .go into some detail here: 
/. * , < *«• 

- In synthetic geometry, congr u ence of segments is a po stellated relation 
(for which we use the symbol " = on the set of all segments', (i.e., for 
each two* segments,, either they are congruent or they are not congruent: this 
is analogous to the assumption df an exact physica]>^jros^ure for the deter 7 . 
mination of length-equivalence or non-equivalence for rods.) Sefement is 
d^ine'd in the usual way, in terms of the concept of "betweenness" . In syn- 
thetic geometry, betweennegs is a relation on ordered triples of points . We 

•adopt the simple notation A - B - C (read as "B is between A and C") . 

-Tims for each ordered triple of points (X,Y,2;) , it i« postulated thfeit either 
X - Y - Z or (not' X - Y-Z> . It'' should 'be> noted tha^Ericlid did not formu- 
late the idea of betweenness explicitly, but he definitely made use of it' 
implicitly, and used t^e following betweenness psi^ulates without explicitly^ 
stating them: • ^ ^ * 

B-1 If X-Y-Z then X , Y , Z' are different coUinear 'pointV, ' 

B-2 Given three different collin^ar points, exactly one is between 

. * ' " " ♦ • 

-the other two. 

' / 

B-3. The relation is symmetric in the sense that X - Y - Z if and - ' 

only if Z - Y^- X . ' 

B--^ ^ If ^ X and Y are any two points, then there are points iZ^^^y W , 
\ such that X-Z-Y,and W-*X-Y. 

B-5 Any four collinear points can be named in an order X.^^ , X^ ^ 'X^ , 

X. such'' that X -X -X^ -X. . /<This is a kind of transitivity"'" 
condition; the notation me^ns that all of the four relations'" ' 
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The congruence populates for segments are: *^ * ' 

CS.-l "^Congruence is- an "equivalence ijelation oh the set D of all segments 

CS-2 'Given„.a -segment AB ^ and a ray ^ XT , there* is a unique point ^ 
* *Z € )a such that . ' ^ " . 

^ ' ^ . Congruehce "and , betweenness are related in the postulate: 

A 

i ^\C^ = if.and-only if = A^^ , ' ^ ^ 

As before, we define a length function f or ^he set D cff aH. segments 
- in space, to "be a function- ^ . • '-^ ^ 



which has the properties > , - ^ 

(i) if \ 9 ^2 ^ segments, and = ^ ^^^1^ ><{^^ >* 
(ii) if X - Y - 'Z , then X(xy) + \(YZ') = \(XZ-) . . 

' \/e are now ready to establish a suitable "length structure" in D , 

(the s^t of aH segments) and ip D (the pet of congruence classes of 

\ ^ ' ' ' ' *^ 

segments;. ^ Congruence is the equivalence relation which corresponds to the 

idea "same length". A notion of ordter is quite simply^ intiroduced: we define 

AB < }a if theire exists "z witfi X - z'^- Y and AB = . Using the con/ 

'gruence and betweenness postulates, it is straightforward (see exercise's Vto 

prpve the .following: * * • « ^* 

' * ' ' - ' 5. ^ ^ 

^ (i)i.sThe rela^-on- is ^transitive/ ' ^ ' ' *^ * ' 

(ii) The' relation <^is "preserve(^" tinder congruence, and hence yields 
^ -a corresporfding ^relation (for which we use the same^ymbol) on D 

(ili) For-ariy two segments - AB , XX^, exactly oijie of the , following holds 

^ ' S<5^3AB=XY; XY*< AB l^ence trichotomy ^holds for < in 

, • ^ \' 

• D- , so that ^ < .is a strict total order relaticoi in D - - ^ ^ 
"* ' - . * ^ 

W^vlntroduce next a join operation {*) in D , ^nd on D . If 



A^-B--C , we define J^Jt.^-^--^^ — We--^ould-^ievetop'~some""pro^ * 



4n D ,^ but. by now you should see .that* it will bfe simplest to go directly to 
■Jhe set of congruence -classes, ' D . Given d , d € D ,*let "^A- B- e , < 
A^Bg € Then, from the postulates, we can, find C^ such that^ ^1 "'"^l ' ^1 
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» * j, • . * 

and B^C^ = A^B^ . We define the join of d^ and • to be S^^, and 
denote this join by ^ d^ ' 

We must first verify (see exercises) , 

^ ' '(i) ^hat this yields a (single -valued) operation in 5*; '{i.^., we 
*f must prove that^ the congruence class A^C^ is unchanged^' for 
different chpices ofje^ents from and d^) . ' 

We should next ^jrpve (see exergises below )^ that the join operation oln 
D ' has the properties i ' » ' * * ' 

(ii) ;Lt is associative; 

* 

Uii^ it is commutative; ' - . • , 

, , a' . / ^ 

Uvv it preserves orde^r,,ili the sense that, 

for any segment 3CY . ' - . , - * 

«^ 

• ' - . Exercises 2-5 (continued) 

• « — ^ 

5. Prove the assertions (i) (iiif made above concerning the relation 

< for segments. - > , 

• 6. Prove the assertions (i) (iv) made above con'ceming the properties 
of the join operation on the set of congruence classes or segments . 

7* If \'^2 ""^3 '\ ' ■h''^2^'^2^\ that n© otheV 



order is possible. 

8. Prove that the order relation ' < ^n 5 is dense, and that . 5 contains 
no least* element and no greatest element. ^ 



9. If . m , n ,tarepositive integers, and n(d) denote^/ the n-fold iterated 
join, p^ove that, for all m^ , n , and 3, ' — 

^ "Ta) (m + n)d = md '^l^ ; ■ vl ' 

• . ^ (b)/n(d^*id2)*= nd^^.nd^^:; ^ ' ^ " ' 

•(c) (ran)d = m(nd) = n(md)'; v 

. . ia = a .*f . ; ' , " \ ■ 

. 10. Prove** that d^< d^ , if and oi2.y if hd^ < nd^ for each positive 
* ^-^j^ integer n . ^ . " ^ * 

^^ERjC. _ ~7i34?^~''™I^^ 



^11. Prove that for positive integers ra n and d €s 5 

rod < nd if and only if m "*Sn . 



By now we have arrived at a. structure, (D , ^ which is a densely- 

ordered, abelian, semigroup. ^ ^ 

In other words, we have derived (from the postulates) for the set of ^ 
congruence classes of segments, a structure which is similar to the structure 
developed emp1i*'ically and inductively for the set of equivialence classes- of 
rods in Section 2-^. It follows that if we ask the questiohs: ^ 

(i) Are there any structure -preserving mappings from (5 , , <) to 

(R^f,<) ? ^ - \ .. ■ • 

^ (ii) If there is more -than one such map, 'how are they related? , 

thfen.the answer to question (ii) will be^ exactly as before.' That ia, if ^ 
there exists^^ structure-preserving map, \ , from (D , * , <) to (R ,+,<) , 
then^'there exist infinitely many; and if \ is onto, then th^se are all 
related by composition with positive similarities. Moreover, if A ^denotes 
the set of all such structure-preserving jnappings, the group S , of positive 
similarity transformation^ of R"^ , is isanorphic to the grt)up of those auto-* 
«morphisins of A which preserve its algebraic structure as an ordered abelian 
semigroup, (A,+,<), of 'functions, ' , 

The structure-preserving functions (if any) in A , will, of coursje," 
yield length functions for segments; and, conversely,^ any length function 
will correspond to such a structure-preserving function. If \ .is any one 
of these, ne 'may establish a distance function a , as indicated earlier^ 
From this, if \' is onto R , it* is not too'ldif ficult to set up a suitable^ 
coordinate function on each line *i , by the following 4)f6cedure: 

U) -liet -A 7 3 , C e :g , with 3- A - C . 

(ii) If X is any point on the fay AB e^d Y any point on the * 
* opposite ray AC , define f : i R by . 

ft (A) =^ 0 - 
< > * • 

f(X) = a(A,xi = \(AX) ' . • * . 

, t . 

f(Y) =^-Oi{k,i) = -\(M) . " . 

In order that f be a suitable ^coordinate function as postulated in the < 
metric treafment of geometry, we must prove that ^ f is onto R , and that 
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for any two points P , Q , € i , ' » • " 

Q!(P,Q) = |f(P) - f(Q)| . * ' 
You should be able, to prove these 'results for yout^f (under the assumption, 
of course, that a length function \ : 5 ^ R*** exists, and ihat \ is onto).' 

' f ^ 

Existence of Length Functions . The procedures which we might follow-, to 
set up a suitable ^length function on , are quite similar to those us^ inr'^ 
the last section to establish such a function empir^-cally on the set of ' 
equivalence classes of rods. However^, w|iereas in^.-ya^*^ discussion of the physi- • 
cal measurement of length we- could app^l 'to empirical evidenae to support the 
assumptions which were needed, here we must stay within the'limitations of the 
axioms of synthetic* geometry, and we must, prove both the existence of the 
objects used iir ouj? procedure (e.g.^ integral multiples and submultiples of 
a given segment) and the correctness' o'f our resiat. - . ^ * ^ 



'7 

Method r 



If we consider th^ mathematieal counterpart of- our empirical ^Method I"*, 
we see that we must first select, as a unit , an equivalence class 3^-0^ 

segmentS'j^ -Let A^Bq be any segment in d^ . For any other segment PQ , - 
we can parallel our empirical process, using the congruence and -betweenness 
postulates, to establish the existence of points , 'X^ , . . . , X • . . on 
the ray PQ , such that P - - X^' - . . . - X^ - , and* with 

PX^ = X^X^ = . But, Injorder to assert that -there will exist a 

•positive integer n such that either X* = Q , or P - X Q - Xv 

we must add the archimedean postulate to the axioms of classical synthetic 

geometry;' (Remember that the archimedean postulate is' equivalent to the 

statement that, given a^ two segments , th^e^^xists a p^^^e 

integer n such that n(L^^) > ly^**.) '3 ^ ' • ^ 

^ f 

^^e ij^xt step rfequirei^ the existence of a segment .A^B^ , such that for 

some positive integer m , (m > 1^ . . - ^ 

' jnfA^JiP = A^Q . . 

For any in^eger^ m > 2 , we can show the existence of such a "submuitifa^.'ipf 
AqBo j using^ "parallel proJec-W-on" , as in the well-known construction-.^Ori^^ 
subdividing a segment into m congruent parts . If we take m = IQV^^.vycah^-^ 



continue ^to-wimic' our earlier empirical procedure, to **establish existence 
of successive digits in a decima]^ number r ^'^q*^-^2 ^* * ^® th^n defin^^ 
a fxmction, X , by \ ^ " « .< ^ 

' ^y"^^ ^ X(PQ).= r . ^ ' 

Thia procedui^is relatively simple to. describe^ but it is awkward to verify 
that the "constructed'^ function, \ , has^the desired propei^ty of mapping the 
ordered semigroup (D,*,<) isomorphically Into (R ,+,<) ? If you have 
ever tried to carry through a development cff'the real number 'system, based 
qn decimal "s^equences" , you wi^l be quite ^familiar with^this particular 
' difficulty K If yo\^ think about it, you* will see that it is relatively 
straightforward to prove that \ gives^the same value on co;igruent segments, 
and hence carries over to congruence classes, and that \ ^resei*ves iijequali- 
ties. The difficulty comes in proving that \ is additive^ i.e.., that \ 
carxies joins ih D. into siuns in R ^ if you' attempt to construct such a 
"l^roof, you will igind that you get involved in all* the awkwardness of adding 
decimal fractions, from" left to*right. No* doubt a proof could be carried ^ 
:^hrQugR, but we shall not attempt .it^becaus^ it is sampler, *and more instruc- 
tive, to carry througl\ Method XI below in^ considerable detail. ^ ^ 
► • , • * * ^ * - 

We remark that the* axioms oS synthetic geometry, Augmented by the archi- 
medean postulate, do not pemit us to prove that \ is onto. The best we 
could dof in this direc,tion^^ tp show that the rqnge of \ -must contain at 
leasiijfie positive surd nvQnbers.^' We look "at this question again after dis- 
cussing the second method J^erely noting here that the demonstration ^f the , 

# ■ , » . — Xfi^n " 

existeij^of ijpitegral multiples and integral submultj^ps can be extended, to 
show "j^li^ existence of all posii:ive rational "multiples"' of any segment; and 
thus, in particular, the existence of arbitrarii^^^mal^lL" and arbitrarily 
"large^** Segments. ^ * * , , ( 



-4- 



Method II ^ . . ; 

In discjissing the plxyMcal prodedure :^or establishing length functions, 
th^re did no-^ appear to b^ ajiy stroilg reason for preferring'either method, 
iut* in the context pf synthetic geometry, if we really intend to fill in all 
of, the details the. second' method has, many advantages; As in the plnrsical 
situation, wdj^can e^tablisfi a "theor^ of ratios" for congru^ence classes of 
segments. Tljis theory is, quite independent of any>question of the selection 
o^"ufiits"*.*o 
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We first introduce an "equal-ratio" relation on the set of ordered pairs 
of congruence classes (i.e., jun 5 x S) . We define the relation! - , by 



if, for positiv«§ integers m , n , md^ <.nd^<^=^ md^ < nd^ . It is not 
difficult to prove that this relation is an equivalence relation: i.e.', it 

^is symmetric, reflexive, and transitive. We coul^(as Eucl^,did) go ahead 
and define inequalities between classes of equivalent ratios, €^nd prove many • 
properties, .lall without the assumption of an archimedeai? posjiulate. But these 

proofs are quite tedious, and this would distract usvfrom our main objective: 
^lie construction of a suitaj)le length function ou 5 . - ^ 

' We observe that the procedure for defining the above equivalence relation 
•Gn D X D , suggests a procedure for defining an (absolute) real valued func- 
tion on the -set K _^of equivalence' classes in 5x5. For any such class, 
P , and any^ (d^,d2) in p letv c = {S ; m n positive integers, and 

<n3i).- We observe firqt that if any fraction € C , then all equiva- 
lent fractions belong to C (Exercise above) so that-ve can consider 
to be a set of rational numbers . We see immediately, from the definition of 
the equi.valence relation ~ for ratios, that C does not depend on the 
.Choice of (d^,d2) in p . v Moreover it appears that (p^ossibly with additional 
assumptions), the set- of ^rational numbers C might be a cut.' If so/ it 
determines a real number r , and we could go ahead and define our desired " 
function by qp : p ->t . We are'^now-at a critical point -irv, the discussion, 
^^sor we slow down and fill in some of the details.- We draw on the Results of 
^E:tercises 2-5 "(5^ 6> 9, 10, ll) above, whose proofs are fairly sti-aight- 
forward; • - ^ 

* . ^- •■■^ft^fe^ • 

Si£°£!HL . , in addition to the usual postulates of syntihetic geometry, 

we assW the archimedeari' postulate, then the set) C pf rational numbers' 
(defined above) is a cut., ' ' ' , ' ' ~' - ' 

Proof.' We must first show that every positive rational belongs either to C , ' 
or- to dts complement in ' Q* ,, and that neither C nor its complement is ' ' 
empty. That every positive rational belongs to ':C or to its complement/ 
follows from triohotomy^n 5 . From the -archim^'deanMpostvaate, there exist 
positive integers p , q , such that - - ' | ' ' 



Hence ^ ^ C and q ^ C , 'so that' neither C nor its complement is empty, 



We must next show that if — e C and < ^ . then -F- ^ C . If 
* n^ . n^ ' rtg 



— ' < — -then m^n^ < n^nLj^ . ^Hence 

m^n^dg < ^2°bL^2 (Exercise 11 atove) 

0 "^^2^1^ ""'^ (Definition of C) • 

-Hence ^ m^d^ < n^d^ (Exercise 10 above) 

.and therefore ^ , — € C v (Definition of C) / ' 

finally/ we have to shov that, if ^ , then there exists € C , 

^ • \ ' °^ " ' ~ - * 

such that — > — ^ Since — e C , we have nLd-. < n^d^ • Hence, from the>C 
2^ 1 1 ' ^ X X "* 

definitions of * and' < , there exists such that 

From the archimedean postulate, there exists 'a positive i^tejger t , such that 
td2':> d^' . • Hence - ' ' 

tn^4|j_ ^j^'tm^Sg * "^^2 , - (Exercise 9 ahbve) 

. . > "tm^^ig dg , , (Exerciser^6 ahove) 

. - . 1 ^ .* , i= (tm, + l)d^ ' i I (Exercise 9 ai'bove),i 

^. ' ' tnL' + 1 tnL + i tnL m," | ^ 

Hence j;^^ € C , and j:' , > -H = . '/l ^ 

, ^ tn tn. tn- riTft • , * ^ ^ 

. ! ' { ' / ! 

This completes the proof of the theorem. You should nc^te how much we ^periced 

yy- j 



on 'the archimedean" postulate • ^ ' 1 . , '3. 



* . . ■ ■ " ^^^^ 
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We now defe^e the function 

where r is the real number determined, by the cut C above. We shall use 
the same symbol, cp , to denote tbe corresponding. functior^ on D x 5 and 
*. shall prove that cp is an additive ratio Operation, as defined in the 

last -section. 

' ^ Theorem 2-^.2 . The function flp has ^he following properties: for ai^ 

(i) If d^<d2 , then < ; 

. • (xi) q'(d3_ * d2,dQ) = 9(3^,3^) + q)(d2,dQ) r ^ . 

. (iii). 0^32,3^. <p(a^,aQ) = <p(a2,y 

Proof . In v;Lev of -the fact that qp is defined by using cuts, you will not 
*^ surpris^ed to d\sc^ver that tJie proof of this theorem makes full use of the 

' ' ' [ properties of cuts, ^nd that it looks lilce many of the proofs found in 
• elementary analysis. '* - 

- : ; ' • 

P^oo^ 2£ ill- The monotone prope^rty, (i), is most easily proved as a conse- 
, quence^of (ii), ^^Assume that (ii)^has been proved, « d that \<d^ - Then 
there exists d^ , with d^.* d^ = d^ - Hence, from the additive property 
(ii) of 9 , \ . . • 4 

^^^^^^^'^^^j^^ja'/^ w^"* ^ ' - ^ 



q)(d2,dQ) = q,(d3_.* d^ ,A^y = ,,(3^,3^) + fidydQ) 



\ so that ^I'^q) <'''P(\>^q) 

' a^, required 



/" Pi^QOf Of (ii) ; (Additive Property of ' qp .)' Let C,„' = {- : md < nd 1 ' ' 
. \ ^ : '1 < 10 n 0 1/ ;| 



Let 



We shail show fii»st Ijhat ' 



We have 



' Hence, 



Hence, 



aj_ . n^ n^n^ ^ - 30 ' 



= n^n^Cd^ * dg) 



and therefore, from the definition of addition for cuts, 

' ^ * ^10 ^ S(5 ^ So • 

We shall complete the proof of (li) by showing that.* 

: ^ ' 1 

* So - ^10 So • 

Thig is accomplished by proving that, if 



.■?^So 2^ So' 

, "1 ^ 30 ' ^ 



tlien^^i. 

SQ that 
* I 

(qf. Exercisfe 2-2-3-) 



• ] So ^^10 ^'^20} 



^2 X ^ ^ 



-Therefore = _± + _£ i n '' 

Hence 0^^/ C^q = C^q , and'^lieftce q> is adaitive. ^ • ^ 

' ."^ ' ' * 

Proof of (iii). /Cancellation Property.) With.a simliar notation to that used 
earlier, let V ' * 

^ C2i={-:md^<nd2},- 

Then, if .£ e Cg^^ and f e C^g ' ^® • ^\ ^1 ^ "^^2 ' ^^"F ' 

prdQ<psdj^ < qsdg . Hence £| (= E .|) e C^^ . iHenc'e, from the definition 
of -multiplication for cuts , •« . ' , 

- .' • . • ^21 '.^10 - ^20 • ^ ' 

-We shall sl^w equality^ by proving the opposite Inequality; from Exercise 2-2. If, 

this will be accomplished «df we show that, "if ^ k C^, and'"^ - k C ^ , then 

q ill s ^ 10 ' 

q s f ^20 • ■ , 



I ^ implies that -p^^ > qd^ 



- ^ implies that rd^ 



Hence , ^ prd^ > psd^ > qsd^^ 



so tjiat J ; iE£ i c ' • 



It follows 



that = Cg^ • C^^ , so that the canoellation prope3rty h^olds", and 
9 is anti additive ratio operation for D . . : ' * . l| 



Comment .. If you worked through the ahove proof in detail, you might have 
fait that the proof would have been simpler if we had had ^available positive 
rational "multiples" of segment classes, instead of just integral multiples* 
It is a fact, as we suggested earlier, tha\ an "algebra" of such positive 
rational multiples can be developed, and thai it can be used in constanicting 
a prob^f tft the above theorem. (The. existence of all real multiples cannot be 
shown unlejss we make further assumptions,: this question of ^"complg<6eness" is 
.discussed later.) If you want to see how the. Alternative proof goes, you 
should work^the following exercises: 



Exercifees 2-5 (continued) 

12. By .analogy with 'the classical construction procedures of geometry, prove 
Ijhat, for each positive integer n , and each congruence class d^ of 
segments, there exists a unique congruence class d^ such- that 

nd^ = d^ . . \. . . 

13. Define the d^ found in Exercise 12 to be ^ d^ , and hence define a 

congruence class - d^ , for each fraction - . Prove ''iihat - d .is 
nx ^ n nl' 

the same for ali equivalent fractions, so that. we get a "product" q?^ 
for^each positive rational number q . Prove that this^j^oduct" (or 



"scalar multiplication") satisfies; 

(i) _ Id = d ; ' . . • . 

(ii) ' ''\ + qg)^ = q^d * qgd ; " 

(i") • qi\ * dg) = qd^ * qdg ; . ' , 

(iv) (qi%)3 = qj^Cq^d) J 

(v) ^ for every 3 , q^ > ilf-md.only if q^O) > q^O^ ; 

(vi) fg)r every positive rational q , 3^ > ^d^ if and only if q(a^) >q(a^ 

U.' Use the result of Exercise 13 to construct an alternative proof to 
Theorem 2-5.2. v 
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This is about as far we can go towards setting up a^ngth function 
without making s.ome arbitrary choices. Usually, at this stage, one selects 
one of the equivalence .glasses (say a^)* and decides' that this shall be the 
unit^ i.Q., ^ decide, quite arbitrarily, that ^-qC^^) = 1 , where ^.q ia to 
be our length function. In this way we get one length function for each 
.choice of 5^ . Actually, instead of using the value "1" , we could define 
X^fd^) to be' any positive real number^ say Your reaction to this is 

likely to be that we are being pedantic t_hat *w§ could quickly "compose such 
a \^ with the similarity transfonnation rr" , and get another length f\mction 

which would" take, d^ into the number "I'l ; and the equivalence class corres- 
ponding to -d would/ in fact, be the ^nit for \* , so why not start with 
0 U 

this unit to begin with? . The diff i'<;ulty is that we do not'N^mow that there is 
always an equivalence class corresponding to ^ d ; so far we have only 

0 < 

* shown the existence of rational multiples, and k^ need not be rational. In 
fact, as mentioned earlier, there are geometries (such as cartesian surd geo- 
metry, in which' ail coordinates must be surds) which satisfy al4:; of the postu- 
lates, of synthetic geometiy, and for which there are length f\mctions which do. 
not map an/ equivalence class into the number "1" — i.e., in terms of > the 
usual usage of the vord "unit", they have no unit. This suggests* that there^ 
giight be something significant in the observation that we could be more general 
by mapping a selected Equivalence class d^ into a selected real number 's.^ ,. 

The difficulty, of colirse, gops back to the properties of the .rat ^.q op(§ra- 
tion 9> which we have constructed: the properties which we have proved for . 
qp will enable us to construct, (assigning values in R to q^) as many^length 

functions, "based" on d , as there are elements of R**" ; buj,' unless (for 

£ixed d^) <p * maps the set'^ of^-all"'ordered pairs , d^*) onto R , not^all 
of these functions will have imits! ' 

^ We now define, . ^ ^ ^ . * 

(*) ^ Xq(3q) =kQ ; XQ(d) ="[•<? (d,|Q)>Q . ■ ■ - _ 

The fi1:st part of the following theorem ig a simple consequence of-qur earlier^ 
"Clireorem concerning the ratio operation q) * The s^^ond^part^^ is an exercise 

* in^*the* prpperties of isomorphisms and cuts. , 
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^i) The functiqn Xq is an isomorphism of C5,* ,<) into (R^,+,<) , 
and 'determines a corresponding length function ' j 

* ' ^ * 

(ii) If \\ y \^ y aye any twq, isomorphisms (not necessarily obtained 
from <p) of {D ,f ,<) ±n%o (R ^ wl\ich agree on any 

^ . element of 5 , then \^ = • Equivalently, two length functions 
which agree on any segment, are, in fact, the same 'function. 

* ' ' "* 

/roof . The proof of part (i) is quite straightforward, and we leave it to - — 

you. The proof of part (ii) is veiy similar to that of Theorem 2-2/3, so we 
sketch it only: , first, show that eveiy length' function piisserves order. 
Then show that, because of the finite aaaitive property for length functions, 
if \{\) = ^i'^o)^,^ then. \{q^Q) = ^^{d^) ($^^(1^)-' = >^2^^^0^ ^"^^^ 
positive rational q . Then show that if d Is any segment class which is 
not equal to qd^ " foa: any positive rationa|^-<«?<tJ^.',' then the monotone character' 
of length functions implies that ' , 

- = [q<d,dQj][\3^(dQ)] = [<p(|,dQ)][\2{dQ)] = \^{di) . 

Corollary 1. There are no other length furtc*feions than t]^ose functions 
which^ are obtained, as described above (dfe^ipition *)'from the ratio function 
<p, By^^electing an element '2^ (of 5) and a value "^^o^^O^ ^ " 



Proof . Let- X be any length function, not necessarily obtained from 9 as 

above. ..Let d^-e D , and let k^ be the value^of \ at d^ . Let \^ be 

the .length function obtained (by definition. *) frog^the ratio operation (p , 
and such that ^^(d^) = k^ . Then, from the theorem, \ = 

' . - ' ' \ ' . 

Corollary 2. Any, length function \ may be expressed as the composite of any 
length fuj^ction which haa a unit, and, a suitable positive similarity transfor- 
mation of, R^ - In partjlculjfr, every two length functions are sinlilar. 

Probf . Let d^,^'€ D ,'and'. Ifeti, Md^) = ' * ^^"^ ^0 '^^^ length function 
foij which ^ d^ j^s the unijt.^, Tten is easy to^ prove ;fchayt = /H^^^ " Hence 
eve^ length fun^ction i$ similar to \^ ^ -and h^ence, beciuse simila2?3r]by of 
^^fmjfetiOns is an equivalence reldtion^ every two length funct,liOns are similar/ 

■ \ ] i • '-.f. i • ' ■ ■ ■ - ^ -l ; ; 



Remark ; - You should^ote that we have ^now proved t'hat, in .S' ^'synthetic gecxnetry 
which satisfies the archimedean postulate, eveiy -two length functions are 
slmil'ar, jand any function which is similar to a • length function is a lefigth 
function. That is, the 'set of all length' functions (for segments) is a ratio 
scale, J whether or fiot each function is onto R . ' 

, • • • - 

We look next at the structural properties of the "restricted" set of 
those^length functions fox; which, there is a unit. ■ (i.e.., the set of 
those length .fxinctions wh.ose range includes ,the number "1" .) The .relation- 
ship between functions in A^^ is given by ^art (iii) of Trieorem'* 2-5.^ . •For 
if 



, \ e ; and \(\)^^ -theti-for- any l3w^ Tdjt^ the cancella- 
tion property • • '■ ' '■' 

• \ ,. , -x^a^) . 

In oth^r words, \^ is the composite, of \^ with th^ pcTsitive similarity 
determined by the number : the 'set of all su'cW numbers , for 

\ € A^ , is not necessarily R , hence, although the functi Sps ^ i n^ 
9re all similar, they do -not necessarily constitute a ratio Scsle. * 

*" * . ' 

We state the following theorem, and leave the proof to you\ ' 

Theorem ^ \^ ' 

X±) The range of the function q> is a multiplicative subgco.up, 

^ $ , of R ; ^ • — [ / ' ' ^ ' ^ . ' 0 

/ (ii) (J) includes the positive surds (and hence, of courffi^^he'^' 
positive rationals); • * ' * 

(iii) tiie range of each length function which has- a unit, (joincid^s^ ^ t 

withSthe range of ^ ; i.e., \t Is^the group* ' 

\ ' , {Hint: You must show that {<p(d,d^) : d^ fixed, ' " . '^ 
\ ' d B] = {q^^^^d^) : \ ^ d^ € D)^ . ' Becausi ' ^ ' ' 

} ^y.\>^2^ f ^W^^V '*^^^0'^2^- ^ complete the proof. by 

I - shoving that there exist segments 4'^, d^* such that i 

. H^.^ i'^O -^^2 " ^'^*^0:j' 4^1 ^" "^M.^ qourefe, follo^! 

-| '\^^froi|i well-known geometric *con9tructlons.Jr j >. ' 

;^iv) if :ydQ) =>Jd^)-=l., then XQ(d^) =^-i^; and " " 

r '' '\ ia\ ■ ^ ' i"*" 1 «. ,i' 

U ^ ^ 0^*^^ ■ ■ ■ ■ ' ■ 

\ • 1 J . 
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The Range of the Length Function . As stated earlier^ cartesian geometry 
with siird cob'rdinates satisfies the axioms of classical synthetic geometry, 
and also the archimedean postulate. Therefore, the vtiole^of . the above theory 
is.^ applicable to cartesian geometry with ^urd coordinates. In this case it is 
easily shown that the range, ?> , for the corresponding ratio function q) , 
is the set of all positive surds. * That is ;we see, from thi^' example, that it - 
is not ne^QSsary for the ratio function '(for -a geometry which satisfies the . *' 
archimedean postulate in addition to"^-the usual po&twiate's of synthetic geometry) 
to be onto R*** . ^ ' ' 

If, for cartesian geometry with surd coordinate^, we were to set up our 

ratio function (p , and then move to a length function \ by defining 
>^(d^) = 7C for a selected congruence class . d^ , theh all lehgth values would 
be surd multiples of jt . It can be shown that these numbers are all trans - 
cefidental, and hence tha,t thi^ \ would not (in the ordinary sense) have a 
unit . But it would definitely be >a length f unct^fi r"- . 

For any particular length function \^ , de!i?ived from a unit d^ , the 
range of \^ is just the range of tfce ratiofunction cp restricted to ^ the 
subset of ordered pairs (3,3^) , with d^ fixed. From Theorem 2-5.1]', 

this is the same as the range of qp* . We can ensure that this range^ 

is R , only by adding an additional "completeness" postvilate. We. could put 
thi5 in form: (piK.) = = , but this w'ould. be a very strange postu- 
late for synthetic geometry^ involving explicitly, as it 'does, the jset of 
positive re§LL numbers. The following is a suitable geometric form for a " ' 
completeness postulate whicn-^will ensure that $ = R 



Cantor - Dedekind Completeness Postulate . If (d^) is any^ sequence 

of segments such that d^^^ c d^ for every n , then ^ * 

(The notation Q d means the intersection of all of the sets d .) 
an * 

(Moise calls a synthetic geometry with this additional property "comple£e 
in the sense-of Dedekind' ; other writers refer to it as the Cantor postyilate.) 

, ' • . ^ / ' / ' •' J \ < \ 1 

^ It is not too ^difficult (using properties of cuts and, o]xt previous ^ dis- 
cussion, conce^iiSif^ke>.^3cis^>ence of all positiye. r^ticmal i'sj^alar jmvilti^les" 
of.^ any segment) to show that the assumption ©f the archimedean postulate, 
and the fcantor-Dedekind postulate, implies^ the^ existence 4^1 re|al positive 

"scalar multiples" of any segment. (See exercises below,)' It.will follow 

^ ' + - + ^ ^ i ^ J 1 

immediately that <1> = R , and hence that every admissilple length function 

is .onto ^R . ,If we jtake any one of t^i^se functions, and use it (as indicated 

a^poordinate :^stem fo? every line, then it^ wil|. follow 




• ; ' ' ' . ' ' ' ^ ^ 

l^at eyeiy such coordinate function will be onto .R . That i^, we will obtain ' 

a distance ifunction f<6r & , and^a coordinate function for each line:'wha.ch U 

satisfy the relevant postulates *of the metric treatment of geometry. 

. - , ^ ' 

It can also be shown that, any s^thetic geometiy which satisfies the v i 
aiTchimedean postulate, and the Cantor-Dedekind completeness postulate, is ^ 
isomorphic to the metric geometry of Birkhof^T^nd to real 'cartesian geo- 
metry. This question .is discussed in [l4] . * . e . 

' ^ - > " Exercises 2-^ (continued) 

15. Assume the archimedean postulate and tlie Cantor-Dedekind* postulate. Let 
AB be any segment/ and let \ be the length function for which AB is 
the unit. Then (Exercises 12, 3-3 above)" corresponding to every positive 
rational number q there ip a unique point Q •€ aI , such that v 
\(AQ) = q . Let r 'be any positive real number ^. Then it is a simple 
property of the real nural|ers, that there exist sequ^ences of rational 
numbers*' (x^) , (y^) such that, for each i , ^ 5 

- ^ yi+i > 3: J and y^ -'x^ <^ . If (x^) , (Y^) are corresponding^ 

^ ... . ' 

sequences of points of AB , with \(AX^) = x^ , \(Ay^) = y^ , prove . 

that . * * - ' 



(a) X,.^Y.. c x.Y. - for each i : 

(b) r 0 x.Y, is a single* point, P \ * 

(c) \(AP) = r . . ■ 

(d) \ is onto . , . ' 

16. Prove Theorem 2-5.4(i), that 4> is always (i.e., without the assmp- 
tion .Df completeness) a multiplicative^subgroup of R"*" . ^ ' ^ 

17. ' Prove ^that 3>"^ is always closed uhder additio^, and therefore an 

additive) semigroup. • 

18. Prove /Theorem &-5.4(ii), that ^ <I>^ always contains the positive surds. 

19. can use \he ratio operation <p : 5 x 5 R"^ , and the result of Theorem 
2-5.1|(iii) to«4gfine a "scalar multiplication" of elements of D b;y^ 
elements of the "semi -field" <I> , as follows: , if <p(d, ,dp) = r , define 
rd^ = d- . ' ^ / i 



(a) Show that this scalar multiplication' is properly defined (i.e.,;* 

exists") and is single valued) for eveiy r .e <J> , and eveiy d € D , 



and satisfies 



(i) l5 = d ; . * ' 

(ii) (r^ + rg)^ = r^-d * r^d j * " 

• '(iii) r(d^* d2) r=»rd^* rdg j 

(iv) (r^r^d = r^Cr^d) ; * ' 

(v)^ for every d € 5., ^ ^2 ^^'^"^ ^^^^ ^ J 

' (vO for'"eveh( r € ^ >'^\^,'^2 ^""^^ ^^1 ^ ^^2 * 

(b) If the Cantor-Dedekind completeness postulate holds, tlj^n . O"*" = r"^ , 
and "the ^calar multiplication is defined for^ all elements of 



Scaj.ar MultipJ^ication ^ in The Domaiiy ; and Common Scientific Language . We 

point out that the scalar multiplication -is only defined, as a single ^valued 

operation, f or» Equivalence classes in D . Howev,e? it is frequently j^seful 

to rfepresenV equivalence classes by particular elejnents from those classes, 

and write, for example, d. = rd^ , when ^<p(,i3T ^d^) = r . We, do this implicitly 

in such everyday language as "this stick-1/ three times as long as that one" . ' 

The existence (by assumption, 03: proof) of a scalar multiplication^ (by positive 

re^l numbers) for th^ common physical measures, also underlies such e.yeryday 

**** ^ • 

usage as:, ' ' 

7 ft. • + 4 ft. = (7 ft*. . 

For^if "ftv^^tis just another na^e for a "unit" class (say d) , this is Just 
the scalar multiplication property • • * * 

'7d + 4d = (7 + ^)d = lid . , 

• Other common statements which you can readily interpreii in terms of this 
scalar multiplication, ^re: . . ' ^ - ^ 

1 ft. = 12 ins.; 1^ * . * ^~ ' ' *^ . • 
- ■ r ^' 8 ft. = 8 (i2 ins.) = 96 ins.; ; 

. 3(7 ft. -1 in.) = 21 ft.' 3 insi> * \\ 

But we are not yet ready to interpret the ".multiplication" represented by the 
statement: % - ' , 

I * ' . 3*ft. X \ ft. ^ 12»ft.^ ; . 



We have dealt with th& question of length in syntheMc geometry in con- ' 
' sideratle detail, because of its* inherent^ interest, ^because ,ther^ are* some * 
'facts involved (particularly questions of range) which do not seem to be well 
^own, and because the amount of work needed to set 'up mathematically.-based 
length and "coordinate functions from the axioms" of ' synthetic geometry, is not 
generally appreciated.^ You can firld an alternate treatment in [ik] , which 
uses a least' upper bound property instead of cuts. The t^t^l amount of; worfc^ 
involved is about the sam^. 

• 

' • Links With Other Parts , of Mathematics . We have shown' that' the domain of 
the le]^th functions (i.e., the set of all segments) can be^givSTiT^tr^^ 
which leads to the ordered semigroup (d,-^* ,<) . Because the order ^structure 
can be defined in terra* of the join operation, wq can regard $he ordey struc- • 
ture as secondary, and concentrate our attention oft th^ semigroup (D , *) . - 
We also saw that 9^^*sc^a*r multiplication" could be defined in 'D , first by 
positive rational ni^j^i^s ^ ^ and , eventually, by anjr number, in. **^",'the common • 
range of aU length fun^tioii^' The set is, a ;Sort of semi -field" : i.e., 

a group Hnder multiplication and a semigroup under addition. The-^et 4> of 
real numbers which consists of the^lements of their negatives, and zero', 

is an ordered 'fa^ld. If the Cantor-Dedekind completeness postulate is assumed, 
then (I)"** i= r"** , and • <t> = R *. "\ * 

^ ^ If you are^ familiar with the notion of "a vector space over^^a field^, 
the 'structure of D should remind you'^of the structure of -fi^ect^l^pace, ^ 
except that ^ ' 

(1) D is only a semigrpup, and not a group, under the joift operatiojij 

(li) - the associated scalar system is not a field, bUt only the '"sepii-^ - 
^ , field" ^ of all ^positive elements of the ordered f iel4 ^'<I> 

A 'structure which is like' a yector spape, but. whose assqciated scalar 
system ^i^ only a ring Z , is balTed a Z-modude^ This suggests that a suitable 
name for the structure of p , with respect* to the join operation and the 
defined scalaij multiplicltidfi, would be V'^semimodule . If completenesses 
assumed, this lis then an R"^-semimodule . We assume completeness 1^ what- - ^ 
follows. • , • - . ^ / ' / 

For thi^>ector-space-llke, but more general, structure, '^he notion of - 
HneaV funcMonal can be defined in the usual way as a function -fLh|:o the' 
associated scalar system, whicl\ preserves "Addition" and scalar products^ and . 
^I^gn 'easily show-that the- length functions are just the linear ,functionals - . 



for the R -semiraodule (D,* ,R ) , The set of all such linear functional^ 
(i.e.^, length functions) jis the raticwscale ,A" , and this may be"xgi^^ a 
"dual" structure in ^t^j^sem^, way as for a vector space:* ^addition is just 
fiOictional addition, and the scalar multiplication in A ' is Just tjiat which 
, is .defined for real-valued functions gener&lly. In this way the sysDem 

( A,+,R ) Is also an R «3emimodule, which, is the conjugate , or dual ^ of 

. +x ^ ' - - ' 

* (D,-* ,R ) . This is probably the simplest example of the concept of dual 

space in relation to linear spaces^. .As every element of D is. the unit of 

some length function, we therefore see that^the well-known "duality of func- 

r tions~'a23^ units" in relation to l^ngtB nj^asurement (and, of course, other 

ratio .jscales) is just a very simple examgike of the standard^duality of linee^r^ 

algebra; , 

If <t> ^is a proper subset of -R , a. scalar multiplicatioQ for D by 
all positive real numbers^ is not define{|; tjut we still regard l^lgth functions 
as additive po sit ive*-real -valued functions on D . In this c^se the set of 
all length functions is a" kind of generalized dual to (5 , * ) .* In 
general, there will be an isomorphism of (D , * , $ ) into the dual ^ace of 
( "A , -f ,*R )^ ^ and this will be ohto if (J) ^ = R ; this igomorpJaiW is defined 
jus-t as in vector space theory: c 
functional such that ;,g(\) = 



. jus-t as in vector space theory: d ^g , where g : TT^' ^ R • ifs tha linear 




/ Remark Concerning^nits and Scales • Both in the empir,ical treatment of 
length and in the mathematical treatment, we* ended up with a set of admi-ssible 
lerfgth f«!nctions, any two of which are related by composition with a^^goslt^iye. 
^a,irtijlarity transfprmation* Thus, if \^ , are admissible^ functions, there 
i? a positive real number k ^ such that \^ = kX^ . Therefore, for any two 
eleraenits , y , in £he common domain of \^ ' ^2 ^®*'^ve 



and therefore 



yg^yy'-K^' II. ' 

Conversely, if \- and \^ are any two functions with a common domain^^arid 
'with positive reaL values, such that 



1 ' J 

, ' , * \ Xp(x) \ (y) 

for every pair of domain elements ^ x and y then , i = , - k > O " 

• so that \^ = k\ - * 

This almost trivial use of ti^e' simple fact that, for positive rSal 
nunfters a , b , c , d , J = | if and only if f = | , is imijortant for" all 
set? of. measure .functions which are related by positive simij.arlties (i.e.', 
which are ratio-scales, or Similarity-invariant, .in terms of the^lassif ica- V 
tion suggested 'in Ch'Spter l)>-^ is this relationship, (in eith^- form) which 
is used in all simple calculations involving changes of units and' scales. 

• i ' 

You might find it useful to verbalize each of the two equivalent forms 
above; ■ . ^ 



(1) 



(ri) 



X = X (y) > expressed as: the ratjo of 'the length' 

. ^ ^ ^' . ... ^ . 

measures of any two objects, is the same for all length functions- 

(This n\unber is, of course, the ratio, ot "^relative magnitude", of 

X and y .) * V " * - j 



9- 



\^{x) ^X^TyT ' e:>cpressed as: j the ratio of^th|. lengfti ^ . 

^ ^ ' laeasures of an object M4ejr, two. giveh^^ 
^ same for^all objects. (This 'common ratio is, of course, ^he ratio 

. of the two functions-) t' ' 

^ The equivale^c^^ of tl^e sta\emepts for similarity-invariant measures 
may be summarized " as : - measure functions (on the spme domain) are related 
by positive similarities, if and only j,f tl}ey ".:gre serve ratios".. In other 
words, (as pointed out earlier) there. is .a'AatSal 1-1 Correspondence Qf/i^^r 
operations and ratio scales 



> 



* Ratio. Operat ions > Ratio Scales , and Scalar Multiplication . We have seen 
above that all of these ideas enter Into a theory of "lengt^i*', and ithat there ^ 
are raanj^9C>nnections between them. The^situation is, similar for the other 
elementally "'scalar^measures of the iJhy'sical sciences, so it might be useful 
to spend a li^ttle time, looking at the relationship of these ideas a "kittle f^' 
more closeiy . : - • . . . ■ ^ . / ' - ^ 'yl'^r. ^ V 

I " '■' ■• a- 
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In the framework of classical geometry (augmented tyftfie archimedean ! 

• s I i . i \ 

postulate-, and possibly by the Cantoar-Dedekind postulate) .we were ableitoi i 
^ • . J • } * 

introduce the basic ideas about '^length", entirely^ in terras* of the axioms of 

'the geometiy. You will , recall that we defined a domain structure of equiva- 
lence (just the postulated congruence relation) and a binaiy operation of > , 
"Joining", or "combining" domain elements^ (.segments). This ledTto a semigiroup 
structure on the of equivalence classes of 'domain elem.ents. Length func- 
tions we?e define(^ as t];iose whicli, in effect; preserved this structure/ In 
the probess of proving the** existence of length func€ions, we established an 
additive ratio operation (suitably related to equivalence) and constructed 
ler^h fii^pctions fjrom this ratio operation, by using "ratios" with* respect 
to fixed domain eleme^it^ as units. We wei;e able to show that all such func- • 
t^ons were similar; that any function similar to such affection was also -a 
length f sanction; 2nd that sfhy length function must be sinjilkr t^o^^ucfe a func- 
tion.- Thus we prov^ that the set of all length ffinctions is a i-atio ^"Ble-'^ 

; * • • • • ' V . ' ' y ' 

^ We also*saw ^that we could work^.elther directly , from the ^ratj^ operation, ^ 
or*from the (Jeriyed^ ratio scale, to define >a "scalar multiplication" of d(^in 
classes*by positive real numbers, and that the structure of the set of equiva- 
uence ^classes of domain^ elements was then an R s-semimodulet (Or, if we did 
.not assume comyieteness, a sort of "^incomplete" R'*'-semim6dyie, in the sense 
that* scalar multiples^ were not always def ined^'lD\it, where define^, we had the 
usua^propejrties of a scalar multiplicat^ion.^ When we now looked'^jagain^ at 
«o'Hr l^j^^i^ functions, we found that they h^td he additional property" (not ^ \ 
actually requil-ed by their definition) that th^y also "preserved" Scalar 
multipli(^ion, in the sense tl^t \(rd) =\xii^) > whenever 'the scalar product^ 
rd yas defined. ' : 

In tfie construction of a ^liitable measure theory' :Por ^particular 
physical "attribute", we do not usually ^havp su^h a well-developed foiaipl 
(^ioma-tic) system such as geometry, to \ise as a'model Space • »The questiDl> 
' then 'arises 'al to i/ha^sort 0/ a ttieofetical* picture we sliiuid" assume ^s a ' 
result of empiridal evidence. In practice it is useful* to use all of the 
related ideas of^ ratio operations, raticJScaleS;, afncj^ Scalar multiplication** 
but our e^ef i^nce^ with "l-ength/ suggests th^t we. do^ot need to '^sum^ all 
of thq^e ideas directly as they are ce;:tainiy^ npt indep^nde'nltii^.if we assume 
some of them^^^hen we can define the others iJnd exhibit "their iAter-relation- 
ship in a matl^ematical framework. ^ . 



In any such approach^ Ve usually assu?^e t'hat we have empirical procedures 
which correspond to the following assumptions; ^ 
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■ •■ - . I; 

(a) There exists an equivalence relation on the domain with respect toj. 

the attribute ^in question. * j 

(b) Therfe exists a binary operation of combining domain elements, wh£o)i 
carries over to' equivalence classes, 'and whij:h gives the set of such 
classes 9 structure like an abelian semigroup, but not necessarily 
"V:omplete" • (iThere^are ^mpirical/philosophical problems conce;:Tiixig 

' closure. ) , * ' ' * * . ' ♦ , 

(c) There exists an order ^ relation, which also carries over to equiva- 
Ifence classes, and which is suitably related^ to the assumed binary 



operation. 



■J 

"There exists a ratio operation which is properly related to the 
' , equivalence relation, which is additive, and which ("because of the 
. connection between "addition" and order) pj^esei^-es 'order. (In the 
establishment of this ratio operation, it is highl^ likely that we ^ . 
shall hav^ introduced a'saalar multiplication by ^positive integers, 
and possibly also by ppsitive rational numbers.) 

' - > . " ^ ' ^' ^ 

' *^ At this jpoint wc have enough -^sumptions to define the relevant; measure 

4? . ^ ^ 

functions (as .functions with values in R ., which respect equivalence and 

which are "additive") and to prove 'their existence (by direct constructfon 

^ from the assumed ratio operation, exactly as -f or length* functions) . ^ We can 

^ / als(i^ prove., a3 for length, that *an;y^^Mnot<ii^ft 'whl.oh is. sim-ilarrtb one., chained 

from the ratio operation, ,wiil be a ^^^^iV^niea sti^fe- funct'loii', "bu^ we ^annot 

proye the 'converse (that all suitabl^nJ^^irQ functions are similar) unless 

we make some further assumptions. One f(5rm of such an ^ssumptioa (whic6 'wbnld 

leave rfothipg to -^gfti^e) would be to assume directly that there are no other 

- ^ '^'^■^W ' ' ' - r - - . ' • ' ' 

suitable measu:^ functions than the set of those functions "^ich are simiXaV., 

to the functions" v^^ich we obtained f rem , the assmaed .ratio operation. That 

is, we would be assuming that the set of maasure functions farmed a ratio scale.". 

This conclusion could be reached in another way, by first* introducing 
the notion of Scalar multiplication into the domain, and then 'mod i^ing the 
definition of our measure hujctions, to require that they "preserve" scalar 
mul'tipHcatipih|is veil as being* additive. In this approach, ^he basicV- 
y assumption iB that of an additive ratio operation, from which the rest * 

•^follows. We sketch the stepf^rifefly, leaving you to fill In such details 
-as have not been provided earlier in *this chapter: , .* - 

1. Assume that we have aa -additive ratio operation ^ ^ , 

' ' . ^' * ' ' p f A^X A r"^ 4-- ^ • ' ^ \ 

for a set A , which has a binary operation of " combination" ,. which we 
.\ . denote by "*" . ' " • ' \ . ^ ' ' 

ERIC-:- ... . , 15'i 
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2.. Define (or agsume) a relation on A , such that a^ if | 

j -only if 'Q(a^,a^)^=l'i^ 



and 



I 4b 



3 . ■ Prove that ^ ♦ . * " * ' < - 

' " " s ' { 

(a) is an equivalence relation; ^ ' - , - ' " : 

(b) if a^ ~ ;aj^ , a^ ~^ a^ ,y then' - ^ 

. • / ^ p(a^;a2) =p(aj^,ap ; ' * 

, (c) 'if a^- ^-a^ , a^- a^ , a^ - a^ , then , - - 

. * ^ . p(a^ ^ ag /a^) = p(aj^ * , ap ; 

* [(^b) and (c) imply that p, determines a corresponding additive ratio 
yoperaxion on. equivalence gJLasses] . 

k. Inttoducfe a scalar multiplica^tion in the set A as follows: if 
^ p(/l^?g) = ^ f define ra^ = . Then prove that, whpre defined, 
\ this scalar iinil^34^>i^t ion l>as the usual properties; i«e., (i)-(iv) , 

3(f^Bbc6rcae?2^.19. * ' ^ T . 

5- Define a suitabjle measure function, f ; A R to be a function which 
not only preserves equi'^lence and' is additive, but which also "pre- . 
serves" the scalar multiplication in the sense tjiat f(ra) = rf(a) . 

[ Here ^ we' us£^thg s^gie .notation (f ) . for the function^ on A ^ and for 
^^^Q:te derived function .on A . ] , , . - * * 

6. As usual, "^prove that those/ functions which ar^^^erive^ directly from the* 
Vatio operation (by fixing a'*j3^D\ain class as "unit") satisfy all of the 
r^qtferemei^ts of 5 >*and that tlfes^ functions are a^l similar. 

7. ' If now rr^ R is any function H-^t necessarily derived frcxn tl\e 

ratio operation) which "preserves"Suae^^aiar multiplication/* then, 
foa^.am^^^^a'^ A • and fixed a^ € A , let pr(a,fe^) = r . .Thg^n a = ra^ , 
and ' * . ) 



f(a) = f('raQ)\= rf(aQ) 



wKere f^" is the meast^e function for-;which a^ is*" the unit, So that 
r ^pta^a^) = f^^a) . Tfet is' ^ ' ^ . .V - . V., 



^ so'*that , f is siniilar to f^ Thus there are no other measure :£unctions 



^ in ^|adition to tliose whicii belong to the uniq«e ratfo scale! which is 
' determined by the (similar) measure' functions, which have units* [As 
^efdre,^ we can- easily show that all of these functions are additive on 
• (A >) ■;] . 1 

9 

Ve.remtk that, t.he preservation of scalar multiplication thus shows up ' 
as a' stronger requirement than the preservation of "addition". In the fSne- 
vork of .classical gfeometry we were able to show (by rather tricky argument! 
involvii|g' the topological completeness of the real number system) that a^- 

. tivity im^ies' that scalar multiplication is ^sei^d; but where we do Mt . 
have.*a ifomal framework in which to carry out su^ proof, it is probably 

.Simplest to require the presentation of scaOr multiplication as part of the " 
definition. ' '' . ■' ' 

An entirely equivalent approach (the difference is essentially linguistic)" 
is to^ require the preservation of ratios: "if f ^ , f ^ : A r"^ ar; measure inunc- 
tions obtained trSm an additive ratio function, it is trivial -to pr.ove that for 
any a^ , ag in A , ^ " ' 

} ' ' 

- ^ . . '^'-'^ ' . 

We could now require of every measure function, g j A -^'R"^ , that, in addi- 
tion to^ preserving equivalence and being additive it preserves ratips in the 
sense that - ♦ , ' . 

?1 '^'2* 

Prom 'this assumption it is qasy to prove that g must be similar to' f ' and 
^ , • • 1 ' 

• ' - 

Remarks: ' « ' . 

^ ■ ■ * ♦ 

1^ ^mpJtasize that^^^n^mathematlcal model^ 'rela|ii0g ta physical measu]^raeii-^|||^ 
it- 4,3* usually assumed (often implicitly) that a scalar multiplication of 
domain elements i§ defined for all r € R^. ms is equivalent to the ^ 
asstunption that each measure function is ^onto . R"^ , and to the assumption 
that' the domain is kn R^-semimodule. • • ' • • , ' • 

2. In the previous section ^we commented that a ratiofunction was related to* a 
scalar mult^ipli cation much as ordinary number division is related to number^ 
^muitipli cation. We can now make this a. little clearer,/ In the above, dis- 
. . 'cUQsion ve showed how an additive ratio oWation determined a scalar .nijati- 
'plidation^ On the other hand, if we have a, notion of sc.alar multiplication 

15o • ' . • - • . ■ 
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(by positive rea J. ''numbers) in a set )k^, then we can define a oratio opera-^ 
tion in (not necess.arily on) A , by defining: p(a^,a2) r if a^ = ra^- 
If we assume that every element in A is soine positive scalar multiple of 
I . every other element, .then we can show that p is a. ratio operations A 
in terms of our definition of ratio operation • [You should* prove that the 
cancellation property follows directly from- the 'scalar multiplication 
property r^(r2a) = (r^r2)a J ^ 

Length in Cartesian Geometry . " We have already refet^red to real cartesian . 
geometry. T^is is usually developed Out, of synthetic geometiy or metric geo- 
metry, by proving that a 1-1 correspondence (a coordinate function) can be set 
up (in many related ways) between points of space and the cartesian product 
R X R.x R . When developed from synthetic geometiy, the range question is 
generally slurred over, but, it is .usually assumed (implicitly) that a co- 
ordinate function is onto.- This^s equivalent to the assumption of the archi- 
medean and Cantor-Dedekind postulates. Th^s difficulty ^oes not. arise in the 
metric fipproach: the postulated coordinate functions fqr each line are onto 
R , and \t follows easily that a coordinate function for space is onto , 
R X R X R . . 

y If a coordinate function for^space is required to, preservi^ distance tin 
terms of a postulated or constructed distance function for each line,'' and the 
usual ''distance function in R x R x R) , then it" can be shown to be unique up 
to a ^rigid motion or R x R*x R ' ' ' " - »• • - ^ - 

Of course cartesian geometry c^W^e esta'blished dir/t#l//'"wi^Iiout any 



appeal to metric or synthetjfC geomo^yyTf^y defining points to be ordered - 
triples: of real numbers in the cartesian product R x R xl^ , with distance 
defined by . ^ . * 

^■'^(£;)^.^^((x^ - y^)^ + (x^ - y^)^ ^^-(^3 -1^^)^^^ ,y 




(Where X = {§\ yXr^^^^^^^^^^w^y^ * usual <structurfeLS of geometry 

(lines, planes, A^^S^^^V^i^s^^etc - ) cfen" be defined purely algebraically. 



and it can be shoV» -6^^, these -satisfy the postulates of both metric 3'^,--. 
synthetic geometry., S§^'a program is only 'found in" the niore ' advancM^&)fe, 



on analytic geometry, btite*& very similar treatftient i5>as^ally giV'en_Jji 
algebtaic teans .in eldm^ntary .books -dn line'e^jtali^bra, in ^hich the. ^pace's , , 
studied are, finite dimensional Vector- spa qe^ ■'"^"■'■^ ' ^ 
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length and TJie Classification of Measure Functions .' We conclude this ' ' V 
aeetlon vith a^ few remarks concerning the relationship of x)ur treatment of 
"length', ^o the scheme for classifyihg measure functions which we sketched 
. in Section 1-7. In particular, ve want to remind you that we have not 

attempted to define the ^concept of iength in any fomal sense; and that the 
definition which we adopted f6r "length function" wa%, to a considerable ' - 
extent, arbi-trary* 

. Recall that we have assumed that there "is an identifiable set of elements • 
Cthe domain) which possess the attribute bf length. Ift a fonnal system, like a. 
geometry, we could identify this domain' pre^i^ely,;, but, of course, thi^ identi- 
fication is only "relative"., as thg fofm^l system itself is built' on undefined 
tenns. 'On the^ength domain we were ^able to establish many structural elements: ' 
an equivalence relation; an order relation which carried over to equivalence 
classes; ah "additive" join .operation which yielded a' corresponding binarj^ 
operation on the set of all equivalence classes, and which was -also related t?' 
the order relation;, a resulting operation of subtraction In (but not on) the 
domain of equivalence classes; a ratio structure; a J a scalar product st^c- 
ture. All of these related structural concepts had counterparts in the posi- 
tive real number system, and the simple definition which we adopted for "i^pgth 
. , function", fit should be (or yield) an addiJ^Ve function on equivalence clasSes, ' 

• with values in R ) gave us llngth' functions which actually "preserved" all 
^ Of .the,"length structure" of 'the domain. - Moreover (with Wt appeared to be 

. . jus_tified assumptions Jn the 'empirical case) the -set of all "lengths-functions". : 
L jl° }^ ^ rftio .scale. ;j „ j _ii . . J, . , . U- 

;*et us temporarily call our earlier length functions "r&tio le'ngth;func- 
^ tions". We^ight then (ia the spil-it of Section l-7> define "nominal lefOT*-=^-fa^ 
_ functions" to be .functions^on the length domain, with Values in R^" (or . 
, possibly even^in R) ' which_ preserve the equivalence relation, (i.e., ^hich 
S^""^'*^^ SS""^ ^^l^e to length-equivalent domain elements.) We could define " 
_ ^ length functions'-^ob^e those nominal len^k functlons-which also - ^ . ■ 

.preserve the order relation^.. And we could define*^" difference length func-' 
tions" to be those ordinal length functions which also preserve the difference - -- * 
sfinicture. The "ratio length /unctions" are then those "difference length' 
. functions" whic^re "additive", and we have a hierarchy of types -of length ^ 
l^nction. In practice, of course, we al-e only interested in, the smailest'set ' 
thfe ratio scale. The" functions in this category have aU of the properties of 

• those in the "weaker" categories, and more. We certainly would 'not claim 
that our definition of "length function";waS, in .any sens^, the "right!' 

• -ief iMtife . All we asser^^ U that, on t^e, basis of' considerable- eXperl^ence, 
it is 'probably the most useful. ' ' ' ' . 
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With suitable. assumptions we could investigate the structures ^of the 
several categories of "length functions", but, as these are of no very great 
interest, we shall not do so. (In essence, they are those functions which can. 
be obtained from length |Vnelfeions by composition with suitably defined per- 
mutations, strictly mpnotone funqtions, and affine functions.)^ We shall have 
more to say about' the last-named category in the next section; 

2-6 Qoordinate Systems ' 

A coordin&te system is usually a function (or a^ set of functions) which 
measures ^sQme^a-jb tribute. of the space to which it apj)lies. Thus coordinate 
systems cap be considered to be measure functions in the general sense. 

. r - V ^ 

Even for the simple spSt?"!^ of: elementary geometry, there are many dif- 
ferent kinds of coordinate systems: cartes'ian coordinates, p ol^^co or d i nat eS , 
cylindrical coord^flrSxes, spherical* coordinates, and so on. AH these have 
^at least Qne-"fhing in common: tiie^ serve to "identify" or '''locate" the points 
of the space. - For this purpose tbey are usually" 1-1 mappings on the set of 
points of spate, into some appropriate value sp'ace; , in general, this is not 
simply the real number system. ^ , . . 

^ It is not oui* intention to undertake a thorough study of* coordinate ^ 
systems, "but we shall take a brief look at one of the simplest of tl^se, from 
the •point of view of measure fxinctions which we have adopted in this book. 
Specifically, we s^iall take a closer look at the notion of a coordinate sys- 
tern for a line,^Si nbtiQh which has alreadybeen n;fintio>ied several times."', 

'In the hetric treatment of geometry, it is postulated that each line . 

shall possess a coordinate system* This is defined, to be a. 1-1 function 

from the line onto the-* real numbers, V^ich is related in* a specific way to , 

/ •* * * * - ' 

a/postulated "distance function for the space as a whole. , 

In synthetic geometry, no such distance or coordinate functions are * 
ostvilated, but we^have shown that the congruence-betweenness structure j> which 
is postulated, enables us to prove the existence of length/distance functions, 
' and* suitably related coordineU^e functidjqs; and thai, provided that we assume 
-the archimedean and* the Cahtor-Dedekind postulates, these behave as postulated 
in tbe metric treatment. \ 

' Let us look briefly at the notion of 6 < coordinate function for a line 
(in synthetic geometry) from the measurement point of view. Let , i * be a 
fixed line^ .-First of all,* we should expect that any suitable, coordinate ^ 
funcjbion-^should s§i^e to ^jame, or identify, points ^ the line.* (i.e., it '] 
should'be 1-1*) ^ Secondly, the postulates of synthetic ^ometry include a . 
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notion of betweeimess: we would expect that' a suitable coordinate function 
should preserve this. Finally, certain subsets of the line (se^nents) have a 
congruence structure , and we might well expect that a ' suitable coor^Jinate , 
fimction should "preserve" this, in some way. 

If we think of 'the real number system, R , as a possible value space 

for a suitable coordinate function. for i", we can use the structure of R 

to formulate the notion of a coordinate function: . an admi ssible coordinate 

- * " — 

function is a function 



i R 
-• 



such that 



,Ci) 

(ii) 



is 



bfetweenness of points on I is preserved in the sense that for 
A , B , a a i , A - B - C f(A) - f(B) ^ f(C) , where the 
notation on the right has the obvious interpretation. (Observe 
that, as a consequence of this requirement, the image under f 
of a segment AB' must be contained in the closed interval/ 
[f(A) ,f(B)] of real numbers); ' ' • 



(iii) for segments AB , CD € 



i , AB = CD 



|f(A) -f(B)| *|f(t])^.f(D); 



Notice that all of these requirements' are formulated within the postulated 
concepts ^f synthetic geometry: they do pot. involve (e:}g)licitly) the concepts 
of distance and length. 

• Prom our earlier work, we know' that there exist funcrtions which satisfy 

these requiranents: as we s'kH earl^eij,^ if we go through the process of setting 

• " i* * + ' . ' 

^up a length function, K : D R , on. the set n of all segments 'of space, 

then we can use this (in infilriitely many ways) to set up "coordinate 'functions" 

"f. : £ ->*^R for the line £ , an3 these functions can be shown to satisfy the 



requirements (l) (l^S). Moreover, for each fixed f^ we c.an obtain other 
suitable (i.e., satisfying the so-called ruler postulate; coordinate factions 
'by composing f^ with rigid motions, x"""^ ax + b> (a , b €-R ; a = +1 or^^ ^1 ). 

^ - We can verify directly that, if f is any admissible coordinate function 
in the sense that.it satisf ies^Ti) (iii), then the Action gf obtained • \ 
by composing f with any affile transformation 

^ * ' g ^: X ax + b (a , b € R J a 



^ ^ 'is also admissible. It is natural to ask, whether or not all admissible co 
ordinate functions can be* obtained in thii^ way,,. from the particular coordinate 
o functions/' f^' ,*wixich wer^ derived from'lengtii functions. 

' , Let us asWume tW oto-^gpa'ce also Satisfies the archime^ean and the 

Cantof-Dedekind postlalates. Then each, f^ , and each gf^ is a 1-1 function 
. from I ohto R . If now f is apy other admissible coordinate f unct/on 
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not necessarily constructeia from* a length function) then the' composite 
function , ^ * " ^> , 



is a 1-1 function which preserves betweenness, and which preserves , equality 
of differences (i-e,, if a , b , c ^ d •€ i , with |a - b| if'-^lc -^dj , 
then |h(a) - h(b) | = |h(c) - h(d) | . We comment that the absolute- values 
'could be dropped, because the p r^ese rvation of betweenness ensures that h-^^is' 
either mpnotone increasing or monotone decreasing; thus trie above condition>v^, 
±B equivalent to: if ^ - b jvjc^" -r.ti;, then h(a) - h(b) = h(c) - h(d) • 

If you now go back to the jJroof of Theorem 2-2.1, you will find that 
these prop^rtie^ of h are sufficient to ensure that h is an affine' trans- 
formation of R . Inf other words, with the assumptions that we hav^.made, 
a coordinate system for a line is an affine-invariant measure fuB'c^ion^ in 
terms of the classification of measure functions which ve desc-i^bed .in Chapter 
1; and eveiy admissible coordinate system can be obtained (by composition with ^ 
a suitable affine transformation of R) from any particular coordinate system, 
f^ , which is derived from a particular length function, \ . ^ ^ 

^ In some measurement situations involving affine-invariant measui*e func- 
tions, we wish tc^^ricjt^the admissible functions to those which, in some J 
sense, preser^'^ierrtation^ , or "direct jj,o|i" . We' shall' discuss this idea 
briefly in, the next ;?ection, but we mention here that, if such an additional 
requirement ib made, of a coordinate function, then the appropriate composition 
group of 'functions-' is the positive affine group of those affine transformations 
(x^->ax + b) of R for which a > 0 • ' ' ^ 

' - ' ■ ' \ ■ ■ 

This is as, far as we wish to ga^ in this direction at the present time\ We 
shall ^return the discussion of codjrdinate systems again in the ne:Jb chapter, 
in connection with angular coordinates and polar coordinates. 

Transformations of Coordinates and of Domain : Scale Models . This seems 
to be an appropriate place to say something ^.about transformations o©the domain 
(usually called point transformationsV^^ -transformation of coordinates, and 
about *the related question of . %cale, mod^'.. T^e disc^^ is quite ^^jqc^lete. 

Jiet us tirst take the viewpoint t'hat our space S is the space of .metric 
geometry, and that ^ (cartesian) coordinate system for *S is a 1-1 fundtibn 

•which is related to a distance function in S as' follows: , Let ^ 

'X = (a^^x^jjCg) and %, = (.Y^,y^,y^) , Ije points 'in ,E , and let 5 : E x E -» r"^ - 

o ■ ■ ' ' m ' ' ' ■ \ ■ ^. ' 



denote the "distance'* fxmction in E given "by 



6(X,Y) = ((x^ - y^f + (x^ - y^f + (x^ - y^)^) 
function p 

i.e^, the fufiction^which^ is related to the ^ps x p^ and 
.indicated by the commutative diagram: 



For each coordinate 



, let denote the corresponding distance function, for S ; 



S X s 



Pi X Pi 




E X E 



6 



We now ask ourselves: -what is^ the relation between those coordinate 
functions whic^ correspond to the same distance function for S ? Since each 
coordinate functipn is 1-1 onto, eadh pair of coordinate functions determines 
a 1-1 correspondence on E ; i,e,, corresponding to two coordinate functions 
Pi there is a 1-1 Qorrespondence £>^^ : E ^E which makes ^ch of the 

following diagrams commutative: 




^12 



S X S 



E ^» 




P2 ^ P2 



E X E 



B X E 



if we are n&w given a coordinate function p^ ^^'and a "corresponding" distance 
function, , ,for S (in the sense that = 6(p^ x'^p^) then our ques- 
tion *~amoitntg to asking for' the "set of those 'transformations' ' 

9 " 



12 



which are derived from "equivalent" coordinate funclTions fi-e-, coordinate 

functions for which a, = 6(p^ x 'p^) =: 5(p^ x p^) .- This set of trans forma - 



5(P2 X p^) 



(i^., unit-ft:qe), is tt^e 



>igid^ motion^ are just those transformations ^ of 
"distance function" ((x^ - y;)^''+ (x^ - y^f + (x^ 



tions,' which can be shown to be independent of 
so-called group of rigid motions of E . It is fairly easy to^ see thai these 

E , which leave the 
^j^. - y-^^ + - y^'^ + (x^ unchanged, for 

each pair of points ^=^{yi^,yi^^^x^ , Y = (y^,y2,y3) , of ^ E. .^?Phat is, if 
•^(X) = V = (x« ,x| ,x^). and = (y{ ,y^ , y^) then 

- y^)^'+(x^- y^f + (x^ ■ 
You can^find details ^n [73 



\^f^A^ y{)^-+ (x^ - y«)^ + (x« ^ y«)2 ^ 



We 'can now take & different point of view: instead of ^looking at 

^changes in the coordinate functions, we cai; look at 1-1 transformations ^ 

(60-called "point transforraations"v as distinct from "coordinate transfer- 

mations")^ of the geometra>^ space *S onto itself, and ask ourselves what 

point transf onnations of ' are 'yfistance preserving" . From our earlier 

discussion^ you will recall tna^these are just the congruences (also callod' 

"rigid motions") of ' S . " , 

* " V . tj - 

If we have any point transformation , r.: S (not' necessarily a con- 

gruence), and a fixed coordinate function p : S E , then r .determines in 
a natural. w&y a \ransf ortnation : E E , where p ^ p T i'"^ \ (Recall that* 
all of these fux^tions are 1-1 onto, so that the composition^ inverses £xist.) 
In other words,: p is determined so that the diagram "below is commutative: 




* 'On the other hand, ^ if p is a 1-1 correspondence of E , th^, for each 
coordinate function* p , there is a point transformation r of S which is 
determined^ by so, as t6 make the above diagram comnrn^t at iv^^^^ each 
coordinate functioi^ p , determines a 1-1 correspondence of the poinrt trans- 
formations of S and the l-rl* correspondences of E . . It can be shown that 
the* set of those^q^rnt transformations of S which correspond to t\ie group 
of rigid motions E is 'independent of p , and that it is the group of ' 
congruences of S • • ^ 



SupjtOse novj that 0^ 'an^- are distance fuhctibns fqr S-^ , and that - 
P-j_ >4B2 > corresponding coordinate functions, as described 'earlier,. Then 
0^^^ and ^ -differ by a positive similarity, k , of r"*" (i.e< 



J4oreover there is a transformation P on E ,*'sUch that ;= Pp^ 
follows .that, for any * X , Y , in ' E , ^ , fr 

^ .5(pX^pY) = k5(X,Y) . 



= kaj^) 

It.. 



This situa.t4.0n is. pictured in the following commutative diagram. 



The set' of all transformations, 3 derived in this way is *a group, called 
the extended similarity ^ro\xp on E . Clea^y this group contains the rigid 
motions of E • . * ^ 

We now turn th6 picture arouhd^ and consider the "dual" situation: for ' / 
a given coordinate f, unction p ^ what is the set of those point ti:0ns forma - 
tions of S which (as describe^ above) correspond to the extended similarity 
group on E ? This is the set (actuall^ "fr group) of those point trans forma- 
tions T of S , each of ,which has the effect .of multiplying all distances' 
by some k > 0 . The situation is as pictured in the following commutative 
diagram: ^ • * * 



^,This .group pf poin-U*:ransformations of S . (;^ch includes the cpn^ru'ences) 
is, of ^oursf^ the group of similarity transformations of classical geometry J-. 
(Similar figures, are those which correspond under a similarity transformation 
of S It Canute shown that this group is independent of th^"<ih6ice of 'p ; 

.i.e*, similai;ity is a uoit-free equivalence relation. 



^1 

are distance functions for* 



If , and = ka^ , are aistance txinctlons for S x S , and ^ r is . 
a k-fold similarity of S , we ian stunmarize the al5ove iji the following commu- 
f;tQ^ye diagram:- i ^ ' 



c 



7 X 




Similarity (point) transformations of S have -a simple relationship to 
the matter of "^cale" models. We may ccyisider an. object in the physical 
H^orld as mapped. into. S by a "model function". Generally, this function. is * 
suppressed, ^ with the object regarded as acytually being a subset of S , , 
:(iather than being in 1-1 correspondence through a certain "model fuhction^'^, 
with a subset of S • ^(Another way of looking at ^his, is to regard 'physical 
space, with "poiRts" of an object, corresponding to* the "points" o^" physical 
space which- theyr^'<5ccupy", as*' a m^ric geometry. That is, physical space is 
assumed to have ^ an empirical structure which makes* it isomorphic to the formal 
mathematical system S ., so that we may treat physical space as a metric geo- 
metiy, arid physical objects as jsubsets of this geometry. When this is done^* 
the l^th/distance functions of the mathematical system are usually given 
the same names (i.e.. Inch-, foo\, meter) as the empirical functions used in 
measuring the physical distances involved. It is .possible that this, suppres- - 
sion of the. ^'model function" is partly responsible for the common misconcep- 
tion, that physi;ial space actually is a metric geometry,) 

For the sake of simplicity, we suppress the "model", function and treat 
phjfsical space as if it, is a metric geometry-- S . We may then describe physi- 
cal objects as beihg similar , if there is a point transformation of S /of 
the type which we have called 'a ^k-fold sofiilarity, which maps one onto the ^ 
•other. The result which is pictvired in ^he last commutative diagram, then 



lie . . 



stages that the effect (on the length measure-^af 'an object).\if changing . the 

length scale (i.e., the length function, not the unit) "byk factor k , ls^^\ 

indistingui^able from the effect of 'a k-fold similarity on ifee' domain. 

' - ' > ^ 

^][t sRould b« noted that our definition of similar objects is broader than 

the coimnon i;sage of the term "scale model''. For the latter there is usujflly ^ 

an additiQjial restriction; that* "orientation" be preseirved, to rule out those 

similarities which change left and right handedness, The distinction is, of 

course, the same that ^between rigid motions (congruences) in tlie mathema-* 

tical sense, and the corresponding more restricted phyVical Idek of a rigid 

motion, which permits only those transformations which are composed of trans-. 

lations and rotations. 

While the above discussion ha^s been concerned mainly with length, there 
are important relationships between similarity transformations of domain and 
other, common measiarem^nt functions, including, of course, angle measures, 
area, and f6Lmie. We=^turn to this question later. ^ '* * 



2-7 Directed Segments , Orienta-^B^ nd Vector Measures^ 

jn^fifl^^are many purposes for which the length functions which we have . 
described^ are, in a sense, too crude. For example, ^ven a j^&lr of (different) 
points A y B , in space S , we jnight wish 'to have a concept of "distance", 
-which distinguishes .between the "distance" from *A to B , and the -"distance" 
' frj^m B to A., That is, we^ight lopk for a "distance" function, on S , 
^hich, preserves the, distinction between the ordered pairs (A,B) , .(B,A) , 
Out first thought is that we coi^d^do this quite simply, by defining one of 
these "distances" to be the negative of the bther: ile,, by. using as yalue * 
space the wliple real number syk^m, instead of ''^'i^ , This immediately 
raises the question as to*which of the two orders should* get the positive 
"distance" valu^, and which the negative vaJfue; and whether or not there is 
some useful way of making such a choice "uniformly" throughout space. This 
immediately involves us in questions of orientation^ which'^we discuss briefly 
telowj ^a full consideraijf^^ of ^rientat'ion is bey6nd th^ scope of this book, 

^ InsteaS of considering ordered ^pai^^?":^oirrts, an'd oriented, distance^"',, 
let us lool^at th^ equivalent situation with directed segments, A directed 
segment 4s a segment, together with an ordering fo;r its end points. (Other _ 
equivalent definitions coiild b^ given,) TKus eac^ directed segment ^de terminer 
a unique segment, but there are two different directed segments* coi»re&^nd4ngi^- 

* td\each segment. The notation aI is often used yi. denote the directed \ 



^segment , (A,B)) , "but we hav^ alreadyjised-^e notation^iS to deno'Jie a 
ray. ^We therefore ad6pt the symbor^ A,B to' den^e the'directed segment "fr^ 
-A to B'* . Thus *A,B ^ 0^ and on2.y if A c4 d and B = D . 

» t-*'^* 

If wejiow ask wheti^^r thSre «are functions, f , defined on the set ^ of 
aLL directed segments, and with values in R , which have the properties: 

,(i) f(A.,B) = -f(ByA) for every A^ in-D'; 



5^ J " (ii]^ the function^ \^ derived from f "by defining \^(AB)^= |f(A,B) | , . 
. '\ „ 'is a length function for the set D of all segments; 

then the answer* is clearly "yes": we clin take any length function \^ on D , 
and make an arbitrary choice of value. (± \^(AB)) for f(A,B) , and then define 
f(B^A) to be -f(A,B) . Of course thj,s is not very satisfactory, but it 
emphasizes that there certainly -exist 'appropriate functions if we ask no more* 
from them than that they satisfy (i), (ii) above. * 

In addition to (i), (ii), we inight look for other conditions \ihich we 
"vfo^ld like such a function to satisfy. For exajnple* we might ask that: 

ixll) for all directed segments on a given, line, the value of f ' - 
' should have the same sign for all directed segmests which "point 

in the same direction" (see 'below); , , . ^ ' 

(iv)' for" all 'directed segments which are on pa^^allel lines, and which . 
/^*^%o^nt in the same dirqctioli^' , f should ha:^e'the same sign;- ^- 

(v)' .^J^,.ali directed segments 'which are "sufficiently close together". 



f t gho'^'d - .have the same sign. * . jt, > 



sartie sign to d:^-recteorsegmeiits A,B , A,C , such that the angle ZCAB is 
"sufficiently small"*, theri, intuitively, this condition pannot be ^satisfied 
along with condition (iii) . For (intuitively), the directed segment A,B. 
could then be continuously rotated, without changing its sign, to the position 
,A,B' "opposite" to A^B ; conditions (iii) and (i) would then. require that ^ 
f^(;A,B**V=r r(B,A) = -f(A,B) , while condition (v) would require that • r 

Condition (iii) (alone) can certainly be satisfied: all we need to'do is 

to show that the set of all directed segments on a 'line can be -partitioned 

•into tvo equivalence classes by an appropriate relation -Of "satne direction"; 

, see fexgrcises "below. Coiiidltion (iv) can also be satisfied, along with condi- 
tion (iii). ' < A . ^ ^ ' , ^ 
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* » ' ' Exer cises 2-7 ' * . 

,1. Let A,B and C,D lie directed segments on a line £ . We' define a 
relation t on the set ^of all directed segments on X , by , 

A,B t C,D if and .only if AB^O-CD is a ray.- Prove that t is an 
•equivalence 'relation on and that tl\^ere are exactly ^ two equivalenpe ^ 

XJlasses with respect to f . ^ 

' ** 

/ 2. If A,B , C,D are two directed segments on a line i , then (from the 
• , 4?^stulates of synthetic geometry: * see Section 2-5) the pQints A ^ B , 
' C , D ,'(at least 1^o of which must ie distinct) can be named in an 
order , , , X^^ , such that - X^ - X^ - X^^ , «<if only two 
o^ three of these points are distinct,^ this must be interpreted' a ccord,«i 
' -iWly.J If they are so named, with A = X. x , B = X. / x C = X / v 

• * • - ° = ^^^^ " only if, i(A) - i(B) , and ' 

. ■ • i(c) - i(D) , have the ssame sign. - • ' ' 

3'. ^ ^ • "^"^ is a coordinate, function for a line £ , and iJ^A,B and** 
^p^-^^^Q directed segments in i , prove that A^ | if and only if ' 
^ fCA) - f(B) and f(c) - f(D) are either bath positive or both negative. 

The two equivalence classes of Exercise 1 above, lead to the concep^f 
^ orientation; we orient the line by selecting one of *these equivalence classes, 
\ Each class is* called a direction . Thus there are two possible direction^, and 
each is completely determined by any of its elements; i.e., by a directed ^ 
segment." i - - 

If we choof^^-one of the two dil-ections, on.4 fixed line Z , as a "posi* 
^ 'tive" direction, and the opposite direction as the "negative" direction, then 
• a function- f : R (^^ denotes the s,et of directe«fc- segments on i) ;ich 

satisfies (i) — (ill) , can be establi^ed in the obvious "way. Mo-reov$r the. ' < 
conce'pt of direction can be eJrtended to parallel lines in* a fairly straight- , * 
forward way. We shall not go into details of this exten'sion'. 

' '\ •". ' ,- - 

SoM^times these\ideas are used to ascribe, "negative length" to certain ' • 

directed segments, but it' is preferable not to use the word length in cOnnec- 
- tion with measure functions (generalized length 'J^I^ctions) on directed segmen^S<^ 
It is better to regard the objects under discussion (or, ratjier, certain equi- ■ 
valence Classes of them^ under the relation of "s^ame dirsction and congruent 
as segm^ta") as vector^, and to look for raeasure^^^fdn^ons whifh are relevant 
to the "vector space" structure of the set of such vectors, (in order that 
this set be^a vector space', it 'must, of course', have' a "null vector" or "zero 
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"vector"; the class of "jjjegenex'ate" directed''"segments A, A provides this parti-, 

• culgr vector.) For such "vector measures", the appropriate value ^pace is 

often a so-called "real euclidean vector space", of appropriate dimelision. 
: I ^ \ • 

For .the restricted ^.set of such vectors on a fixed line, the corresponding 

^ ^ — M \ ^ . . 

1-dimensional vectofc spa^e is 'isomorphic to, the j^eal number system, an<^this 

is vhy it is possible to have fiin'ctions like f above, which are linear 

isomorphisms from the.. 1-dimensional vector, ,3^ce [D.] (whose elements a\e 

"* '^^ ' ^ ' \* 

I. equivalence classes of directed segments in D ) to the real number systemv 

^ We do not wish to get seriously involved in questions of vector measures, 
which quickly lead in1:o Questions of. linear transformations and matrices. 
(There are piany excellent books which deal with these ideas.) We do however 
point' out that our earlier join op.eration for segments can be appropriately 
modified," and that the ,set- 6f vectors LD^J is ari.abelian group under this 
"operation. Moreover (generalizing the "correspondlhg situation for segments) 
there is a **scalar multiplrcatipn" of vectors, by elements from ah^ appropriate 
number field, (if we assume the archimedean and Canto^-Dedekind postulates, 
this ,is the field of all real numbers.) These structural properties (an 
abelian group which ^is closed under scalar multiplication from an appropriate 
field) are charact^istic of vector si)aces. The vectors (equivalence classes 
of similarly diI^ected^ongruent segments) in S do, of course, form a vector 
space, with^ector addition, by the "parallelogram rulfe" , corresponding to 
the modified join operation ^in t-^^i ' • • 



2-0 Extension of the Domain f Or Length Functions : Curve Length ^ 

The foregoing discussion of length functions, berth from an empirical "and" 

from a mathematical stfindpoint, has been confined to the length of segments 

and their physical c©piterparts , And, even with this restriction, our empiri- 

cal discussion paid no attention to the fact that the empirical <co\anterparts 

. of alDf segments could not, in fact, be manipulated in the way which we briefly 

(and rather vaguely) indicated for the "esi^^blishment of* empiri cal length -measure - 
xi' , ' ^ > \ : ' 

lUlt Relationships and functions • In fact, ^t\the empirical level there at'e 

important pracxtical problems, to be solved in?a|rjning length functions for a 

domain, which ipciudes all "rod^"^ (i«e,, the phy|\»ca counterparts of all 

^^rfhents). These impartatit questions are properly discussed as part of physics, 

' * r \ • ^ 

and ve. do nat. -concerh t)ui*s elves with them .here, except to point out again that 

* it is not really possible ^tp solve them in a purelv empirical framework • For 

example, th6 i^easurement of very large distances involves not only assumptions 
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copcej^rtg the t^Vlavibr of lifeht, but also assumptions- concerning the nature! 
of; physical space. These asgumptiofis usually involve mathematical "models.", 
and mai;hemati<:al ideas* of distance . , * . ^ 

. What we are concerned with under th^jJ^oVe heading,, is the extension of 
trie domain of length -functions fri^egments and their empirical counterparts, 
, to include also such objects. as pieces of string, highway distahces, perimeters 
o? po]^g(^ns, circumferences'gf circles, and sp. %^,.4ye again, empirical length 
measujmeirtusually involvegbo'th practical ques-tions and mathematicaJ.questions . 
^ ^_or^j>-^:5 keep the dtscusSion reasonably brief we sliall not ^is cuss empirical , 
' length measurement further; ' (The mathematical questions which are relevant to 
the ^empirical development, will ^ mostly answered in a discussion of the icorres-., 
ponding questions of domain extension for length functions in a foimal mathev 
• matieal sys.tem.) 

From a mathematical point 'of view, the question of extending the domain "' 
of length functions proceeds in two more or less distinfit directions, which 
eventually, make contact again at a more advanced level: one^^of these exten- 
sions is concerned with the length of objects called "eiirves", and the other ' 
: is concerned (initially) with the generalizal^on of length functions on seg- " 
^ments, to a larger class of subsets of the real line. (This is part of the " 
"measure theory"; see, for example. Ill] .) Each of these 
:ViieTST|es our earlier treatement,- in th^ sense that, for ea^generalization, 
the dom^ of an appropriate measure function include'!' the set of all segments 
(or something isomorphic to this set) , and each function agrees with ohe of- 
the length functions defirtfed above, cm their opmmon. domain, the set of all' 
. segments . Anything approaching a fu^iMreatment of either generalization is. 
beyond- the ,^cope of this book, but we can at least give you spme idea 'of the 
direction in which each leads . 

Broken Segments . Before discussing curves and' curve length in general^ ' . 
we consider" the class of broken segments. (These are often called broken lines* 
Imt this terminijLogy is not in keeping ^th the way in, which the words "line" 
and "segmegt" are now use4..) An elemen-bar(r broken s^|flt (where there can be . • 
• no misunderstanding, we^bbreviate t'hUs'term to "broken segment")" is* a finite ' 
sequence of segments X^X^.', j^X^-, _„'..'. , jT^^ , in addition ' 

to the "chai«" property suggested by the terminology, satisfy the further 
.condition that 'each two of them have at most ortfe point in common. ClearO^jr a ' " 
segment may be. regarded as a broken segment. Diagrams (a) and (d) below ■ ' ' 
illustrate elementSrjr-broken segments, but diagram' (c) does not.:.; ^ 4 

' ' ' ■• ' ■ / ' ' ' ' 
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(a) 



(b) 




A "broken segment is simple , if tlyTonly intersections of its constituent seg- 
ments are at the end points of successive s events* Thus (a), aboye is'simple", 
but (b) is not. Every segment is a simple broken segment. If b is^ broken 
segment, we denote by b the set which i§ the union of its constituent segments. 



We consider the j>roblem"of extending length functions from the domain D 
of segments, to the domain D-. of broken segments. Our natural impulse is to 
take a length function, \ , for D ^ and then extend this function to Dig **by 
defining its value on a broken segment/ to be the sum of the values of on 
the^pnstituent segment^. We shall see that, in a certain sense, this is the , 
only reasonable thing to do: if ^^5?el/et down those j)roperties wSich we feel 
that eveiy acceptable length function for broken segments must have, we shall 



$ind that the only functions with these properties are those which are obtained 
by adding the values of some \ on the constituent segments . This deduction 
is quite straightforward, so we give it' in' some detail as a further illustra-. 
Hon of . our general approach ta measUre^que'stions : we try to identify a! domain 
with some structural properties I'elated to t^e attribute in question (in this 
case, length) a*nd then look^-for functions which "have" some specified pro^rties 
in relation to the structure of, the domain.- , 

JDhose simple properties which we might reasonably require of every lerfeth 
xuncl^n for broken -segments are; ' ^ — 



Ci)^ If \^ ; -^R"^ is such a- function, then \^ must agree witH 
'one of our length functions (\ , say) on the subdomain D ,of 
segments. Moreover each* \ for D should have such an exten- 
sion to Dg , • _ ' • 

(ii) If b^ , b^ > are broken segments, with \ = b , -then 




^ 0 

/ 



(iii) If ^b« \ b"^ , are ""piecewise 'congruent", then X^CbO 

that is| if'.bt = (bt ,b^ ,b;;) and b" = (b|^,b^^T. , b;;) , 

and there is. a 1-1 correspondence of the segments b! ^l|^ith 
congruent segments b|: ^ (order is not important), then we require 
: \ ^that \^(bM =\g(VO . ' ) 

«,.„>..«.Ji?.>.Xai'A£y»"essily that, if \ ^s any length fxmction for D , and if \ 
is defined for 'each broken Segment by adding the values of \ on the'con-"* ^ 
stituent segments, then -s&tisf^s '(0, (ii) and (-iii). We shall prove- 
,the converse. , Conditions (ii) and (iii) can be combined to define a relation ' 
(~) on Dg^: ve define b^~ b^. ^ there are broken segments 'b£ , bj , 
with, = b^ ,. bg." b^ , such that .'bj' is pieceVise congruent to ' b^ . it 
, is easy td'-^rove that ~ i^ an equivalence relation.' (intuitively^' .broken 
segments are equivalent if they have piecewise congruent subdivisions, where 
a subdivision is obtained by the "insertion" 'of a finite number of additi^onal " 
vertices at interior points of constituent segments^) 

. Let Dg denote the resu^ng ^at of eqjiivaience classes of, broken seg- 
ments. Conditions (ii) and (iiij require th^^ musHave the same ^ue " 
on each bVokeh segment in a particular equli^nce class, so we may'consider ' 

as defined on 5^ .. Congruent segmep4j/belong to the same equivalence 
•class, so we have a' mapping -t : I . (As before, S denotes the set of 
congruence %lasse| of segments.) 
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We show next that: 



.(.a) f is ontoj i.e., every equivalence class of broken segments contains 
a segment; ^ f , 

^ (b) f is 1-1; i.e., if two segments belong 'to the same, equivalence 
^ class ^ then they are coM^uent. . ^ ' ^ ^ 

In other words, f is a 1-1 correspondence. The proof oi\(a^ ana (^~TS""a^ 
straightforward pipplication ctf the Join operation for segments: 

(a) If b = (b^^bg, • . .^b^) is' a "kjroken segment^ then (frOm Section 2-5) 
the join class * ^2 * ^n a "congruence class of segments, 

each ^of which- is piecewise congruent under subdivision, to b , and ^ 
hence equ^alent to b . Hence f is oht&. ^ 

^ (b) If two segments are equivalent, then they are congruent, or they 

have piecewise congruent decompositions (pr both) ♦ But a segment 

' ^ is the join (in some order) of the segments in its decomposition, - ^> 

and the join operation is "uniquely defined on^) congruence classes. 

Hence the* two segments are congnjient. * 
* ^ > - 

Now that we Ipaow that each equivalence class of broken segments contains 
' ' ' « V 

^exactly one equivalence class of segments, condition (i) requires that if 

b = (b ,b , ....b )• is a broken segment, and i'f c is sT^gment with c ^ "b*^ , 
X c n * ' ' * t . 

then ^^(t) = X(cV , where \ is the length functiorf ^3/^ segments. 
Since c ^ b , c and b have piecewise congruent decompositions, ^t as we 
saw above, any segmen,t is the Join (l^n some order) of thQ segments in its decora- 
^ positibn, and f equivalent brgken segments have congmjient joins. Thus the con- 
gruence clasflfes c and * b. b are the same. Buti^X carries 
\ 12 n . * ^^mm 



joins into si 
to prove. 



1 ^ i\ 

wis, hence X-j.(b) = X(c)^=: 2 \.(b.) , which is what we set out 

1=1 ^ * . 



Of course all of this is rather "cJbvious , but we have given it in some . 
. . ^ 
^detail, becaus^e^^^he analogous idea (piecewise pongruence undfer decomposition) 

tlims out to be very useful in the discussion of angle measures and "generalized 

angles . Moreover, there are. very interesting related problems connected with . 

the so-called elementary theory of area for polygonal regions, and with the 

noxi-existence of such an elementary theory for the volumes of polyhedra- 
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Reotifiable Curves . The intuitfve idea of a ^urve is simple enough/ but_ 
the intuit:y^-idea is. quite inadequate for a discussion of curves lengtfi: iln*^ 
order to discuss^ curve length seriously, ve must first .clarify our icieas about 
what is, or should be, a "curve**"- 

Our first 'approach to the concept might be^o try to formalize the physi- 
cal idea of taking a straight piece of string (a segment) and bendingv/it (in 
space) in a\quite arbitrary way, but without stretching or breaking.%hat is, 
ve might t^ to define a curve as a 1-1 continuous ima-ge (see below for a dis- 
cu^sion of the notion of continuity), of some line segment Ib , 'under a func- 
tion f which, in some.sehse, "preserves length".^ In view of the fact that 
the only notion of length which we have to work with, i^ the length of a^seg- 
ment or broken segment, we could "try to convey this idea of length preserva- 
tion by imposing a "local" condition at eacff^point of ^ , corresponding, 
to the intuitive idea of "continuous deformation without stretching". This 
condition would probably take the form that, for each point C of ^ , 

«(XJ-Cj ' = ^ (s^^ diagram) 

where- a is the distance function irt S , and' the limit idea would need\o be 
made praise* ' ^ « 



f(B) 



2 ■ ^ 




f(A) 



In^view of our 'intuitivfe feeling that- "thg^^aightline is the shortest 
distance between tw^^ poihts" , -^we would*«xpect that, if f is a " length- prev^. . 
'serving" function, then, for all X € Ib ,-a(f (X) ,f (g) ) < C^(X,G) ; and that, 
the ratio of these distances shoiild be arbitrarily close to 1 when X- is 
close enough jto C . This suggests that we should formalize th<s above limit 
by the requirement that the least upper bound of the ratio of these distance.s 
should be 1 . In other words,' summing up^,. tjhis line of thought would- lead to 

'170 ^^^\.<r-^^ 0 
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a^^^nT^o'n*o'f'*a"c3^^a^ image of some liJi^ se^ent^ AB 

und^P^a function j^^^fe'dhjsatisfies ' . h 



1 ^ 

for each C e AB 



. ( aCf(x) ,f(c)) ) ^ 
(X € AB) \ ^ a(x,c) f 



. , At first you might think that this approach wouLd "be very useful, as It 
seems to correspond exactly to our intuitive idea of ob"^ainipg a curve l>y a 
length -pres'erving distortion of a segment, and it appears to Jiave the addi- ^ 
tional advantage of lea(Jing directly to the definition of curve length. (For 
such a "cur^, we would, naturally, define its length to be that of the seg- 
ment which appears in its definition.) Moreover segments themselves are 

clearly "curves" under ,this*,definition, and their "curve" lengths are easily 

J 

seen to be the same as their segment lengths. 

Unfortunately this is not the usual way in which objects which ve wish to 
call •'curves, arise in mathematics: the objects which we wisU to consider as 
curves usually arise from continuous functions (^meymesj but not generally, 
• l-l) defined on segments of ^he real line, and it turns out to be more useful 

to treat the questions of curve definition and curve length separately • In 
, the discussion below of these questions we. will see that ,^ witl^^e definitions 

which we eventually adopt, not all curves can be assigned "lengths": those 
' which can, will be called rectif j.able curves. It will be true that thqse rec- 
' tifiable curves which correspond to 1-1 continuous functions, will be "curves" 
^ in the sense tentatively discussed above' (5,.e,, images continuous 1-1 
^ "length -pre serving" functions on some segment), b.ut this will not be true of 
curves generally. 

In several places above we have mentioned the word "continuous", as 
applied to a function from a segment to space S * You are probably familiar 
A with the notion of a continuous real-valued function of a real variable, and 
with the usual £ - 5 definition, which you can find in any good elementary 
- calculus text. Such as the SMSG "Calculus". The definition merely makefe 
precise the intuitive id^a that all "sufficiently close*'' points should map 
- ' into points which are "arbitrarily close", and it carries over, with very 
little modification, to functions defined on R or on a segment of R with 
values in the plane, or* in spacer We shall not give the definition foiinally, 
. but' we point out ttot, ^-although the _ usual definition involves the distance 
f unctio;Ts of R aW^oS , the notion of continuous function f ro^a segment of 
R to S is actuallV independent of any particular distance fi^^bh' in either 

led "topo; 



of these spates^ and depends only the go-called "topology" Q^^jp spapes 

o 




r 



. concer^jed. Because of this, it is not surprising that topologicfe^ ideas enter 
. into the discussion of curve len^h. Again, a fuU discussion would^ take us 
beyond the scope of th^ book, but even for our limited discussion it will be 
useful Ito use the notion of topological, -^^nsformation: a tc^pological trans 
formation (or homeomorphism) i| a '1-1 onto function which is bi-continuous 
(i.e., coi)(tinuous in-each direction). We need to use the intuitively obvious 
facf'that any segment is homeomorphlc to any odbher segment^ in »an .infinite 
numbei* of ways', (intuitively, we map the eijd points of one segment onto .the 
end points of the other, in either order, and complete the mappipg by stretch- 
ing or shrinking t^e interior quite arbitrarily provided that we keep' the • 
correspondence 1-1. j^. 

In a second attempt to come to grips with the notions of curve and curve 
aength, we might well decide to separate them and to define a curve as the 
rangsof a 1-1 continuous function from a segment into S ri.e., as a homeo- 
morphic image of a segment in S . This would correspond, to the idea of a - 
string which is arbitrarily bent, shrunk,^ stretched, or twisted, in whole or 
in part 9 with the 1-1 condition cprresponding to the intuitive iaea^ifchat no 
two poinis of the string' could occupy the same, position at the same tiW. 
could carry ^ut an entirely satisfactory discussion of curve length for such 
"curves", leading to a generalization of the notion of length to a ,m^ch larger 
domain than the set of broken segments. But we would then find that our idea* ^ 
of curve was still not sufficiently general, and that we would w^nt to extend., 
the idea of cu<rve still further, to include n9t merely topological (homeo- 
morphic) images of segments, but also to.' include arbitrary coptinupus functions 
on segments^. (Notiqe that we d\tl not say the ranges of arbitral^ continuous 
functions on segments: se^ comment below.) - ' \ 

The idea toich^we will want to formalize, is that a curve should corres- 
pond to the path" traced out by a point which moves continuously in a given 
time Interval (\Dr "segment" of time). This physically -motivated idea of 
" curve'; turns >Dut to be the most fruitfxa one, and it includes our earlier , 
tentative idea as a special case. Tfierefore, to keep the* discussion reasonably 
brief, we shall formalize this more general^ idea, and discuss the corresponding 
notion of curve length in this context. While our treatment will be (or can 
be made) completely mathematical, we shall refer frequently to the motivating 
idea of a curve as the path of a moving point . ■ ' 

I;f X , y ;1 (x ^ y) ^re real numbers, we denote by [x,yl ' the segment 
(or interval) of real numbers, [x,y] = {r : r.€ R, x<r<y or y<r<xj 
We now define a curve to be a continuous function from some^real interval 

• ^ m . 172 . ' ' 
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[x,y] to space S . A simple curve is a curve which is 1-1 on the interior 

of the interval; this corresponds to our more restricted notion as discussed 

above. Notice that a cua:ve can be .a constant function: i.e., a function 
whose range is a single point. * , ^, 



/ 



/ ' . ■ ■ ■ 

Comment : The subject of curves and curve length, is poorly treated in many 
Calculus texts. Many of them avoid giving any .definition of cvg^ve, while « 
others (including some good ones) define a curve to be the image ^ in * S , of " 
a continuous function whose dc«nain is an interval of real numbers* This would 
be satisfactory if we restricted attention to simple curves, but it is not ^ 
satisfactory as a general definition of curve. ' <- . 



You will probably find it strange^^-^^J^^^"^/ VosX. we define a curve to 
be a fxitiction, rather than the image of a function. But the definition allows 
for the idea of a moving >point which might return to the ^same position many 
times, retrace part of its route, reverse direction, stand ^still throughout 
• the whole interval, and so on; ind the notion of curve length, which we shall 
introduce, will correspond to the "length of the path traveled'* . Thus it 
would'not be satisfactcJry (insofar a^ our length definition is concerned) to 
define the curve to be merely the image set in S : many different curves* 
with different lengths, will have the same image set. Actually you are almost , 
'certai^nly famrliar already with the notion of a curve as a function; e.g.*, 
the so-called "sine curve". You are probably accustomed to thinking of the 
^ sine curve as the graph of tMfe sine^ function (a function from to R , ' 
whose range is the interval [-1,1]) and certainly not as the range ip R V 
(i.e;, the interval [-1,1]) of the sine function. And, as you will recall 
^froin Qur parlier discussion, if a function is defined as a certain^^et of 
ordered pairs in the cartesian product of its domain and its, image space, , 
t "then the function becomes identical with its graph. 

» From a physical point 'of view, defining a curve to be a function is equi- ] 

valent to defining it to be the^graph of the function in "space x t>ime" . This 
graph is a 1-l^continuotis image of an- interval of R ^ in the carte^ifin product 
of R with S * and this is quite different from the range of the curve func- 
tion in . If we were to restrict consideration *to simple curves, as far as 

• ► *' * ,4 

length is concerned we could get away with defining the cufve^to be the ranger 
it will turn out that, although different simple Vdurves (functions) have the 
same rrfnge, simple curves which have the same rang^sc will all have the same 
length. For this reason we i^ill use the word "segment" ambiguously, to denote 
both a geometric segment, and any ojie of the simple ^cfirve functions having 

er|c" ni- . .. 
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this segment as its range. The ^ame remark applies^ to other simple curves, 
including, of course, elementary, broken segments / . ' . 

We turn now to aljiscussipn of^lie introduction of length^ functions in 
the set r of aU curves (as defined above).. We observe, ^first that. we caa 
"imbed" the ^et .D of all segment^ of .S into. ' T by'the slm^e- device of 
using-^icoordinate mappings: for any segment AB of S , if i' is the lin^ ' * 
. ^Qontaining AB , there is a 1-1 .onto coordinate mapping 'V*^ 

C '^ '^ 
* ^ > * p : i R 

such that p(aI) is. a segment [a,b]^ of K , witlt 'p(A) = a , p(B) = b , ajid 
a(A,B)^= |a - b] . The se^ent. AB can now be "identified" with thf function 
which is inverse to p restricted tc^(i.e,, defined on) the domain [a,b]. 

" in this sense, we can consider that T contains D , the set ^of all segments' 
3f S . An easy ^extension of this idea enables us to imbed (in infinitely many • 



vays) the set di*^ elementary broljen segments in T 



The idea which is us.e^d^in an attempt %6 extend the length functions with 
domain D , to all (or as much as possible) of T , go4 back to the early 
Greek mathematicians, who used it successfully to define and calculate the 
lengths of many simple curves. The idea is 1» ^"apprpximate" the curve by ' 
broken segments • ^ ^ '\ 

A • ^ We^define a broken segment to be a cu^e which is "piecewise linear". 
, That is, -f : [a,b] -> S is a broken segment if (assuming a < b) thdre are 
numbers ^a = x^ <lx^' < x^ < . . . < x^ = b , such .that for. each i 1 , 2 , - 

n , the restricted function fl[x^^3_ , x^] ^is constant, or is a segment. 
This means, of course, that f/[x^^^,x^] is either constant or 1^- 1 , and 
that, the image 'of f/[x*^^^,x^] is either a point, or a segmer^ in the geo'* 
^rica><sense. But this does not mean 'that the overall image of *f 



on 



[x^,x^\/^±s an elementarjt broken segment. The diagram below, in \4iich 
denot/s f(x^) , ^es the^iid^a of a broken segment: 
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The diagram cannot exhibit the function itself, hut only its range. The dia- 
•gram illustrates the fact that* the definition allows for a .broken segment (curve) 
whose image may be quite different from tl;at of a simple broken segment, and 
. wl^ich might not fit in with your intuitive picture of what a curve should "be. 
flOhis degree of generality is really' necessary J.f a cvirve is tb be the formali- 
zation of the idea of the path of « |yoving ^point : yoif should liave no difficulty 
in envisaging such a "motion",, as ^represented by the diagram., <i 

, ,^ If curve* length is to correspond to the ♦length of the path traveled", 
then the appropriate definition" for the length of the broken segment ' 

under a^len^h function r^ated to the distance function a for S*, is 
clearly, \ ^ , * 



^n-lisji 



where we use the usual notation '^^^•^^ "to denote/Che length (under the 

relevant length function) of the segment xT^X. . (if- X. . = X , then 

. 1-1 1 • 1-1 i ' 

X. ,X. 
i-li 1 



is^ 'of course, 0> .) Thus^^X is defined on the set bf broken segments 
(which can be ^ assumed to i.nclude\th^ set D~ of all, segments, ^pd the set Dg^"* 
of'>i^^entary l^oken segments) ,t an¥' its valtks are nonnegative real nximbers* 

-The verd-fi-cation of the following ' s^tatements is somewhat lengthy, but 

noL-difficult:^ ^ . ' ' ^-^ i ' ' 

N ^ • • , . / . ' • 

(i) OnHhe subset , ^ which includes D) \ ^"^agrees" with th^ 

. * ^ . particnlar length function toie "whi^ corresponds tcj the 
> ^ distance function a ^ * '"V. 

(ii; There is a 1-1 correspondence between t% 
^ ■ ^ -EL and their . extensions to the "sf€t of»all broken, segnents; i^ei, 
.' each length funx^tioxv has *a unique extension* 

, ^» (iii) If f : 1-5Cq,x^J -> S Js a brokep segment, and a : S.-^^S is a cott- 
gru^ce (rigid motioii)* then of is a ^ broken segment,, and^ ^ 



le* length functions for 



(iv) It is poissible .to establish a "length structure"' oil t 



' all broken, eegments, ^with a' guitabtej equivalence relati-ctfi (includ- 
ing the congruence cc^ndition of (ii|j,| aM an appropriate gengrali- 
^ -zation. of "]^iej:ewise 'congruence uM^ subdivision",' and a^cOr^di- 
- tion vhich ^expresses formally — ' by' iea'ns" of a ipbnotpne function 
i on the-domains,of the curv.e functions',— the Ud^k of tr^ersi'ng 



th^ Set of 



(v) 



• the same.patl>, tut not nea^sarily in the same direction or at 
the -same "rale'Oj^ an inequality relation; and a join operation 
on the equivalence classes^* These ^ree with the, earlier rela- 
tions and operatf&ns*on_ D , and with them the set' of equivalence 
classes of broken segmlnts tecomes an ordered atelian semigroup, * 
which, with the aero element excluded,^ is naturally isomorphic to " 
the semigroup 5 . Moreover, it .can te shown that the length 
function-defined -^atove for broken segments agrees- with the earlier 
iBbmorphism of 15 on^o r"' . m this sense the extension is 
unique. ' , 

If , -X^ y .{with = kX^) are length functions orr S*^ then 
their extensions tjD the set of all broken segments have the same 
relationship; i.e,^Bithey are related by composition with the.same 
positive similarity k of • ^- ~ — _ 

The next step if to attempt -to fiirther extrdnd tite domain to the set D 
of all curves. We can proceed directly, using the intuitiVe idea of approxi- 
mating a curve* by broken segments, and define ^Eength function X^ for curves 
by defining the length of a curve (with Respect to X) to be the least- upper - 
bouxid (if it exists) of the.^set of lengths (under ^fixed length function 
Xq) of "all approximating brpken' segments . (Eventually it is convenient to 
use the same symbol for a.lenjgth function for broken segments and for its ^ 
unique -extension to th^ set W curves.) The. definition ,is motivated by two 
simple requil*ements: 



(i) 



the length of the curve itseUT sliould be at least as large as the 
nJeng|li cf: any appj/oximatij^ broken segment. (This is .deriyed from 
th^intuitive idea or a straight line as the shortest disllanae 



between two points); and 

of ail approximatir^ broken segments ,there*sho|ild be 



-'^^"some whose lengths a^rpximatj the desired cj^e length arbitrarily 
closely. * " ^ , , - j»« 

It iSX»i«f*'out^ that, with. the general definition which we are using for 
curve, the|e|are 'Some' curves for^ which (imder' each' unde:cJLying dig tance/length% 
function op/^s/p) the ^t of tl|e lengths of 'all approximating broken stents 
Is unbounded, and liencef'there, ik no tLeas b upper 'bound*. Those curves forWchj 
such^a bound, (and henc^ a least/' upp^r bo and) exists: ^(under any,' and -hence undej 



every distaitce function)^ are called re<!tiifiable curves' . a?hi set D bfall 
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rectif iatle^ curves is the domain/ of our extended length functions-. This set 
in^cludes the set of all teokefi segments ;* and , for a giyen underlying segment- 
length function, the curve length of a broken segment is easily shown ,to be 
its lengl:h as. a" broken segment. As for Tjroken* segments, curve length is. in- 
variant under congruence or pie^vi se. congruence (using a finite num'^er of 
"pieces"); 4-t is monotone, in the sense ^that (with the obvious definition for 
subcurve) the length of a subcurve is* < °the length of the curve; it is 
additive wi^fi resp^pct "to a naturaliy defined* join operation for curves; and 
^ the •''chdin rule" for changing units, still'-^pplies . , 

, We could try to establish a "length structure" 'on the domain of cxirves 
, itself, without using the definition of length, and attempt to prove that tlje, 
defined length functions are the only homomorphisms which, preserve this struc- 
ture, and which extend tl^e earlier length functions. Something can be done 
along the serines,' but the treatment is quit? lengthy, and it cannot avoid 
involvement with topological ideas Vhich might be unfauiiliar to you. More- 
. ' 6yer the rather cpmplicated details tei5d to obscure the essential simplicity 
of the ideas involved, which, "wp repeat, are co«pletely motivated b^ considera- 
tion o.f the physical idea^of the distar^ tra»veled tyj a moving point -object 
during a finite t^inie-interval. 

In view of the almosj universal acceptancS"in# our culture of the state- 
ment "a- straight line is the shortest distance between two points", Ve remark, 
^ that, for the geometric space S , it is indeed true that, of all th.e curves 
which "join" two points of S , 'the line segment has least 'length. (This is 

unit -free statement, You should try to^ prove it for yourself using the 
:^amiliar "triangle inequality" of geometry.) But this is not» a very profound . 
obser^tion'*,^ because (as remarked above) our definition of curve length was 
partfy motivated by dejire -to achieve j#t this* situation. | 

Having defined length functions on the domain pf rectifiable cuiVes, the 
next step is to cgnsider how we might actually calculate the values. of. these 
ffinctionj^ for particular elements of the dcxnain^ • As indicated above, the 
Greeks, succeeded in doing this in a few cases, using rather intuitive methods, 
o But, as you are probably aware, %he most common cmputational device in current 

^ use' involves calculus methods, especi&JU.y"the evaluation of certain definite 
^ integrals. /You can f ind ^etaijts of/ such methods and calculations jin most 
* books on calculus, ahd we do liot intend to discuss them here. We do, however, 
^ bommeht, that calculu^B|tho3s for length calculs^^ion are applicable to v^ry , 
I ,few (in a certain sense,* almost none) of the rec-tifiable curves. Bui, Ifof-, ^ 

\ tunately, these' few 'include most of those. of greatest/importance for the 
\ empirical concept of curve length. 1" - .1 • i 



In J case you wish to pursue the question of curve length, it is only fair 
to 'point out tliat very few caiculus texts contain much of the material which 
we have presented (even if som^hat sketchily) above. Moreover (as remarked 
above) many of them discuss curves without giving a definition, .or they define 
(incorrectly) a (space)^^^^i^e to be the range of a continuous function in«^pace 
and a broken sejant to be a point set, rather than. a function. And, almost 
universalixj>tJhey fail to mention such important matiiers as length invariance 
under congruence and the fact JhaV^l curve-length functions are similar. 

WpLle on this question of the. definition of a purve, we should perhaps 
make a few comments concerning "plane curves" and "line curves", and som6" 
associated language problems. ,These are not ser.ious, but th^y might confuse ' 
you if you are ^ot forewarned about them. '1?e have defined space curves to be 
qontinuous functions of a real number inteiVal [x,y] into S , and we' have 
indicated tha'tNyjese functions may .];)e identified with their graphs in the 
"four dimensional" piro^duct space, R x S- . In a.natural way, such ^ graph is 
the range of a 1-1 -continuous fiinction from [x,y] to R x S . 

'^If we wish^to be 'coilfeistent, we must define a plane curve to be a functipn 
f^rom i;x,y]^ to a plane P , and this ^function (i.e., its ©raph) is the range 
of a 1-1 continuous function from. [x,y] 'to R x P . This* product can be 
corre^sporided wi^h S in a straightforward way, so that we can picture a jxLane 
cxirve as a poifit set in space. To be fufiihei: consistent, we would have to call 
a continuous function from [x,y] to a lipe i a line curve (a terminology 
•which is rarely, if eVer, used), and note the correspondence ^^?!Hine curves 
with c^rt&in s^ft^sets of R x i . This situ^ion is very familiar: if I is 
gryen a coordinate system, °we usually '"picture" -a line* curve f iTx^y] £ 
obV means of Its Vaph", ^(t ;f(t)) :t € [x,y]} ,4^n the "plane" R x ^ 



<(tu&lly the iiiie curve 



^is graph is also referred t6 as a "plane curve**'. ' 

f does determine a plane curve as ye haVe used the Jt|rm: namely the^imple 
plane curye , * \^ 



* F : t 



so thijg confusion, in language is not- too serious. But most of ou^r plane 
curve^ (even most of the s^imple plane curves) cannot be derived in this -way 
from the, graphs of lijie"* curves, so it is impor;tant not to^ think of plane 
jurvei Merely as thfe' 'graphs of c6ntinuous re&l valued functions. 




• 2-9 . Extension of the Domain For Leiigth Functioim Measure Theo; 

^nder this heading ve shall study meaatre^functions of a^^; 
^Kind, The branch of mathematics khow'ft as measure theory is a 
dent of tiie (mathematical) theory of fength, and of the related simpl^heories 
of area and'volume, which.we shall discuss later. We shaf^ t-estrict "our atten- 
tibn mainly to the theory of linear measure, as applied to subsets of^'line. 
This is a generalization of the theory of length as applied to line segments. 
Measure^ theoiy is largely a development of the present century^^with its be- 
gTnnings associated with suc^names as Borel and' Lebesgue- "it'^as a funda- 
mental place in the ^udy. of real^nption theoiy^ arid in probability theory. ' 

Roughly speaking, our obj^ti^e is tQ extend the* domain of the length 
/ -functions from the set of all segments to include all, or as many as possible, 
of the sub&^ts of 9. line. To keep matters simple, we will consider tha^v- our 
line has a coordinate system, ,and/n/e "identify" jpoints of the line with tli^r 



Goordinat-es . In other woVds^ we consider the^ so-dalled "real line" ,^*7whose 
points are the; real numbers, and w^ seeS to extend the domain D -of J^he 
"natural" length function, ^ : D-^^r"*" , for which - u([a,b]) = |a 
(other length f\inctions" (related to n iDy similarities) fe^uld be used -as a'^ 
starting point, leading to corresponding similar ityTrel^ted measure functions. 
\ Such sc^e changes follow the^familiar "similarity" p^er^,^and do not present 
iiliondl difficulties.?' * ^ . 



"any addjSiondl diff icp^ties . 



^We cjbserve iamediately that iq not sufficient mer^ly^. tg ^^k whether the 
function ^ can be extended'" to a ^arger domain: we can easily extend |i by^ 
gi-vlng arbitraiy values to those subsets which areMiot segm^ts.' .^^^this,, 
of coxirse, does not fit.' in with our ide^ of generalizing^he not^o^^^^iength: 
the generalization we ^eek should have some reasonably jjropeirtie^ 'in 
to a "lihear- measure structure"' of th^ bet 2^ of 'all' 3ubset^> 
* line R 
in the 

meht, aiid seek to. first give measure structure 
there are functions which preserve this st 
such a treatment in detail, but this 
problem 



^ame spirit as we atJijrDaohed the original prolikern'of! l^ngt^l inefetsure-v 



In other wo3?ds, we mfght approach the domain extend: 

I - ^ , ^ I ^ 

'iginal prol^em'of! Ij^i 

ucturs to2^_^_£in<l.tilen ^sK: wh^thel^;. 

ructure^,^ we shal3^i^K:^ -caxiy ' thr^ 

> is thd spirit tn which^^^^'.^|)j)rqach,the. , 



We rec/ail thai thi qlgetraic structure of "ttw/sei 



es the ^partial o^der r^la^ion 
tive operatioiis of union and intersection, 



2^%^f sttbs^ts of R , 



, of incius'ipffj thej comrriutatixeLand ^ss'ocia-^ 
ection,' each of^wnich distriftites ' over the'"] 
.^oth^j the notion qf complement (we denot^ -l^he complement/ (in R) ^ s^t 

fe-Ai) % repted notion of, di^fference. (A -B sia : a. € A ,,a.t BT 



l^fB^] 



179 



\ 



.183- 



! 
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If we think of our problem in physical terms, as the problem of assigning 

an appropriate "weight" to eveiy subset of the line, we might well look for a 

fvmction |ji , from 2^ to the set (the nonnegative- reals) /whicTi has ' 

sdme or all of the following properties (X , Yt , W , denbte subsets of r) . 

* f " R * ' 

(i) [X is defined on the whole ~of 2 . ^ 

T • ' ' ^ 

(ii) nC[a;b]^ =/fa b | , - for all a , b € R . 

(iiij '-If X -^'^^ , then ^^(X) = 0 . 

(iv) If n(X) = 0 then X = 0 . 

' ^ (v) (Monotonicity) . if XcY .then n(X) < h(Y) \ 

' (vi) ^ iK^ a Y , X then n(X) < h(y) . 

(vii) If nVx) < ^(Y) , and W n X = V/ n Y = 0 , then ^(XU W)< ^(YU W) . 

(viii) (AdSi^ity) , If X n Y = 0 , then n(X U Y)' = ^(X) + ^(Y) . - 

(ix)^ Congruent sets should have the s^ame measure, and similar sets' 
' should have corresponding ".similar" measures; more precisely, if 
. * fbr real numbers a , b , a 0 , ye ^define 

[at% b] ^ '{y : y = ax + b', x € X} y then [aX +-'tr9 is Similar 
* t^' X (with a simil^arity factor' |a|) and [aX + Jd] is con- 
^ gruent to X when a =- 1 or -1 ; the suggested requirement is: . | 

n([aX + b]*) = h|n(X) . ^ ' ' 

(x) Property (^ii) implies finite additivlty; i.e., for any finite | 
collectiq(p of pairwise di^sjoint sets, the measure of the imibn ^ 
should be the sum of the measures. We might wish to extend this I 
i * to imply countable additivlty (a coixntable set is one which is 

I finite, or which ^is denumerable; a' deniimerable set is me which I 

can be put into Irl correspondence with -the^^tUral nu kbers) ; ' i 

'* ' • .^^"""^ ^ ^' ^kl 

I I.e., we might , -require tMt if X is Sequence of r^irwlse - 

• \* It «^n ; \ , ' ' , 1 

disjoint sets, then V^(U X ) *= 9flni^2 ) , , at leAst wh^^ftV^'C-- k 
series on the right i^^jco3i79i^ni|. " (As ah ex^n^^ ycj^ 
• . » _ think of the sequence of pairwise^^s joint "left' clo^eifl, rigEt ' * 
op^n" int^rval^:*, , ^ ^ • " -'?-~(^ . 'r"^ 

' * ^2 ^2 • 2,%^ ^irl/.r^r/ / v'^< 
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We can easily see that thesej^u'ggested propeAies arejjnot all independent, 
but we shall not attempt to reduce them to an indepenqlent set of properties. 



We examine somi^ of the implications of these properties 
even inkier ms_of phy si a^^j?^^ we mujs-i? exclude property (i) 



First of all, 

5;j?^usil)ility, we mujs-i?' exclude property (i): it does 
not seem reasonable to^^pect xo assign a (finite) measure to such infinite 
sets as the i^eal line itself, or to any ray^of the line. More significantly, 
the assumption that a finite measure could be assigned t(5 R would contra(iict 
the implication of properties (iii), (v) and (viii),'"~as la^jplied (for exanjple) 
to the union j^jjf the disjoint unit segments [0,l] , [^,3] y [^^5] , ^ 
which is, clearly, a proper subset of R : '.No matter what real .number ^(R) 
we might assign as a measure for R , there is some integer n (representing 
the measure of n disjoint unit internals) which i,s. greater tharr , and' 

this woiild contradict monotonicxty. Of course* we could think of modifying ' 
properties (ii), (vi)^or (viii), but it ^ems far'more reasonable to discard* 
property (i), and agree that we shoulSTrrot expect to include all subsets of 
" 1R in the 'domain of our measure functior>; 

. • ■ • : 

' might now try to decide which subsets of R we should include in our 

domain, and which we ^should not include, but we will not be able to aa;iswer 

this question directly. As sets to be included, we would almost certainly^ # 
• . . » ' •> > ' " ' 

>want all finite unions of segments* (You might, think that we should be more 

cautious,' and, include only the union of pairwise disjoint segments. But, if 
Qu observe that the union pf two non^^d is joint segments is again a segment, 
will see that any finite linion of segments can^be expressed as a finite 
union .of pairw:^se ^sjoint segments.) As sets to, .be ^excluded from the do^in, 
you might tjiink at* first that, in addition to rays and ha^f line^, we shoSW 
inclMe all unbounded sets. (A bound|ed set is 'a set which is contained in | 




some^egment of the line.) But tlfis would turn out to be too drastic- 

W^thqut actually deciding what the domain must be, we can consider some 
properties which [nov that we are agreed that the "^domain cannot be the whol^ 



of 2 ) Yhe domairf should have. We denote the (undeterrmiAed) domain by M 
and refer ^informally at present) to thos,e subsets. of R "which belong to M . 
as measurabiie s?ts (of the line). .Some -properties -which we might like the 
collection 

M(i) M\is closed/ uAder finite uniond. .(Clearly, this is related to 



f 



.to possess, are the 4fdLlowing: 



the\finite additivity of 



M(ii) M l.s\clos^d uni^er di^ferencep of sets (and hence, as pan. be j 
provedX undfer finite intersection as well.) 



ERIC 



•l8l , 

. -186 



M(iii)^ M contains D , the set of all ^egm^t^'.of R . 

MTW) M is closed under those point-transformations which are 

^ • ^ •* _ • * 

.determined by similarity transformations^ of R • ( This Inf^ludeSj. 

of cours^ the- eongruences^of R ,) • . * . . 

A non-empty collection of sets which are, subsets of some sj^gle set, and 
which satisfy M(i) and M(ii) , i^ called a Boolean ring (usually abbreviated 
to ring ) of sets. A Boolean ' algebra of sets is a ring which satisfies the 
stronger condition of being closed under complementation.; A cr-ring (a-algebra) , 
of sets/is a ring (algebra) of sets,. which is closed under th^^peration £>f 
forming countable unions. BocJlean ring's and algebras are common structiires for 
the domain of a measure function. ,If K is*any (non-empty) collection "of sub- 
sets of the lin%, then there are rings of sets whicR include* K . (E^g., 2^ .) 
The intersection of all such rings is again a ring. It' is called the ring 
generated by K . , - , 

^ Instead of worrying further, at this stage, about the d(*iain,'let us look 
at some of the implications of the other suggested properties for -^pi : ' 

Prope^y (n([a,b]) |a - bj) , must be retained if oui^measur^' 

function is' to be a' generalization of thd "natural'' length function^ 
Property-^(iii), . (n(iZS)„ - o)^ , will follow', if we require finite additiyity *' 
(I.e., fi(x)> ^('x.u 0),= .tX(x) +,^X0) .*'^Hence ^(0)^=0.) 
Property (ivQ/^ (v(x) = 0 implies that X. = jZS) , seeis plausible from, ^ 
V an empirical standpoint, but accepting it would imply that * every' set y 
consisting of a single point wou^d .have a non-zero me^ure. Moreover^ . * 
/'these iingle-element sets are alXl congrufeijftj, ^and the congruence propert;*^. 
is 'one wh^^ Ve will want to retain if at feJll possible. \ Thus^ If the ' ] 



measurfe of ^ch single-point set W p . n > ( 
of tne positive real numbers jtell 



possible. I Thus^ If the | 
lT P , p '> 0 ,* the ardhimied^an property 
us -£hat there^ts^ positive integer -m 



si^ph that mp > 1 t Thus fo| some finite sutsQt W of .m ^points In the 
' interval ^0,1] , we would have (from the finite additivity property 
(vii^) "^^pr(W)^> |i([0,i]) . *This is_ contrary |o the '^notoni city property . 
(v). It seetos more ii^portant to retain* the additivity an<J monotonicity' • 
properties, so we give^up property (iv>; and agree that egch set con- ' 
sisting of ^ single point sliall- have measu*re o". Tljiis implies (from the- " 
additivity property) thai' ^very finite ^ej of, points mi^st have measure ^ ' ^ 
zero; and if we decide to retain co]^table additivity, it^wiil imply that 
ev6ry' demiinerabj[-e set has measur;e. zef^T^This includes the .set of all. * 
integers, and theus^et of^auLl .Ational numbers, but, of course, .not "tYie^' , 
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set of aH real nunibers, 'of'^fe?^n .the set of all real numbers in a given 
interval.) Notice that if we detain countable additivity and thus give 
measure zero to the set .of integers, we will have'^an example of an un- 
bounded set which is contained in our domain of measurable sets. (3 
are more significant examples of unbounded measurable sets.) You should^ 
observe also .that if we assume projjerty (ii) for |ji , (a closed segment 
bias its "natuj^l" measure);^ and if we further assume that all ^lite sets 
belong to M and* have, measure zero, then properties M(ii), M(iii) imply* 
that M ^ also *c(5iY^ins all open segments, a)id all "semi -open*' segments, 
and that 

^([a,b]) = ^([a,b)) = ^((a,b]) ;= ^((a,b)) = |b - a| • ^ 

'(As before,' the use of a parei^thesis instead of a square bracket indr=- 
Gates that the' corresponding end point excluded, leaving the segment- 
"open" at that end.) 

Property Cv) j ( monot on i city), will ^follow *from additivity, and the fact* 



that 'If A c B then B = A U (B - A.) , and A n (B - A) = 0 , 



Property (vi) / (Xc'Y,x;?^^Y implies that. ^(X) < ^(Y)) , is clearly 
related to the discarded prope^rty'Civ) , and once we have agreed th/t some 
non-empty sets must be given nffeasure zero, property (vi,) must al^o be 
given up. ^ ' ^ . ' 

Property (vii) , ([i«(X) < ^i(Y) and X n W = Y n W = 0 implies that 
^(X'U W) < ^i(Y U W) for mea-surable sets -X , Y , W) , is not an inde- 
pendent property: it is a consequence of (viii) . • 

J. " ~ ' ^ 

Property (viii) is the finite additivity property. - This i's^ clearly,' 



Dciated with this property^ (now that 
M is closed 



qui^&^e basic, and we retain it, Asst 
/ R 

we have agresd that M ^ 2 ) is condition iM(i), that 

' " • I • * * *• 

tinder finite! unions. | i j 

% ' ^ I ' " I 

Property '('ix) is the extension of the congruence and similarity ^roper- 

.ties which already apply on the ^ub-domain of segments. Our physical , 

*" * > 

>^ intuition sti^ge"sts that we should try to retain thefee properties ,if 



possible . 

■ ..An. — 



y 
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► Property (x) . is the eovintable additiv3,ty^ property* If we retain thet 
congruence property, and if we limit ^ to finite va|.ues'(see b^ow fon * , 
comment on this) then we cannot demand tMt M be closed under countable 

^^ions; (the whole realj line can be expressed as a countable! union of , 
^e^ents,.and we have excluded R from m) v Trius 'the countable, additi- 
vity condition, ^L^f V6tained,.will have- to; exj^jsssed. in su^ a»form as: ^ 
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f /if is a sequeixce of pairwii^e dis^<^nt measuraiDle sets for 

Vim Z u/X ) exists, .and vhose union is in M , then 

• * n ' 4^* - ^ , .•• '4 

■ ^ ' , ,(U,X^) = lim 2V('X-^), . 



which 



8. 
9. 



M is a Boolean ring of subsets of R 



4 



We nov consolidate, the modified prop^^ies suggested for [i and M*, ^ 
again '^making lio attempt to -givfXg^ minimal list of independent properties - 
(X , Y , W ^ denote sets in^the collection M .) 

i. 

2. M contains all ^c-losed) segments, all »open segments, all semi-open seg- 
ments, and all countable sets. 

* 3. M is closed ua?der similarity transformations of R . 

.h. n([a,fe]) ='u.((a,b)) = n_([a,b)) = n((a,b]) = |a --bj . 

.,5. n(0) = 0 .» - 

6. If X c Y then ^{Xl < [i{Yf . ^ ' 

7. If .X n Y = 0 "then [i{X U Y) = I(X) + [i{Y) . 
n([aX+b]) = |a|n(X) ; (a o) I ; \ 



If X^ is a sequence of pairwise disjoint seta of M whose union is 



in \fi , then 



,(U X^> = lim I .(X^) 



We might nov a^sk ourselves: are there I'irigs M .of subsets of R , and 
functions pi*, which have' the^se .properties? The ansfwer ii^^thkt there are.^ ' \ 
For example, if is the dmallesi^ring of sets ( i .e. , ||he katers'ection 

all such rings) which satisfies conditions 1 , 2 , 3^, Men there'ks a unique 
measure function on Vhich satisf ies"'the regiaining conditions.; We shall 

not attempt tp prove this,, but yoja, can find the. proof ^f a veiy similar' result 
in/Chapter 2*of [ll]. ' . ^ * ' ^ 

To some extent this ^result is unsatisfactory, because it does^not give 

ariy indication of how much further pi - couljd \e extended beyond thi^ minimal 

ring Mq , nor does it give, any .Information on' the question of ufimeasurable 

sets, which, from' what we ^hdiil^e said so far, you probably asscfciate with the 

question of unboundedness * jln order to .give you a 2,arger (but stillJ 'elemen- 

tary) picturfe of the' gubjW-fi of rfeasure |>heory 'I^n the line, we ^halj. outline 
• ♦ V ' ' * ^ ' Ti i 



the theoiy c5f Lebedgue measure as applied to b<&ndedl'^i^bsets oYJthe line. 



f ERlC 



giving 8nljy the definitioiv^ ^and^ 



le s 



|eme;itO)f th^'^in^esM.ts 
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tQ^^ to prove these for yourself: .proofs can be found in many 



/ 



t' 

convey 



re^yfu^^cti^n-^^Kee^^ reV^^i ^tion t^ l^ouncLed ^uti- ^ ^ 

^^^s;^H^n1jJf647ff'l^^^ w^^oldd" need to cpndide^^^__,,,^ 

i]^te,u'V^aiu^ for, ^x. , Ir^ the so-callj^d "extended real number system" 
additio^^l C£)mplication .sii>t essential to the 3.de6s .which we' hope tg,r-^>,.w>;jv 



. We mighil^ now^j»^onsider our <5bjective"'in relation tb. bounded sets, -and 

.ask whetheiMihere exists a countably additi've functioo,^ , with valuer- -an ^ 

R-**, which is defined on the ^et B of all bounded subsets of 'the real line,* 

which satisfies ,^([o;i]) = 1 (-and henpe, as can be proved, ^(La^W} = h f 

and w hich a ssj.gns the same vaj-ue to ^ngruent sets^JLwe are. not 'propping the, 

.monotonicity*' condition! 'is^we^ saw/ earlier, it is a consequence »of the other 

conditions.) The' answer to' this^'i^uestion is "np", so it becomes necessary to*^ 

relax some, of these cronditions in^ order to get a measure f^inctiQfi^. 'if^.we relax- 

the condition of, countable additivity'to finite additivity, then^tt can l^e 

— * - ~t -. _ - ^ , ^ 

shown that a suitable functionates exist, but it is not unique. - t^his is > 
'quite a difficult theorem .J ' 

[•We remark^ parenthetically, that the situation is similar ftv tjie co^r^- 

pojqj^ing gejierali:zed''XrQfe problem X^v bc^tinded subsets of the plane'; but, some- ^* 

vha't surprisingly, td'e corresponding generalized volume problem' (with finite, , 

additivity) for bounded subsets- of ^pace ha^s no solution; there are ,no > 

' ^ ' /: * ' ' . " \-"'' ^' \J' 

^'generalized volume", measures ^definegLpn the domain of ,^11 bounded sub0$ts of 

space, which satisfy the congruence CtJnditiQ^jj and wh%c^" are finitely additive.] 

For the atiplicatioh^^^ measure thedry i^lST mathematics^ it tiirns out to be 
more fruitfuil to. retain tw^ c<^nf-it;Lpn-x>f counta&le additivity apd accei)t some 
restrictidli on the domai-^" rather than settle TorV finite additivity,*. yhichvf j* 
does not apequire ,any further Restriction Of domain\ This lea ^9 to th^..r<eDes$ue 
theory of 'measure 




Invirder to describe thj.s theory, we need a f e^ si^ij^^ iiea/k 
closed kubsets of the! real line. These sets can -^S^/'Ojon; : 



aonceming 5pen and 

sidered as gener.alizations of open and^closed inteWals, with which ^ou^^fi^ J 
already familiar 



A set X in 
such* -that X 



IS at 



Qpen irrterv&l , -if there exist points- a-- , a € f^*^.}!? 
a-, ,a^) = {x' : x € J? , and a^ <'x < a^ .or '"^ :^<.a } 4^ 




-(Clearly,. if 0 ',^ihen a^J 0. 



it: 



A set y in R is a closed interval, if there-.exist points* 



[ such that Y = ^\>^2^ = f^c r € R 



and 



1/ 



b ''^< xX b^ or b/< x < b;} , 

* ■ ( ■ \ 
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^ . 

A set^ G in R is open if, given aft^r g € G , there exists an open 
interval, X , such that g € Xc G . 

A set^F in is closed if its complement . in R is open. 

The following properties of opfen and closed subsets of the real line are 
left for you tq^rove as exercises': 




(i)^An open intervajTis an "open set 
(ii) closed interval is a closed set. 



^(ili) Th^ empty set 0 , and the whole line^, R , are each bptV open and 
closed; 0 is the only bounded set which^ is both open and closed. 

(iv) Any union of open sets is open, and any intersection of closed 
sets is closed. 

(v) Any finite intersection of Open sets is .open> and any finite .union 
, of closed sets is closed . 

* 

*\ (vi) Every open set is the Union of a countable collection of pairwise 
« disjoint open intervals. ^ 

* (vii) If is open, 'f closed, then G 



F is open, and F Q ijs. 



"Ciosed. 



Motivated bjf our earlier discussion, we can define a measure fxmction m 
on the collection fi^/^^of all* bounded, open sets, iij an entirely natural way- 
We define m(0) = 0 , and,,, for- an^open interval (a,^) , we define 
m((a,b)) =Ja -^b| If now is any'open set, then (from property, (vi) 
above). G 1= |U 5^', where ' {6*.} lis a countJable collection pf pairwise disjoint 
open intervals. Moreover, iff * is bounded, it is ekstly "shown that the 
sequence (tf ) of numbers defihed ^by: . ' • - 



n 



i-1 

I 

is bounded, and hence has a least upper 
to define 

A- ' ^ ' ' m(G) = sup 



)ound, sup {a^} 



n** ? 



It seems natural. 



discussion of 'measure" 'question^ ills least upper bouhfi is often, denoted by, 

2 m(bj', if the niMDer or " componen|; Lterva].s" J 8^ is tinite this is under- 

^ stood to be the usual sum, an^ if ihte jnupiber is countablJ'it. is the limit -of' 

I the sequence -qf partial " sums .i.e., the least uppei bound. of fa } '.) 
! " . ' ] n' 




/ ■ 
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■> ' • , 

It can be shown that this measure function, defined on the set of bounded 
Qf)en intervals, is* countably additive and monotone on^this domain. This* 
domain is not, however^ a ring, nor^does it ,even include the closed intervals 

We can Extend m -^o that its domain includes the collectio^j Of a]JL 

^hounded closed sets, as follows: If F is a bounded closed set, let [a,b5^ 
be the smallest (i.e., intersection of all^ closed interval which contains F 
*We then use the fact that (a/b) - F i% open, to define, • 



m(F) = |a ^b| - m((a,b) - f) 



. [Actually ;a and b^ must belong to F , so that (a,b) - F = [a,b] - F .] 
Because 'B^n = (0) , m is thueT d^Mned 
sh^^ tha^ S 



It -can now be 



(i) for any closed 



(ii) 



interval [a,b] ,**m(ra,bi) i 



s the "natural" 



length of the interval; 



the measure 
intervals 



e c(f 
is,' \ 



a finite union of pairwise disjoint closed 
as we should expect, the sum of their lengths; 



A- 



(iii) any bounded finite set of points has measure zero; 

tlv) thre measure of any bounded closed set is nonnegative; 

(v) m is finitely additive on ^he collection B^ of all bounded 
closed sets, and countably additive on the collection B of 
a^-l bounded open sets; • . , • 




(viii) 



monotone .on the collection off alliboimded open or closed ^ 



the. mjea sure 
bpund of the 
Dntain K 



Df" a bounded closed set F is th^ greatest jldwer 
measures of all of tl:^ bounded ojpen sets which 



is thV 



t(he measure! of- a bounded-open setTG. is th'^ least upper bound 
^of the measures of all of^ the boUr.ded' closed sets contained in 



-The above properties Indicate that the fupc-^ion m might be ' considered 

le idea of length to the collec- 



to be a reasonably satisfactory extension of 

tidn U B^ of all boxinded sublets of R whixn ai^e either open^ or closed* 

I If**, 
But. we observe that this collection is not yet.^a ring, and it dp^ not even 

contain semi-open intervaljs,^ so we mu^t try to extend the fiurictiorf m ► further 

than this. The idea which Leb6sgue used to^ciii^ve this. ex^hsion (an idea 

which is not too far removed fi'om the . idea of * approximating a^curve by broken' 

segments) was tp use the measures on closed and. open sets to. get "inner" and 



. 1871 Oi 
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"outer" measures for every bounded set, and then to define a bounded- sej to be ' 
measurable if its inner and^outer measures ^feri the same. This idea makes all ' 
bounded open and closed Set^* measurable "(anC^ves them the measures described ' ' 
abovj) but the collection of such bounded mWs^rable set^ turns out be far ' ' 
-larger tb^n . U B^', and it has the desi^ed propertytfef being a rii?g. ,We ^ 
shall oyi^line Lebesgue's treatment: ■ ' " * ' 

^ Let E be a bounded set (of R . We define the (Lebesgue) outei* measure, 
_m (e) , of E to be the greatest lowftr bound of the measures of" all bounded 
open'-sets G which contain E . '(Cf. (vii) above.)' I.e., ° . , 

f ' ' ■ , . ' " 

m*(E) = inf {m(G)}*.. * . ' ' ■ , ^ 

G 3 E L 



'fir* 



■Me define, the (Lebesgue) inner measure., ^(e) , ''of E to be'tke le'ast upper 
bound of the: measures' of all bounded clos'l'd sets F which are contained in ' 



E 



(Cf. (viil) above 



iil) above. ^ »I^e., 
♦ ..' ' ' \ m^(E) = 



sup {m(F) } 
F c E . 



'The .toUowing properties 'oT m arid are easily^ proved : 

* (i) and m^are nohnegsgbive ^eal valu^a-Anctions . 



(ii)' The domain of each function^m'' , , is the set B of aU 
^ bouhded subsets of R ; clearly ^thjLs domain B is a ring, 
(iii) If E € Bq U B^ <i,e., E is -bounded, 'a;id either open or closed) 



' then' m"(E) 
(liv) 'For every 



E e B,, 



m^^C) K^m'^CE), . 

(v)%f , E^. , are congruent bounded sets, then 
»(E^) = m'^CE^) and m^(E^)^= m^CE^), . 



(A corresponding property holds for similar sets.) 

(vi) Botfi , .mj * and^^ni^^ are monotone; i.e.; if E^ , E^ € S with * 
, E^.c ir^ , then • . * - * „ . • > ^ 

m (e^) < m (E^) ■; and | ra^(E^) < m^CE^) J . 



0 



I 



' 3 2 



(vii) If ^ is boulided/ and E is the union of a countable collection 
. of. t)0unde5 sets E, (not necessarily nairvise disjoint) then 



m^(E) < 2 m^(E Y / . ^ 

- n n' ' 



(viii) If E is bounded^.arS ^ is the union of a countable collection 
iof pairvise disjoint bounded sets E , , then^ 



i. 



^ • (ix) 'If E is cpntaitied^^'in a bounded open set, G y then 

ni(G) = m (E) +; jn^-CO , ^ -E) = m^-(*E). + m (C-'e) .. 

Remark : You might have noticed the^^bsence of.>ny additivity property- for 
either m or . We shall see later ti^at neither function is even ^ 
finitely ardditive on B , so, in this sense^ neither is a satisfactory 
generalization of a length function to the whol^ of B . 
' ♦ * > 

This is f^r from a comple.le Tist of the properties of the inrtet' arrcU^ter 
, measure functions^ but it* should give you some idea of "the main pi^opert^es . * 
As rfemarke^Q abovey m . and m^ agree on JB^U.B^ ^ (as we^^^all see 
below) they do n(^t agree on the whole of B . Neither <^f.vthese ^nctiohs in- 
finitely additive on B , bu,t each is countably additive on'vl^U B^ ' ^ 

If we restrict attentipn- to; the collection B^^, of tho^^b|)und^'^^& .fjor^* 
•which m ^and m^ give^ the same value^ then the inequalities ^t^H *4vii) and 
(viii) above, combine t6 show i?hat, if E is a bounded whjLci)^^''!^^ ,the uniQU 
of the countable collection of paixwise disjoint sets E " ^ f rd^^Bi^-^^A Wen X ' 

■ • - ' yvri-'^.^- 



m''(E) < Z m'^CE ) = Z m.(E ) < m^(E) ' < m''(E) y 
^n n n*n-* - 



'hus all of the iiaequalibies. in this eentencd are, in fact-,; equalities, and 
therefore E also belongs to B^^ . Thus the functions m^ and x^' agree 
on Bj^ , and each^is countably additive on'' B^^ . This is the motivation for 

^^•rJp-pT ni+.inn n^^ftv^i: 



the definition of ^rq^^t&vrable set: a bounded set E is said to be ( Lebesgue) 
measurable if ni (e) = m^(E) / ^5r.the collection B^ of bounded measurable 
sets^ the following can be proved: /. < 

(i) ds a ring'. * ' ' * . 

* ' Cii) Bj^,^ contains B^y B^^, and hence contain^ the rj.ng, ^eneprjated by 
B^U B. . . •* ' ' , " . 
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(iii) The function ^ " * • ' * 




defined by \ . 



ni(E) = m (B) = m:^CE).i, 



for each E e is coxintahly additive* >5n' B- \ it agrees with «- " 
^ . ' ^ yie "natural" length function on segments; arfl^it gives the «ame 

- value to congtuent sfet*s . . * • * - 

' ' (iv) includes all bounded sets WHich^ belong tb^ the a -^^algebra 

.J ^ generated by B^ U B^ ; however, there are set^i dn B^ which 

cannot be obtained in this way. 
t ' • 

, ' {'^) Every countable bounded set belongs t© B^. ^ and has measure zero.. 

(vi) Every' set of outer measure zero belorigs to B^^ , but a set of . " 
outer measure zfero is not necessarily countable. • 

(vii) -!^^ is, closed .under similarity point -transformations' of 'R^ , and 
H , similar sets.Jjgve corresponding "similar" mea^sures . • 

Remark : As stated earlier, the restriction of boundedness is not necessary 
if we are willing to use as value spac^ the extended honnegative real nximber . 
system. {This' includes a number with •suitable properties.) Most modern 
t^ea^ments of measure theory prbd^^ in this way. (An elemeni>a^^'*treatment 
c^ri be found in an' appendix to Chapter 3 of* [l6].) If ' this is done, then it 
can be shown that the ^collection Mj^ of all Lebesgue-measurable sets' includ[es 
(a.s a proper subset), the a - a;.gebra generated by the collection of all open 
and closed sets. l!he^sets in tliis a -algebra' ar6 called Borejrsets : ea^h 
^,^?^el set cafi be^ obtained from open sets (and hence from open segments) by a 
tiountable number of the operations of union, intersection, and complementation. 

Xn a certain sense, any measurable set pan bfe approximated arbitrarily 

, ^ closely by op^. or ^.closed sets, and a measurable set is "almost" a -Borel set. 

•More precise^^7if E is measurable, and* £>0', then 

(4) thiere exists an open set G such that G3 E and- m(G - E) '< £; 

' ' . ' * ; • . , 

♦ (ii) there exists a closed set F such that Fc E and pi(E F) < £ 3 
^ * i 

(iii)/ -there eicists a Borel set H 3uc^ that Ec H and m(H - E) = 0,.. 



ERIC ... ■ ^^ni \l 



This 'is abou"^ as fal? as it is reasonable to go in an elementary book such 
-as this. We, shall, hoyever, give y.ou air informal description of the "con- 
struction", of a non -measurable* bounded set. The existence'-of such & set is 
equivalent to the fact t-qsrb m 'and m^» do not agree on all bound<^d sets; 
and it enables u% to proVe- that neithei; m nor ^ is even finitely additive. 

For convenience we describe a non-ijieasurable set in terms of the points 

of a cirjcie in the, plane. You can "translate" the description to..§ive a non- 

measurable subset of the line, by "breaking" the. circle and unrolling it onto 

a semi-open segment, ^se of the cit^cle merely avoids involvement with modular 

^\ . ' * ' ^ 

ari-thmetic and with piecewise congruence. ' • 

■ • " \ 

Let C be a circle ;vith tait cirdun^erence (i^ev , the length of the^ 
^circle, ^ ccinsidered as 'a simple curve, 'is l) . Let - be the relation on the 
points of the circle, giVexi by P. ^ P_ ii* the length of either arc P,P^ is 
rational. (Clearly if ope arc^'is rational then so Is the other; we will- r,ef er 
to such poiiits as being "ra'tionally separated" 7)^ You can verify easily that 
- is an equivalence relation on* C ,T Let {C } be ^the set of equivalence 
Glasses determi'ned by ;the relation . (There^is-an Oihcountable infinity of 
such classes/ but we ^ not need to use this ^f act.)' The^i-' 

= ^ i arica "a^ f implies .that C ' 0 C = 0' . 
r ■ a a , ' 1 ' 2 , ^ a a^, ^ . * 

• • * ^ ^ "> 

Le-t .K-^i-be^a set of points of ( whicfi contains , exactly. one Doiflt trom S'ach 

set 5 {'the existence of such a«set .depends on the so-called "axiom of, 

choice", an axiom of set theory)' and let K be the ^^t of those points of 

,C which are obtained from by 'a positive* (i.e., counter-clockwise) rota- 

tion p , where q/ is rational, 0 < q < 1 * 'and Vhere the notation p ds * 

•"measured" by thQ arc lengthy q .through which each point of moves We 

Mst the following prdp^'ies of the feejs K- , with brief comments on the * 

* q • ^ 

proofs of these properties* . ^ - . - 

• ♦ / ^ / ^ - ♦ • 

(i) .The ;iu(nber of sets* K is countably irifinite. toie set of all ^ 

. ratJ-Qnals satisfying 0 < q < 1 is .^a countably infinite set. J 



. ,(ii) If q r ,*K^ is . congruent: to/ K^. [K^ is the image of "K^ , , 
, under a ^rotation' of the plane c^f about 'the ceij;ter of C ; 
a rotation of the •pla^xe is a congruence transformation.] 

(iii) If q^ r , then TC' 0 K = 0 ; i.'b,, the sets in the cpllection 
I* ^ {K J are pairwise disjoint. • , , " . ^ 
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[if this were not true, then it would mean th^t^. some point T 
'Of C belongs to both and to i^l \ Hence -ijier-e exi^t 
points 
rotations 

"from;'P , and hence from each other. Thus^ 'they_ belong to the/ 
3^me/ equivalence class. This contradicts .the/a^iumptiqii t^t^^ 
i? contains exactly one pdint.from ekch equivalence clas^*^].. . 



C b_elongs to both — - 

' P , < of . which map into P under th'e 'fatit^l 
D , D -r so that Pv , P are rationally' separatefi 



belongs ikD exactly' one of the- equivalence 
Let" X 6 . Then. from the defini- 



[5fhy point ^ of C 

clas^ses of the se^ ^^^j ' 'a 

tion of J there -exists exactly one point 'Y^.€ ^not' 



{C } . 



.necessari, 



1^ different (to X) .such{that ^ € ..'^ The points 



'SO 



X and \ belong to the same equivalence class, and hence , 
Vney .are rationally se^aratfed, HencQ^ X^. is the image of.''Y 
under a corresponding ratiohal rof&tion* That is, 



/ 



>xo bne'^of the sets in..tK^} , anjSf hence 



X belongs ^ 



now have the circle C expressed as the ^ioh of a count 
number of pairwise disjoint sets, each of which is congruerit to K 



.^too much difficulty, we can "translate'^ ^ack tb^^the semi'-op^n line ^^ent » ^ 
^ [0,1^^^ and exhibit this set as a countably infinite 'union oi" disjoint J^s^ ^C. " 
each"^'! essentially C9ngruent" to the set of [0,l) , which corresponds ip \, ' 

A.v,^v, r^i A- * \ 




inife^' ♦ 

\ 

Without [ 



If -m 



and m were to agree on_ K ,^then K would be Lebesgue measur- 



able (i.e./ belong to B^^) and so would all ^of the "essentially congruent'^ \y 
^sets* Moreover each of these would, have the same measure as K It follows 
from the countabl'e additivxty of the Lebe&gue measure on , and fromjfthe 
' archimedean property of the real numbers that ^ifther * ^ " 

(i) m(K) = 0 , which implies m([0,l)) = 0 ; 

(ii) hjCk) > 0 , which implies- m([0,l)) >1 (and, in fact, ^eater ^ -j* 
than any real nmber) * - . . ^ * » 



or 



Each of these contradicts the fact that m([p,l))*= m([0,l]) ='-1 . Heric^ ' 
^5l^^et . K is not measurable. ' ' " , * 

■* i.s not too difficulty to prov^the following statements about K ^ *and « 

about' noft -measurable Tets ge^nerally: ' ' . " " « » 

♦ w - * : • , • ' 

,(i) ' Every measurable set of positive measure, contains a non-measuVable 

. . subset. ,' ' 
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(ill The complement of every non-measura'ble bounded^set in an interval 
which ^contains it^, iS also non-measurable. 

• (iii) If is the complement of K in [0,i] , then ^ 

m*(K) + m (kO > 1 , and hence m^(K) + m^(K») < 1 ; 
more generally, - these inequalities hold for every non- 
measurable subset [0,l3 , ^ . ^ • 

% (iv) As a consequence of (iii), neither the inner nor the outer 
s'" ^ Dsbesgue measures (on the collection B» of all bounded sets) is 

\ \ finitely additive. 

• ^Ve remarked previously, that there exist (not- ^miquely) finitely additive, 
con^jruence-^invariant, generalizations of 'length,* which '►are ^defined on the* 



whol^ cqli^tion B of bounded subsets of the line. To prove this statement 
and exhibit such a function is beyond the scope of this-^oK, but we remark 
,tha^, wiithout too much difficulty, the folloVing properties of any sucft func- 
•tion u can be proved: - * '■ • 

(i) ^(K) = 0 , where K is the •non -measurable set constructed above. 

rii) 'if G is a finite union of open intervals, then tJL(G). = m(G) 

I y. . Jfc . -^^t ^ ^^-yVJ*^ ^ ^ 

(where m is the Lebesgue measure). j,^"^-^ -^-t^t-^ ^ 

- ~ (iii> we -have seen that every 'bounc3ed open, set G is .a^^jCount^ble union ' 
, J of pairwise disjoint open intervals : 'for all such G , • 
J [ • * ii(G) > m(G).. . ' 

(iv) Tf we add' the ad^i^tional requirement that, for everif, open set G , 
as in (iii), ^(G) < 2(5. ) , then '\x -..agrees with the Lebesgue . 



measure function, ni "^on the collection of all -bounded. 



Lebesgue -measuj^e sets. 

This is as far as we shall go in the treatment of linear measure on. sub- 
sets of the line, .From the brief sketch which we cjbave givqn you can sei that 
. this, is a^asciii^tjrrg't^nd subtle subject, with results whibh are certainly^ not 



int-uitively'obvio^d There, are similar theories for area measures".on su'^s^ts 
of the plape ,^^^j|j..f or Volume measures in space, aijd these » include results* ^ 
. Vhich are eveii more surprising. Beyond this^^' tl:;pre are. theories of lineal* 
^^-^aea$u/e^o^ Subsets* 'o^* the plane, (first developed -by Caratheodory in^ 191^) 
and theories of area measure for non-plane se-^s. Not su;:*]^isingly^ t^e more 
general linfe^r measure of Carat he odory applies to the set of regrt-ifia^^le simDl'p 
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curves; (e.g., ^he" gr^hs *of continuous functions are^ measurable sets in this 
theory). Moreover the Caratheodory lirvear**measure of the^image' of a recti- 
fiable sijnplfe .curve, coincides with itfs;. length. (Here we uxicierstaJl^ that * 
both the linear measure function and" the iurve length function are extensions 
of: the same length function for segments'.V • * 



♦ 1 ■ 



,-. ^ .... ,v. 
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Chapter 3* 



TP MEASUREMENT OF MGLES, AREA, AM) VOLUME ^ . 
3-1 intrliuction v ^ • .* ^ • ' • ' 

P'^flncrl p fflpfl.qurpmpnt will hp liTrtlted tn a ^disf!USsion Of 



4 ^ 



Our treatment of '^angle measurement will litilited to a •discussion of 
pj^ije angles. The measurement of angl^sr ha^ many features in ciommon with th^ 
measurement of length, "bi^^t^ere are also dif f e}:ences . Three fundamental 
differences are: ' ' ^ , . - 

p *' * (i)' The range "of an angle-measure function, on the most natural 

domaj^n 9f "dimple angles", 'is an open' initial segment .(oy ^ ' • 
interval*) (0,r) 'qX the positive real numbers, whereas the 
rang^(?» of Ihe most na-feural domain of element arjj lengthrmea&urable 
objects (segments and their ^mpiilcal coiint^arts) is, as we 
^ ' have seen, the vhole set. r"** of positive reals'. ■ 

(iy • Similar angles are^also congruent, a stataaent •whi.ch is^ of 
, ,Y couirse, i^ot trve oX .segments. This impll^es that the values of- 

^ angle -measurement functions should be tinchanged under similar- 
o ity transformation of the i^otiiai*n. (In' particular, corresponding 
^ • an^'es in different scale models of the same dbjectVare afl 
« congruent, ar^d hence' have the ^ame measure.; ^ ^ 

^ " " ' f \ , . - 

(iii) Angle measurement is related to lerjgjbh measurement, that an. * 

* ' angle .measurement \function (the so-oalled radian measure function) 

• - can*:fc>e defined in terms of th^^ concept of length. In this sense, 

. , . if length meaaujpe^ent is taken as a pirimary^ (fundamental) measure 

/ \^ ' then angle t^feasur^ment .is a secoodary -(d&rived) measui>e. (These 

i , ideas wili^'^be maoe precis.e late^. ). . y - 

' In a book such' as this, where we a^^J^irig^an py.erall view .of mea^sur^ 
^functions gene^lly^ as well as. a detailed -^iew of some jjgfrt/icular measure 
'furrctiiJns, iVJis ^uite natural '(in an approach to the subject *of angle- \ 
me*asureiiffent) to vcqpipare and contrast the^situation with our prior. t2;eattaent 
of lenkth, and to mk'ke the treatments as similar as' possible* If -w^^ djD -^his, 
'0«te V the,first things that we j notice is .th&t th^re ar^ surprising ^Si^r ^ 
, f fences of language. These differences are not only historically interesting, 
but ther6 is little doubt 4;hat they affect our thinking, and. that they, are 
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responsible for some of the awkwaraness, and. difficulty, which is inv.olved . 
in the study of -angles and angle measurement. 

^Z"^^ treitmenif of ^^^le measurement we pay pai^i/:ular attention ,^o 
these language questions, not- "because we* are proposing ^hat you immediately 
^ a^lopt a naw^^languafeV, but because we fee; that an awa.reness of these language 
. difference; vi'll help you to a better understan^ding of the reaL (i.e*, non- 
\lV?S^i^^ic) 'P^o^lems involveJ.' Moreover, by using terms .yhich are parallel'^: 
'to^ corresponding- terms in the theory/" ofMength measurement, we can ttkv on 
much of the development' already given *f or length, ^ r-' - * 

• ^ Before becoming involved in details, we list some of the differences 

ani similarities in the'tertnihologies of length measurement and angle measure 
•ment.^ The difcussion is rather informal, in the s^nsQ that we use a number 
of not yet forimally- introduced in tbi% book. . • , ' ^ 

1.^ In length measurement (and, similarly^ in most"measlu3>ement situati9ns: 

e^g.^area, mass, time, intelligence) we have a word, in \his case 

"lengtn", for the attribute being measured. As we have seen, there are 

• certain difficulties connected with the possibility'^ of 'actually defining 

^ ^ th'ese attributes, but the ;prevalenGe of such wqrds 'suggests the prob- 

X ability that' there are^alivantages in having names for the attributes 

Pbr angle measurement -Cr^'^ight consider that '^J'^angularity'^'is such a 
* * -J • ' ' ' r * 

word, but the mere existence of such a word is not enough; we jtnust 

— -y only have It,* but we must use it. (While we. talk ojf the LsngV^i o^ 

\ stick, of a segment/ of a curve, and so\on, l\c^ O'iten (if ev(^f ^*we 

'V ' ^ ^ '"'^r'ef^rTto'the anfeularity of an an^^e or; f , a*, rot^ti qn^ ; 'Yoii^ght be 

• ' inclined to argue that angle measure (or angular measure) is .a" suitable 

- expression to substitute ■ for length,, but you will recall- from the* 

, previous chapter, ^ there are good: reasons for being able to distinguish. 

between the length of an object and* the length measure of an bt)ject. 

> , Thus ve were able to' define the length of an object to b,e -the length- 

ecjuivalence class to' which it belongs (e.g,, the congruence class for 

'segments; ^he class^ under an empirically determined equivalence rela-. 

tion for "rods"), and we were able to define the length measure or 

linear meas.ure of an ob j-ect to^^^e a set of orderej_pairs./* each con - 




, sisting of |a lengthy, function and its value, on the given objects. • 
' ('fecall that any one of -these ordered pairs determines the length,, 
and this i^ what is involved wheh^ we', say that, for; j^amplL.^)^,the, length 
of a particular bb'j^^cjfiUs \6.' feet.) The parallel 'Sljuation^^oi^. . . 
angularity ^ould be to^4:^fihe th^ angiil^rity* of. an object to b^_ aV- ' * 



, certain eqtiivalence class^ and the angularity measure, or angular . 

. * measure, of an object to be a s^t of ordered pairs j .each consisting bf 

an angular measure function, and a.valu^. Tj^ Wha±...fQi^6vS ve .\X6e^rtiih,ey ^ 

terms, "angularity^"' and "a'ngular measure"' in^ this wa-y,^ so tb-' b^ jrable*^. ^ 

to b;-ing out the similarity between lengtlj and angul^.rity, and bet^^een" 

linear measure and angular measure. ' . ^ - , 

» '* . 

2. We have* no' single name for an* objfeet in the common :-domaiH of enipiricsl 

length measurement functions; for simple mairhemat^tf^l length-measurement 

functions / the objects are segments, but w^en the domain, is ext.enied the 

objects may be curves, or th^y may be rather general point-^ets.< In* the 

case.. of angularity-measurement, Viether empirical, or mathematical, ah 

object in the domain is almost always called an angle. Sometimes we 

use the word "rotation", but then we usually complicate matters by talk- 

ing about the angle of rotation, and then referring .to the measure^ of 

this angle. Clearly there, is no reaso^ whjAwe sbould not regard rota- 

^ I tions- as being elements of tn^ domain of ^ngul^r-meaaure functions^ and 

talk directly about the angular measure^ of a rota;^ioh., An§;lee (l,.e.^ 

^- ^ simple ang^ies, see below) would, then correspond^,1^^;t^-2^aih simple rota- 

tipns, just' as segments correspond to certain. simple*. -c urves . 

3* The ^related terms ."length"^ and "distance" for linear, measures^ have *^ 
theil* parallels for angular measure^^. We skaU' ^e ,jSe te^^ .""angular > ^ 
distance" aB~ corresponding to "distance", ^t' th^j^j^i^st*^ lev^^ the 
objects ^hich constitute the domain of., an "angular di^.tanbe"' fungtion 
* * are^ of course,- '"pairs of rays with a common end, point* ^ ' • 

h. JuslLas ther^'are good reasons for aepg-rating the related ideas bf 
. . ' ' -O-^'X V — . '* 

distance function and coordinate functioir, there woiXLd seem to be g;ood 

' ^ r * .: ' * 

reasons for doing something similar with respect to angles. Thus, ^ * 

^t^^ restricting our attention to the set of all coplanar rays .with ^^^ed 

common vertex, we have an angular distance function oh pai^s of rays, and 

' related angular ' cpo^dinate functions, ^^giejff^^s^^no ne%,{at^ Jeaat- at . «Q 

" , the 'Elementary leveli) to introduj:e ''nega:^2^e ■aijglesl\, .^^^ 

_t___ I numbers enter ti)^5;5ugh the use of a symmeti^ig'. interval -of ^ij^aj, nvurih^ 

.'"^ ~ (*e«g., [-«^n^) .-as^ij,^ , range of an angular^^cdardinate funct4.o^;. but . , ■ ^ 

, there are- no. negative .numbers in the range* ^ijE*,. an angip!ar measure -* J" .i' 

i^cliion. This is par£^1161 to the-use, of t^^i&' s^Wo^ftall^ea^ n^be^ff '"f; ' 

•'\.(i)Ta^/iot/'3ust the positive reals) for coordiWfe^^j^^ions ofl the line'^ 

""•^r '.and:\i&h%'^TQlationshlp between coordinate hmctiX)ri's"an^^£stanGe ftinclions 

.'VJ^. is ^<luit^e;sfmSlar for both'^an^ar and linear measi^ements. ,.,^Qiir' a' ^ . ^ 
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mathematical- point of viev, this similarity is directly related td"'tlTe 
separation properties of lines and planes:- a. line with a point- removed 
Jis the union -of two <Hsjoin^ convex s^ts (half-lines)^ while la plane * - 
with a line removed is also the ^imion of two disjoint convex sets 
.(hqif-plaaes), ' , ' - ^ - 



\3 



negative numbers in a. 
id "sensed rotations"^ 
Df angle ancf rotation as 



Of course we need to consider both positive anc 
discMSSiQj^To^^'^^^e^mgafeureT^ent of "directed angles" i 
but fhese "b^ar the same relationship to the notions : 
.oriented (directed), segment bears to segment^ and there, is no more reason to ' 
ihtro'd^c^egative angles (with negative angularity)^ tha^i there is to intro- 
;idce ji^gative segment^ with negative iengtSt)." In" fact /'^as we pointed out 
in;Sect-lon '2-^the idea that is really, involved jierejis. that of a vectar. 
Th6 ^et"j>f all 'directed segments^^n a lin^, with the ^ame initial poixttT-As-^ 
— -l^-^-J-rLV rm spacLe^jpyer the real nuihbea^s. 'Jfe!r'~serised-Votations ' 

^' /|jfi^itamtion 
; 'Vlth a co^miQij, 



is simila-r: the seft:^f^ajl s^sed plane rotations at a point, 
,^ initial ray, is al^^^-'dioiei^onal vector, space over th^^ 

real's Moreover^ by introdul^n^^^jppr rela|tions,:^^U^ 
equivalence classes of. all direc^^^^egments on a line^ and of •ai<^J?^^^^^'^ 
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plane rotations at- a point, become- I-dimensional vector spaces,^V^C^3 
reals. In discussions, of" "angle^ bf any size"*' it is'these .x?efdr^j^otat5!ln5, v. \ 
or directed angles, that rwe ar^ iohce^med with, and the 'proaegs 'o^;;^ivlrig'«,^^3^;/ 
angular measures ^ to these Vamgles using the^lhill set of r^al numbers as ' 
range^ is- nothing more tharr.^the process of setting up isomorphisms from the 
* vector space of sensed plane rotations to the vector space of real nmbers, 
a vectoi* space which.' is easily -sHown to be isomo'fr^ic to every 1-dimensional* 
vector ^space over the reaJLs. • , . -""Nfft 

To sum up:. If \?e are to preserv^^ the parallelism of linear and angular 
measures, we Bhould consider rotations as ^generalized angles, and i^ence as 
elements of the doiaain of afigular-measure functions, l^ut we should not cqq-' 
'sider sensed rota,tions as elements of this domain. Sensed' rotations, and 
directed angles, are bettjar considered as vector quantities, for which 
appropriate ve6tor measure functions^are mappings into -^ct'or spaces of 
^ appropriate dimension*^ i ^ * * ' 
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Angle Measurement From !^nj5a^4rical Standpoint 



You will have noticed that ve have not yet given a definition of angle; 

Frora^an empirical standpoint th^re is. n9 more need for the use of a single 

defined term "angle", for an element in th6 domain of an angularity-measure- 

ent function, than there is for the use of a single word in the corresponding 

sitttaMon for length. You will recall that we did introduce the word "rod", * 

which was used as atjlareviation for "element of the domain of a simple empiri- * 

cal length function". In this section we will use the noncommittal word 

"wedge", in much the sa^e way. .In the following section, in which we deal 

with the corresponding mathematical ideas, we will need to deJPine "angle", 

% * ^ " 

ju§t as we needed to define "segment" in ..the formal treatment 'of linear 

meas.uremenj; in a geometricqil context. 

Prom* an .empirical standpoint, we must "be able tp recognize a set A ^f • 
objects which possess "angularity", and we have^tb establish empirical pro- 
dedMjr^syfjOT ccjpparing t^e "amounts of angularity" which th^e objects have. 
('*j^ngularity" ^will, not heed to be defined.) These procedures wilZ-lead to 
*the esTsat^ishmerit of a certain angularity structure on the set A ,^ or on 
a/^t X of equivalence classes of A • and we will look for functions which 
map J isomorphic ally into the ^positive j'eals. 

In thfe sdt A of objects which possess anguiaVity, we might inclx^^ 
such things'^afe* wedges, ordered triples of jnon-collinear poi-nts, pairs of 
rods which are joined at one end, certain pencil marks on pieces of paper, 

/ ..... ^>vtV'' 

and* certain chalk marks on chalkboards. We use the vague word "wedge",' to • 
^describe any of these objects, and, at least initially, ^we assume thai^our 
• wedges are ^bounded by paijfe of "rays", -which are not. collinear (,and. hence, 
of course, -not coincident). .We shall have more to say about this exclusion 
in the^njathema^ic^ discussion of angles and angularity. We also restrict 
oiJ^ notion of wedge, so that each point of a wedge lies either on, ,or on 
^ 'one^side of, the line detennlned by one o*f; its boundaries. If we wisfe, 

these restrictions can be modified later to extend our domain. For con- i 
" veiiience' we can picture elemente of our domain like this: 
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* . As in the case of length measiwement^ ye assume that there ^fe an* empiri- 
car procedure for comparing our wedges, and that this procedure is "perfect" 
in the sense that.it enahles us to establish an ^equivalemle 'relation ("same * 
angularity", denoted by ~ ) and an inequality relation ("less angularity", 
denoted hy < ).on the .domain, and that the relation < carries over to the 
set' ^ of - equivalence classes ofl A • ' . . 

We assume next that there* is an empirical join ope^ration tgr wedges ' 
(a binary operation which laay >e iterated), and that Joins are plane objects, 
as suggested by the diagrams, * • v ''--^ * ' * • ' . 






This join operation (*) h^s the property that the. join of -^wo wedges need 
-not be (or correspond to') n wedge. We resist the temptation to modify our * 
notion of wedge, so &s to make the set of wedges closeij under the join -opera- 
tion, but we do enlarge set A to a new set .(^ say) 'which ir^cludes not, 
only the set A of all wedges, but also the'' set of a^Ll finite joins of 
^ wedges . We assume thai the empirical equivalence and inequality structure 
'-can be- ^e'xte^ided to this enlarged domain, (it does not require too miich 
imagination to se*^ how this 'might .be done' 4ffipirioally . If we think of our 
wedges' as^rigid pieces of thin Qardboard,^n comparing one finite join ^ 
.^Vedges with .another we are still involved, in'a, visual or tactile cgmparison , 
procebs, and^the fact that our joins might' "spiral around" many times doesn't 
complicate -the comparison procedure'in any essential waj rrve^^cah ^ount 
directl;/^the number of times the join spiels fe.round. But, as we. shall see, 
tl>is empirical simpli&ity does not iext end*' readily to the mathematical theory^,) 

► . 'Without stretching our ^ima§in4t ions too far, we can^ assume that our 
' empirical procedures suggest a structure jTpr B (the set of^" equivalence ""^ ^ ^ 
classed of our enlarged 'domain B under the extended equivalence relation*) 
which is, exaetl;^as in the case of.lengi^h and rods, a densely ordered, 
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abelian, archimetiean semigroup* However, as far as our subdomain of wedges . 
. is concerned, there are significant differences : the set A of wedges is 

not "closed under the*- join operation, and the archimedean property has to be 
• modified -td-^^s<«?fething like: "given any wedge a , there is a positive 

integer h" stich that the iterated join na is not "a wedge." The order 

relation op the sabset % is -atill^dense, and the set of wedges has no 

least flement- q,nd no greatest element. 

We ean ^establi&h an empirical structure-preserving measure func^ion^ from 
the extended domain*., J to the positive reals by either*of the approaches^ 
previously" used i for setting, up siTTu.lar i^inctions for length measurement. The 
> unit approach (^n which we first select any wedge as a unit ) has -ghe minor 
advantage. that, we could lescribe it on the domain of wedges >i^thout going out ^' 
of the domain. In the altema'tive approach we first'^set up a ratio siMpvP*" 1 
ture, associating 'a positive real number with each ordered pair of eletKerrE^T^ 
of the domain. This involves the oomparison of arbitrary integral multiples 
o*f TOdj^s; ^t^u6 the modified arcitimedean property ensures that we could not 
early 'out this procedure on the restricted domain of weclges* 



Clearly, the sitiiation . is very simfelar 



't .wfich we discussed for 



the einpirioal measTlrement of length>. Let us ag^ijme thsft we obtain^ by this 
empirical procedure, a set of angular measure functions, which, with respect 
*to*the structures involved, are isomorphisms . ^ Let • *t' 



+■ 



be such a function* Then vilX::^ye the.*(eiapirical) property -t^Jnat if^ 



^ ^2 "^^^ wedges^with the property ^^t/ when we fcjrmHhe jdin, 

the r.^feining,rays 'are^ collinfejtr (this implies, of- course, tha'fwe have a ^ 
suitable test^or collinearity), » ^ x 



then 



T)(a^) + 4a^) = p 



where p does not depend on a and' • -More^over the 'function t] ^ 
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restricted to 2 , will.^nap t'he incomplete stmcture c5f X ^isomorphically 
into the interval (0,p) ; p -vi'll 'be (as far as can be determined empiri- 
cally) the least upper bound of ^ the range ofTbTie^res;^ricted function ^ 
and 0 wiir^e the greatest lover 470X^d, • . ^* ^ " 

As in the case of lengthy we can show easily* that tlie functions obtained 
* ' .» 

by composing these empirically determined functions witif positive, similar i- 

ties/of R (intuitively: raul-tiplying all values by, the same, positive 
real number) are also structu2:*e preserving. The complementary^ question^ <^ 
"must all structure-preserving functions be related. in this way?"^ can 
only be ^n^wered affirmatively if we make further assumptions (such as the^ 
assm3^ption that the funct^Lons r\ and i^jj^are ontTo R**" and (O^p) res- 
pectively) and clearly (as in the case of length) there is no' possit)le way . 
of deciding empirically whether such assumptions are, in some Sense, neces- 
-^ary, Jbr empirical purposes the set of all' rational numbers in an open 
interval (O.p) will be quit^ adeqtlate for th.e measurement of angularyty 
on -the domain of wedges. In the next section we shall see tihat the corres- 
* ponding question fqr a^ngular measurement in (synthetic) geopietry is related 
to the Cantor-Dedekind completeness property; if we assume this property 
as a postulate/ then the angle raeasiirement, functions for simple angles will 
interval/- of the positive reals. 



se" 2-2^^^which siioWed tliat if ^l? , q , are positive reals 5- 



be onto an open 
[Cf. Exerc 

ft then the only isWrrphism of the open i^terva'^ of reals (0,p) onto the t 
open interval (0,q) which preserves (where, relevant ) addition^, also * * 
preserves ord^rt and*thkt it is the similarity t rah s format ion x-> -^'x / 

Thi^, resvilt can b^ generalized in the manner of ^ercise 2-2.19^ and the 

remark following that exercise,] - .• * 

* * * ' 

/n^e structure the domain A ofr wfifd^s can^^be established' eiiipiri- ^ 

cally in still another way^ by -using' a^'procedul'e tliat has much in common with 

, the method used for establishing a lehgth, structua^e on the se"£ of broken 

^* segments. We shall d^scrib^ this pro^^psrerj because'it^ turns out to corres- 

' pond closely'to the ^^ylest way of handlihg the comparable question in the i 

context of synthetic* geometry. We anticipat.e^s;Ligli!1>ly, .by commenting that 

one of tlT^^ma:J.n difficulties in handling the (juestic^ of angle tiieasurement 

in synthetic geometry, is that the previously suggested empiricaJL procedure 

for forming, and comparing wedge joins is awkward t6 formalize mihout using 

the concept of rotation; and thi^ concept is %u2?p'risingly haro^ to introduce 

/ * 
into the formal structure of geometry^ .While we wish to cjwi&ider this in- 

i . 

tuitively simple coftcept eventual}^, it is desirable to avoid it in a first 
i ' ' ' / * ^ ' ^ 



approach to the problem of angle measurement in formal geometry. >This can 
.be uone if we mimic the empirical procedure which we describe below. If 
' you are able tb follow the empirical procedure, it is not hard to "trans- 
late" the various steps in order to o*btain the*corresponding"?ormal mathe- 
matical procedure . , ) , . . * ^ 

Sums of Wedges . If you refisr back to the method which.we -txsed in Section 
2-8 to set up an equivalence, relation on the set of broken s.egmeQts, and ' 
to -Obtain a structure for "tyhis set as an ordered semigroup, you will see 
that the fact that the constituent segments in *a broken segment were joined 
end-to-end, really didn*t ^l^y .any role. Because of the fact that we were 
T/6rking with equivalence classes, we could Just as Veil have c-onsMered' 
•H;hart we were working with oJ^jecTs* which were, just finite sets of segments 
.(not necessarily joined and that we defined silch sets to be equivalent 
if there was a piecewise congruence of their elements, a,llowinXfor decom- 
. position. On sugh a domain/ a foiinal "join" of two members (eacl^^ finite 
set of segments) cotild be defined by using the union. Que^t2t)ns ort^s- 
3ointness could ba handled without real difficulty^, and we would obtain a 
^ corresponding", formal join of equivalehc^e^cla.&Beto', This operation' would 'be - 
''^commutat,ive and associative,, it .would be properly related' "t^an o^der, 
relation, and so on. 

Let us describe a similar procedure for wedges, Keeping in mind that 
the big advantage^ in worl^ing with extended joins of wedges (as before) or 

^'with "fon^al suiiis" of Wfedges, is tha-fc we obtain an enlarged domain, jgjiich 
is closed under the relevant binary operation, thus^we obtain all of the 
advantages of 'working with a semigroup, rather «than with an^ "incomplete" 

' structure", in which jdins of wedges need not ^ist. In this way^ I 
treatment of angular measurement^ oA the enlarged domain becomes yirtimlly 

* identical (except for language) with our treatment .of length measurement, 
leading t<i^ angular measure functions on the enlarged domain. From these 
the^eces^sary measure functions for wedges (and angles) are obtained by 
merely *re.3tr3^ctirig the domain; * \ - ' 

Let a , b ^ denote wedges. 'By a 'formal sum of, wedges, we 

' meah'simply a' finite ¥et "o"f"T?e^gea". " " ^^'^ - . > ^ - 7 - .-7 . 

Such formal stams are, of course, equal, if and only if they contain* the 
same elements. Because a fortnal sm is simply a set, the same wedge 
cannot* be repeated in a formal sum. But equivalent wedges may be contained * . 
in the same fo'rmal sum. an,d this is sufficient for our purposes. '^V 
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If a. € W. and if. a, - aj ^ a" , with neither a! mnr-'-a^H^'T^^ 
then ^ the formal svrni, , vh'ich obtained from W . by ^ulpstitutlTJg^^^a^ — - 



X and a^ for a^ , is called a decomposition of W . Any [formal s\m 

obtained from W by a finite number of such steps, is dialled a finite 
decomposition of W , We Refine two formal sums , y to be 

equivalent ^(w^ ^ ' there -are finite decompositions ^ ^ . 

of ^ , respectively, such that there is a 1-1 corresjx^ndence, 

of the ^elements of and , with corresponding elements equivalent as 

wedges. If a simple wedge is considered as a formal svmi, then ^ agrees 
J with ^ in the sense that, for wedges a^b^a^^b if and 'onl^ if 
if a) {fc) • We assume that w is (empirically) an equivalence relation • 
which, in a. sense, "extends'^ the equivalence relation for wedges. We can 
think- <;f an empirical procedure for comparing two formal ^ums W = (a.) , 

and W^ = (b.) , as follows:- ^^T* * " ' 



If there are any common terms in W , ^ discard *thes a first. Let . • 

W* , W* Td^ the residual sums. Te.i.e any. wedge, a, , from W^^ , and any^^ 

wedge, b. , from WJ , and compare them' as wedges. Exactly orie of tllfe 
3 ^ \ • ° V • ' 

relations: a. ^'b. , a. <b. ,"b. < a, holds. If ^eVVix«t relation 

holds, discard a^ an^^b^ , pull a second wedge from 'each';set, and . 

compare them, etc.; if either of the other relations holds (say a.. < b w ^ 

• - . ^ _ ^ 

find a b» such that a.»^ b» b. , and b» jt'^^Jl , (We*^rMiy "ftiink of s ' 

. .J t % . y . ' 1 ' . j ' - . 5 ^ .b > i ^ ^ — 

W as equivalent £o "b . -^^K' : in our mathematical treatment, the congru- 
3 ^ . 3 ' , • . 

ence postulates for angles will ^ovide us with such a "subtraction", and ^ 
this is why this simple.^.procedilre carries over successfully to the mathematical 
context.) 
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If W" 'is the fo'^i''s\ffi^^ V*removiip;a^;\'ap^ « 

r the formal sxm -obtiihed ' f rc^g^» by eitheV/rimovf^,l.T?L (if 
or by replacing b . with /b»» i^^^^'^ ^^)' . .*>^ .t]?e^be^^oi. tefts, in , . 

W" is one less than the nvmbir /o'S-^feiros in and the^ nuii;^r -^f terns ' ' . 

^ -• ' ' I - ' ' ' * * 

in 'i's'^'either the same, or Bne _ less than, the ni^berjijf te^^^ W« . 

^ Thus at ^st one''formal,s\i hJs^been jieAucei'Jln^its iwkber of teims) and 
V < ^ the othef;h?s TOt increased. Lnc^l^ve jShlinUej toawing, comparing, and 
- '•■■''f "s?tbtract5ag"''if ne7ess^^A^ pmcei^'Jiius^ terminate, ;If "W^ - and .\ ' , 
<^^edU(;e eventually to'-^'kngl^ wefj-gp, and'these are equivalent as , , 
.y^^"]^' we'dW, then * ^nd W w.iil "bi^'equival^t as formal suras/ 

Vr^^^-, An peering (<<) between formal sunis can be introduced in the" us.ual 

there if a ' , s^*^h':^t ^ ~ and is equiva- ' _ 

prpper'Tubs'et of W»)-ana, th>^.^^ empirical procedure can be ^ 
'■""^J-^^^^^S^^'pW^lish tli'is relation./ We as^^l/\hat empirical e-^dence jiistifies ^ 
-^'"'SFaaiumHtion that-°'« , shields, an. ord6^ ^'el^tion otf equivalence, classes of - . « V 
, formal s_ijms.^' " -■ " - — 

Or ■ 




;> :A-^4oiSliJjfe4^\^-t;his subset, the equivalence relations « ^>^na ^ j^^^, ^ 
^\^'Si^nd.so dp\he"1'r4sr.ri!^^^^ < , and •« , and the- join 35Utiols'(wfiS_ieX^^,^^ 

for wedge^). The set of equivalence classes of fo'pml '^ums' is 
''M: •^Fe&icallyVV°^'^^^^'^'^^^^^^'' semigroup, in which the s^' of equivalence ^. ^ 

is isomorphicall^ imbedded. This, is what we *e*. out to._ 
^^V^^Ibhfive: establisfeent' of suitable angular measure, functions can now - 

■^efere. ■ , ^ :^ * 

~ " i This*\s as far as we* need to' go in this direction, as our main objective 
/ /vas*tO describe (in ij^foiljal language of the empirical situation) a process ^ 
which i/virfci^lji idejjt/cal (bufc„mo»e awkward to describe) in the formal 
ftnemat/carltmain; ' return now .to our general discjjssion of angular _ ^ 
:on wedges. ' / " <r ,. ^ 



One interesting property of angularity measurement concerns the question 
\ of units i| Because any open interval -(o/p) of positive reals is a satis- • . 
^ factory vlalue space, if p < l ^hen there will not be.. a "unit";, i.e;, no . 
element c f the-dojoain of wedges will have value 1 under the' corresponding 
angular-measure function,* — - 

. Except for the necessary modifications ^resulting from the, 'restriction 
of the ringe, to an opeli interval] all of the res"ults for length measurement 
have* the ir^nalogs for angularity measurement. The most important of these. 
p the relationship involved in the question of ' "scale * change".-^ If t) and 

fere .two angularity-measure functions, then for some k > 0 , t) - ^ y 
ajid for" every ''a € A , i" * " \ ' 

* - " * 

Tliis means that the relationship between two such ^functions, is, fully detfer 
m:^ned if 

this cal^e 



we know the value of each^ function on* one el'ement fa € A . 



la 



, for any a e A we^'have ■<\Jb.) = kT) (a). = ^''^^l ' 

4 

^ W you are aware, there are important connections between linear" 



y -J ^^B^^r measures. If we taRe any circle with center at the 

- ^ ^^^Be a , and use any (empirical) length function X , then 

^ circle meets the boundary of the Iwedge a at ^points ic^ and Y 




V i»<- 



and the ratio \ / , 'jf^ denotes the%rc of the Girele) *is independent 
, . . . y . ^^^^ , , ^ - ...... ^ , J 

of our choice^ of, circle and of .our choice of linear measure function. More- 
over the function 



defined "by 



;^9^Jncf3es with one of our 'earlier established angular measure functions, 
^^'^^^s range^ (0>J^)| In other words this 'function yi^ is itself a 

suitable angular measure function, meeting our requirement of preserving 
the structure of A . (This is the well-known radian measure function.) » • 
It follows that any angular mea'feure function differs from by a posi-y.ve 
^similarity. * ' • ^ '/■ 

We emphas«ize that all of the above statements concerning t^e Indian >^ 
feieasure function have to be considered *(at this stage)/ as having only 
empirical justljfication. In synthetic geometry -there is, a corresponoing 
situation for angular measure functions, but, in that cyniext, the ooyres- 
ponding assertions must be deduced frotn the axioms of synthetic geometry^ 

There is a .connection between the relationship 64 angular^^nd linear 

' \ '' 

measures, and the subje-ct ,of "scale models". In a scale model, the linear 
measures of an object and its scal^e model diff^Jby a fixed "scale factor'*. 
Consequently the radian measures (and hesce the^'angular measures Under any 
fixed angular measure function) of corresponding angles on the object, and 
'on a s'cale'mbdel,^ are the jsame. . ^ ^ . : . . 



3-3 Angular Measure In Mathematics ^ - ^ *. 

You will recall that, iVtJie discussion Of linear measure in formal 
* mathematical systems, we had two- questions to* consider at the outset: 

Whatr^ystem or systems should we corNRt^Ler; and wfiat shoul^ be our initial 
'''dOT^in? The first question- involved i^he choice of 'a geometry, nnd'we' con* 
sid§fe<t ^hree possibilities: .c&ssical synthetic geometry, metric geometry 
(as^-prbposed by'^Birkhoff ,.-and used by SMSG and others ),\ and eartesian 
(coordinate) geometry. In metric geometry the distance/length functions 
♦ were j^stulated, and in cartesian -geometryi they were easily established. 
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Sut-'ih s;/nthetic geometry we had to do quite a bit ot worjc ii^uDrder to- 
establish the existence 'of suita,ble length/distance functions^' and we dis- 

^* covered that i^f the^ corresponding poqti4ates„ (the distance and coordinate 
postulates) in metric geometry were to^'be e'stablished as theorems in synthetic 
geometpr^ then we sfeeded to strengthen the synthetic geometry by the addition 
of the arcjiimedean postulate^ and thp 'Cantor-Dedekind (completeness) postu- 
late.*- Pbr an^e measurement 'the situation is rojighly the same, but perhaps 
the need to estab3,lsh,the exis^enpe' of angijlar measure functions (suitably 
behaved with respect. €d cojigrue^ce and "angle addition") in synthetic geometry 
is nbt quite so mportant, ,for the following reason: 'Using linear measures \ 
only, ^we can star^with (augmented) synthetic geometiy^ prove the existence 
of '.distance and c^ggrdin^te functions for lines', and'' go on to establish 
coordinate functions f^^planes a^d space, using only the synthetic congru- 
ence pos-tulates for angled (see below). In the resulting cartesian geometry, 

^we cafi develop-*a theory of curve ien^h as discussed i^-thejlast chapter, and 
the existence of suitably^k^|lSbved angular measure functJr<Jns can then be es- 
tablished by using the theory oV curve length, as^^ft^^ed to pimple circiilar 

^arcs.. (This is, of 'course., thprji^^ injfjiicJFK^adianmeasiare functions are 
fprmally defi/ied; see later 
a developmenyj;^f linear meas 
of angular measures, but thia^uue 




areful that, in such 
ed the existence j 



does not present any serious difficiilties. 

One advantage the uses^f the arc-length ^proach in the establishment 
of the existence of ^suitable anWar measures^ is that it ±q a natural 
vehicle to use -in ^dis'cussions of t^ extensiomof the domain' W include 
angular measures for rotations of various kinds. We shall have more to . , 
say about this below. But there is /something not g^^i'te satisfactory about 
this approach.: we. feel, intuitively, that the empirical procedures for 
angular measurement should have their nfethematical pouAterparts, and that 
we should be able to establish, directly, the existence -^of suitably ^^h^ed 
angular measures in synthetic geometry. This can, in fact, be done, but v^* ^ 
Jas you mig^ht expect on tte basis of our experience with the .correspondi^g,'^^^ 
problem for linear measure) is by no means simple. We shall give an ""^A 
outline only of such a vfc'i^eatment . 

I i i ' » ' . ' 

Angular Measurement In Synthetic" Geometry . Pqr linear measurement we 
decided that our initial ^domain should consist of segments. In the sam'e 
way, for angula!r measurement our domain will ^consist of angles. This is 
not as sijnple a statement as it feeems, because, although there is. universal 
agreement on a definition for "segment" there is. no suoh agreement tor. 
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"angle". In synthet^ic geometry, the elementsfiy idea, of ^ "angle" ca^i "be o&n-* 
veyed in rmxiy ways. For example: * 

(i) a pair of rayk with a common endpoint, excluding '-collinear ^ ^ 

(ii) the point set union^ of such a pair of ray.s; .j'^-^- . 

(lii) the union of l^a^s as in (i), together with all points 

"between" them; ' ~ * ' ' , 

(iv) as in (i), but with rays replaced by segrjientsj . 

' ^ ■ ■■ . -N- * 

(v)-^ an ordered triple of non-cbllinear points; 

(vi) ,a set of rays, consisting of ^ pair of nbn-qpllinear rays, 

* . > as in (i)^ together with ail rays (with the same eodpoirlt) 
<^ . • ^ 

) which lie between them; » . 

(vii) the union of all j^ays *a^/^in (vi); * ^' ^ ' . 

(viii) a suitably defined 1-1 *bij:oritinuous function from an int'e'rval 
of real numbers to an^op^n semi-circle* , . 



Remajrks : 



IVom the ^oint of view Of ang\;ilar measurement^^ ti^ere would "be many 
advantages in adopting (vi) as our defjlnition. !ftiis wo«ld (in effect), 
make an angle a "sefement of rays".' (The restriction of nqn-collineardty 
must be made, because betweenness is not defined 'for collineai* non- 
coincident rays; soe below.) With (vi) as definition^^e could parallel 
our language and treatment for length measurement on s^gmehts. except 



•where i'orced to diverge by ^-he* really ^^sential differences. Moi*eover - 
, it would, provide a simple and direct way to generalize the notion bf^ , 
&^lp^ by analogy with the situation for curves;' (We return later, to 
this* idea.) * ' ^ ^ . 

2, Possibilities' (iii) and (vii) describe the same point set. This point 
, set corresponds to our vague word "wedge", and* seems tGk, describe most 
closely ^the,simpi:e""plxysTcfal idea of^an angle. 

3» The exclusion of coincident ra^s is in keeping with our original defini- 
tion of a segment. There d,s no difficulty in lat^r extending the 
definition* of angle to include such "zero angles", or "null rotations". 
Z§ro. angles are not nee'ded in elementary geometry, and ^jcoluding them 
from the first stage of a discussion of angular measure permits '^^e 



use 6f a suitably modified archimedean ^rS^perty for. ^irM& angles, 
a'nd allows us to state results about angles without the need to con- " 
*^ . sider special cases, , . ' /- ^ . 

k.. The exclusion of collrnear non-coincident ^ys, permits us to introduced 
a suitable notion of .^etweenness for rayS with a common end point, and ^ 
to talk unambiguously , of 1?]:ie interior of an angle. / ' ': ' * 

' 5* Possibility (v) corresponds to th^ way that ttfe angles of a tria;igle \ 
' are determined, and to the usual method for naming angles; e,g,,/ 

' . - ' • . - . , . ^-^^^ 

6. Possibility .(viii) is closie ;tp the one^.which we will use (and general-: 
^47e)^'for^' discussion-o'f rotation, but it "requires that we find S9me 
way of making precise the notion of continuity which is involved,? This ' n\ 
cannot be done (in synthetic ge^rajeti:^,% in an elementary way,* . 

•Notwithstanding the pos^i^I|^;a^^?^t^^|^l6l', (vi), (ii) seems. to be the - 
most Common definition in current' use^^' J^^ tiiereiPore define an angle to be 
the union of two different non-coj^llnear^^ys. This is consistent with th^ * 
^,SMSG approach, and with the treatment in 'the important reScenc^ [l^] • . - ' i 
The main point to remember is that each of 'the bther suggested pes- 
sibilitiesi determines'a -unique angle, so that'if ve -use any of these i ^ ' 
alternate descriptions, there will be no doubt which angle we are talking* " • , 
about* * ^ ^ V * \, ' " ' 

If our treatment of angular measure is to parallel that for linear . 
measure, we should first' look at those postulates and properties which^were »\ 
partigalarly important foir^he theory of linear measure, and see What their 
coilnterparts for' angular measure Would be, toOnc[^^hesfe<QQunterparts are the 
following: * ^ ■ ^ 

There is a j>ostulated relation of betweenness for (some) ordered 'triples ^ 

of rays; if ^ ^is between ol and 62 , we write' 0^ - <B - OC, Jeflore * giving 

the properties of betweenness we introduce a useful abbreviation: rays with . 

a common end point are said to be co-halfplanar , ^i f ^ they are coplana,r, and ' »^ 

if , there 'is a line through the common endpoint, and in the. common pl^ne, suth 

that the interiors of all of the rays (i«e», the rays except for their end- ^ 

ppints) are contained in (the same) one of the halfplanes determined by the 
V" * ' . • ' ^ . '* ^, 

Jine. .(Any two ray^ who^e .'union is an angle, ^re co-half^ls^nar; a fact . 

which you may prove from the axioms . below. ) ' 



The required .properties for h^roeenness of rays are^ (cf • 2-5 and note' 

how closely these correspond tc/the congruence/betweenness postulates for 

segments and points): . • . / - * . 

• , * * / ^ ^ * 

BR-1. If C?X -.C^Y - .6lz ..then cTx . cli and CJL are co- 

^ halfplanar; 1[ln particular. C = = . ) ' • 

r ^' ^ _ 1. 2 - .3 

}^fiR-2. Given three d^^fferent co-halfglanar rays^ exactly one is between j' 
the other two, ^ ^ 



» BR-3. , The relation isfgyinmetr|c irf^He sense that \JC:X - CY - CZ if ' 
. arid only if - C Y - cl . • \ 

BR-li-. If S C^^ a;re two tkys, then there arenrays -.C^ ^ /'such 
that CX CZ - c;i: , and CW, y CY . 

' ' ' ' . •''■'^ ^. -> ' -> 

Any four corhalfplanar rays can be nametf*in an order* CX. . CX>s 

• ' ' ■ ^ 'i^'^^' . ; 1 ' 

" , CA|^ such that ck^ - .CX^ - CX^ ^*>-P^.V 'Vhere>the notation 

means that all, of the -implledT betweenness relations* for triples 
' are true. ^ ^ * ■ 

• . . - / .. 

The,r-Q is a relation of congruence on the set of all angles. It. has the 
' . i ' ' ^ • . ' 

properties' (cf. Section 2-5): ^ - 

CA-1.* CoKLgmence'*4.s an eq;uiTOlence relation on the set of all angles. 
(We deridt^e angle congmience by. the symbol .) 

CA-2. { Given an angle /aDB , and a halfplane bounded by a line CX , 

there isNi unique ray^ GZ whose interior lies in 'the g;^iven o ' 
, ' halfpiarie, and such that /XCZ ? /aOB . * ^ ^ ^ ' . ^ 

' Coiigruence of angles and betweenness for rays are related by the 
properties (cf» Section 2^5); 

-.CB-l'. ^If - cjr-^. -'C^Z^ >nd cJCg - - C^Z^ , and if 

^l^A " ^^2°2^2 ' -^l^l^l " ^^2°2^2 and^only 

^ ' ^ These properties a^e all valid in synthetic g^or^etry^ but i^ is not 
necessary to take all of them as postuI^tes^^Jbr example, the relation 
of betweenness for rays can be defined by; CX - CY - CZ if and only if 

> •' ' ' " ^ ^ y 

for every pair of interior points Z^ of CX , CZ , respect^ely, 

CY n ^2,^2, ^ ^ ' properties can be deduced^ The congruence ' . 

* \ _ z ^ — - - - - \ . ^ * 

O ■ ^ ■ ■ 2J.1 ■ ' 
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prQpertias, and property CB-1 , 'are taken as postulates. Ve h^e listed 
together all of thege betweenness properties for^co-halfplanar rays, and 
congruence properties for angles, in order to show hov close they are" to 
the corresponding betweenness properties ^or collinear points,' and the/ 
congnifence pi-operties for segments. J 



Remarks. 

1. One usem forisequence of properties BR-l^ and BR-5 , is that if we 
-add one of the "bounding" rays -J^o atfinite set of co-halfplan^r rays, 
t^hen the augmented set is still co-halfplanar (but .not, of course, 
With respect to the same half-plane: see di^gx^m)." In the diagram, 
C3 is _the initial, half-plane boundary, and' CY is the new bounfery 



When CA Is added to' th® finite set of rays,, {CX 




' -m 



In geometry, the notion of the interior of an'angle is 'useful: the - 
interior of the ' /aCB^ is the intersection of ,the halj'-planes 
which are determined by cS , and whicU contain, B , A , respective- 

ly. It is^easy^to shov that P is fn the interior of /ACB , if and* 
onl^ if ^cl - Cl - CB , and henjie tha^ the interior ,pf the angle is the 
union of the interiors of%ll sA i^ys (i.e., the ;ays, with the 

.common end point, C , rem6ved).^ ' * 



\ - 





\ 



3' We know that tKere yiust be some differences between the establishment 
of lengthriheasurement functions and-^e establishment .pf angle raeasxire- 
ment functions, so ^fe lookaor their origin in trfe essential 'differ^nc'^s 
between tlie betweenness/congruence propej^i^s for\ points and segment S;, 
and the corresponding i)roperties^ for rays and, angles. The key pdi^t 
of difference lies iA^ the restriction of the betweenness^ properties 
of rays to those which are co-halfpl^nar. - y ^ 

An Angularity S-(>ructure for the Set of All Angles . We have no intention 
of giving ^ fully detailed treatment of angular measure in synthetic ^ge<^etry, 
but ve can indicate^wheredt^e treatment mu^t differj, from "that for linear 
^^U^J^ne^sure,^ and where the additional difficulties ^lie. - ' , . 

— — ■'^■^l^, > * '""^ 

■ ^FTJst^of all, we define an angular measure fUnctfon||tp be a function 

, T : A r"** /^A denotfei "the set. of ^11 angles)'' such thaf 



(ii) 



CY 



angles^vhave the same^v^alti^ "un^dei: X 



CZ , then 




congruent 
if CTC 

r(/xcz) = r(/xcY) + r(/YCz) . 

Let ' X denote the set of all congnie/ce classes of angle&,,.„_^Exactly 
as for linear measure, we use the congruence and betweenness postulates to 
define a relation <"'-'3n X , and to shov^tThat this ^is a strict t9t^\. order 
relation on 2 • In addition, it is^^d^B^e^^^^ri^^ with respect ta\he retaT- - 
tion < ^ can show thkt tes^no least elenientj^ii^^ no greal^est element. 



V-- 
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-217. I'i^^Sg 



We n^pct look for a join operation for equivalence classes, and immediate- 
ly we run into a difficulty. Given any an'gles /BCD ""^ /XYZ , we can follow 
our length- join procedure, find show that there exists an angle 



( 




\\\ 



/bCE' .(with on the opposite side of S5 to D )^ wfiich is congruent to 
/XYZ • Butjfi([ contrary to the situation for linear measure) it is not 
necessai^ that cSy - - (see diagram), so we cannol^ conclude, from the 
postulates, that the -congruence class of /DCE is t&iiquely determined -hy 
the^i^& -ang.es k Md even ^f it were, we can see some otjier problems • If 
were^^o try to define the join of the equivalence classes of the given 
ijfSlep.'to be €Se equivalence cl^ss of ""/dCE , then the angle classes which 
ar6^kd!rtene?r hy /dcB« and /ecb«'" would have the same join; and this 
coul^hardly he considered satisfactory. ¥ou mj^ht think that we could 
reson^v(^^g^tfii^ff^i^^^ making some felaor variation In the definition of 
angle, hut this is^not so^^' the'difficuJ-J^ Is. quitf real". . ' 

In order to avoid- getting" bogged down in notatior^^t us denote 
corig^ence classes of angles hy letters such as a > .^b^^^^^iJ^I]^^ define 
two congru^ce classg^s a , h of angles, to he co^lfplanar, i|^triere 
exist angles, /ECB,, /BCD in a , h , respectively, s\ich that E '^nd D 
are on opposite sides of CB , and such that the rays 'CE , CB , CD 1^ axe-^'^^g:^ 
halfplanar as previously defined. This idea can he extended to, a finite 
hmher of congrjience classes, without difficulty. We can then define (as for 
linear measure) a join operation (*) for those pairs of angle classes' 



\4iich are co-halfplapar, Thi^s leads to a-binajsy operation (join) in 5^ ^ . 
which, where defined,- ii^^^^?3ffl&iutative and associative, aftd preserves order. 
In other words (2 , * , <) , iSis all of the properties of a densely ordered 
aljelian Semigroup, except that it is not clofeed under the Join operation*. 

We now turn to the question of whether there exis^ functions -from X 
to R"** which preserve this (limited) 'structure. It is easy to see that any 
function which preserves this structure is an angular measure function; and, 
conversely, that any angular measure^^ function will preserve this, structure. ^ 
The situation is quite similar, in this respect, to thd;t «for length functions. 
If we try to parallel our procedures for the -establishment of linear measure 
functions, .we find that we need some sort of archimedean property. It can 
he showri (hut the proof is not simple) that if we assume the archimedean 
postulate for segments^ then there is an "archimedean" property for angles 
in the sense th^ft if a € X^, then there exists a i)ositive integer 
n ,(n > l) such that na (iterated Joi^O is not defined (i.e.,' tfie con- 
struction for the join leads to non-co-halfplana« rays). We assimie. such an 
archimedean property. 

' We ^an now proceed with the construction of an angxilar measure function, 
T , for X , using our first method as for segments. That is, we first 
take some angle class a € X , as unit. Then, for any a'*€ X , we compare 

a with the successive Joins 2eL^ , Sa^ , .... , (if they exist). If there 
is a least integer such that (n^ + l)a^ > a ^ let* n^ = n^ . /Other- 

wise, let n^ be the least integer-such that (n^ +' l)a^ does not exist^ 
and ^^(^q)^ ^ • the eqxmlity holds, Ve define '^(a) = • Otherwise 

(using the postiilates) we can form the^ imique "difference class" 

a^ = a - n^ifa^) . ' (Notice that, while postulate CB-1 sets limit at ioi^s 

on the possibility of "adding" angles, it indicates that non- congruent 
angles can always be "subt^cted" in one or the other order.) 

' If .we continue to copy our earlier procedure as. for segments^ we take 
n > 1 , and look for a» such that# n(a») = a^ . But, imless we assme * ^ 
^the Cantor- Dedekind postulate, we cannot prove that such submviltiples will 
always exist (and, in fact, th'ey need not. Ibr n = 3 , that is" related to 
the existemre^^of angle trisectors. In [ih] ^ Chapter 19, it is shown that, * , 
in surd cartesian geometry — which satisfies the axioms Qf classical ^ 
synthetic geometry — such tprisectors do not always exist). Fortunately, 
we can show^rom"''the classical postulates ^hat angle bisectors always eyXsl!, 



^ , so we can limit ourselves to binary^ expansions; and. proceed 'as for length 
^ .(cf. Section 2-5 for detail^) to establish a function. 

which is basgd on ''a^ as unit. ,Ve should then prove that Y preserves 
^ the structure of' 1 , and that; H ye assume the Cantor-Dedekind postulate/ 
r maps 1 'onto an open interval (0,p) of positive real numbers, where 
p = r(a') + r(a")- for eveiy linear pair (a' , a") . This is quite a .. 
formidable task and we have no intention 6f attempting it J (A linear 
pair of congruence classes of angles (a''',a") has the property that if 
^ /A'CB ^ a' then /a"£B € a" , whfefe. /a" i^ the op'posite ray to cl« ^ 
that^this definition gives a satisfactory Wion of" "supplemehtary" congru- 
ence classes, is shown in Chapter 8 of [ik] .) 

If we look at the alternative procedure, which we carried out in .con- 
siderable detail for linear measure on segments, the position looks quite 
, dffficult:- for a^ , € 2 we need to compare arbiti^ry positive integral 
multiples (iterated joins) m(a^) and n(a^) , and these will not genei^lly 
exist. We might attempt to get around this difficulty, by re-examining our 

• discussion of the corresponding situation in the establishment of empirical 
angular measure functions; where we considered generalized joins of wedges, 
and attempt to extend 1 to a largej. set 1 on ,. which an extended join 
operation, and an e^ded order relation, would be ^^l^ed,. so as to make. 

jX,*,<). an ©rdered abelian semigroup, in which JK,*,^:) is isomorphically 
..^^imbedded. If we could do this,'^then we cbuld* carry thorough a ratio 
■■>^ocedfire as for linear measurement, and set-up angular measure. functions'. 
(on>-^l ) ^ who^i^nge would be r"" ^if the* Cantor-Dedekind postulate is 
. assumed. Thelpfunbtions, restricted to' 1 , would give the^esire.d angular 
measure functions. ■ , . * . ' 

' ' . ^ ^'^ "Sing the. "fomal sum" 

, procedure raflt#*than some, mathematical equivalent of the "generalized join" • 
.process . (The difficulty ' w«h the-, letter, is that" it takes 'a^ lot ' of mathe- 
matical development to cope with the empirically simple idea of counting 
^ the number of' rotations in a""spiral",.of joined wedges.) 

. -Me shall fiot give a detailed^description of the procedure forXsetting 
up a '^fpnnal sumj' structure/.dh tfie^seli of all angles," buf«i>he "disrussion 
^(in the preceding section) of the procedure for handling f onml 3 s jpns^' 

• wedg,es, contains al2, of the main ideas. Fonnal sums of angles are simply 

- ■ • ■ ' \ . . - / 



(finite aggregates bf angles, A notion of (finite) decoidposition for angles, 
is defined* using the restricted Join operation, and this is^extended to 
derompositibns of formal sums. Equivalence .of formal sums is defined as 
piecewise congruehc^ under decompositipn, ^d ap inequality relation (on 
^equi^lence classed) is -Refined in the naftural way, (Roughly speaking^ 
jfor equivalence classes a , b , o^ formal suras, a < "b if "b contains a 

*, formal Suin such that some proper subset is in a ,) Tri-chotonomy ^can "be 
,shqwn "by usiiag the comparison/subtraction procedure as for formal sums of 

, wedges-* A jcfin operation for equivalence classes of formal sums of angles, 
is defined as .for wedges, •'And so on, - . * ^ 

Thfere is a mass of detail cope wit^, "but in a certain sense, the 
ideas involved are elemeH'tfary, vferh enougl^^tience, and careful attention 
to detail, we ^f^el^-that it should "be possible to carry through the treatment, 
and ^>t^i*''^'dei?sely ordered, archimedean semigroup , (S,*,<), in which 
'Tftii^restricted system ^ * ; <) is isomorphically imbedded, (i.e., 
if angles are considered as , one- eSSment formal sums, equivalence corresponds 
to .congru'ence, and the Join operations and the o3rder relations correspond, ) 
Among the properties which we would need to proVe for this imbedding, is 
that a formal sura^is^epuivalent to an angle if, and only if, it is less than ' 
the particular ecAiivalence class of sums which contains all linear pairs, 

Such*a pr^ogram can, iij fact, be carried through, | For the extended 
structure (S , <)* , we can establish a theory of ratios, and hence 



7 

angular measure functions 

r ' 



whose range includes ^both arbitrarily large and arbitrarily small numbers. 
If the Cantor- Dedekind postulate is assume^j it can be shown that T is 
ontQ^jfthis point is discussed more fXilly below), and that the restriction 
of T td "^h^ set of congruence Classes of angles yields a suitable angulaj: 
meast^ tr fic tion i. 




(^nd^^ corresponding function, T j for A) whose >3^nge, 
^x^JiOy^) ^^poffitiVe real numbers, and which ha^ thelprop4 




/linear p^r (x^, x ) of angles,^ ^W^^^ ^d^^P^ 
different angular measure functions arr6 ^ei 
of their ranges, (Cf. Exercise 2-2,5, ^hos 
^manner of Exercise 2-2,19^ apd the subseqU( 
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open interval 

that f or^^ny , 
we would expect, 

imilarities 
eralized in th^ 
units. 



i \ 



'ahd scale change, are just as before, so we do not repeat them* [Th,e fact* 
that (±n augmented synthetic geometry) each suitable angidar measTore function 
(for 'single angles) i^ onto an open interval, is proved below in •the dis-' ^ 

.cussion of radian measure.] , . - : ' 

\ _ Radian Measure * Another procedure for establishing the existence of 
suitTable^ angular measure functions in synthetic geometry, leads to the faitiillar 
ra'dian measure. Because of its importance we describe this brie fly out- 
lining the main steps necessary to show the existence of such a function, 
and how we would go about proving its main properties. Most details are 
omitted, but we give enough to indicate that the uavial elementary treatment 
makes some fairly substantial assumptions. * ' . f 

} ' 

You will^ recall ■ thal^ radian measiore 'invol-s^es the question of the length 
Of a circular arc. *Our earlier treatment of curve length was so general 
that we cannot apply it directly to circular a2?q:s. (it is not obvious that 
a circula''r arc is a curve as previously defined?) Hence, in our treatment 
of radian measure, we must first say something aboiit arc length. Let /PZQ 
be any angle, and let ' C be any circle with center Z , -and in the ^lane of 
/PZQ . Let \ be any length function for space, and let a 'be ibhe related 
distance function. Let C D 3* = X and C D Z^ = Y (seCdiagram below) 
and let denote thfe angular arc consisting^ of - X , Y , and those points 

Of the Qlrcle which are also in the interior of the ^angle /PZQ ff ' A 
denotes the set of all angles^ we may define a function ^ ' ' ' 



- by 



rC/pzQ) 




\5iliere^ \n|^)'' denotes*'^ the arc. length, of 5CY as defined^below. 

, ^, In oraex that T - lie.-a'*suit^ble angular 'tdeasure- function, ve mu§t 
' ^irove that it ' giv^^^the. same value ' to congruent ---angles^ and that it carriej 

.j^ins;inT:^o .sumsv '^^^^ wlth'Very little extra effort, that y 

.\ "> '^dpee^ riot, depend^'.on ttfe c'^Oicef-O^' , or on the choice of th? circle. C ; 
,^ ' • , "1;, . In? other words, we obtain ofjly one angular measure function by this process, 

which linear mea'sure function we use. 



iio-totter which circle ;we use, or whi' 



Arc Length , We nov^ give ^ elementary treatment for arc length. The main 
advant'age of the Tunction 'definition for a simple curve (or any curve) was 
that it gave us a natural way to order the "points" of the curve. .For an 
_ angular arc of a,cij^le^ we can order the points hy using the hetweenness 
notion for co-halfplanar rpys.. As mentioned- earlier, betweenness for co- 
halfplanar rays canr be defined in terms of betweenness of, points of a line, — 
and it c£^n be shown,' that any finite se,t of co-halfplanar , rays can be ordered 
by the notion of betweenness, fiach rfiy from the center of a, circle (and in 

^^ , , , r 

the plane of^the circle) contains exactly^ one point of the circle, henbe 

any finite set of points on any open (i.e., without eu^points) semi-circular . 

• arc can be ordered. It follows that a finite set of points on any angular 

' arc can be ordered. 

Let X. be a length function for space S . We take any n + 1 points 
Xq = X , , , ... , = y in order on X? , (see diagram) and define 



X(XY) = sup ( Z X(X. _X.)) 
i=:l ^ ^ 



' where the least upper bound is taken .over all '^nscri'^ed" elementary broken 
^gments, XqX^>,.X^ * " - ^ ' , - 







f ' 








; 




















W. / 




Ai-i ' 




>^ n \ 


1 / 






V 



i-1 



i-1 



In order to shoy^^that this least upper bound ext^^^ we must show that the 
^. set of the ^"lengths" of all broken segments X X^...X^', is^ bounded. The 

» ^ idea of such a proof i^j^g^rftained in the" digram: there are halfplanes 
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which cpntain (except for Z) ' ZP and ~ 2^^ , and aHJii'laJy^be taken in.'sxip'tt 
a halfplane, 'parallel 'to its determining line, and far enough away so that' 
it does not meet the circle C . -Su^f^rlTHnte^^ -and ZQ , 

'Leti W^W^ be such a line, meeting::- -^-^^^"^ in , -respectively, 

and meeting ZXv in W , Then a straightforward geometric proof sho^s 

that, for each ^egment X.^^X. , X(X.^^X^) <\(W^^^W. ) , so that the len^h 

of the broken segment TTJTTT' is bounded by the length ' of wlp-T"""^ 

O 1 n ^ Q n 

Hence the set of the lengths of all such inscribed brok^ segments is 

boujided^, and the least upper bound exists. .Thus the function r : A ^ R"^ * 

is ^properly defined,. * . . ^ ^ , 

The fact that^ r ig independent of the '.choice of \~^is trivial: ^ijy 
other length function \^ is related td \ (on segments), by \ = k\ . It 

is a simple property of the least upper bound that if G is a bounded set 
of real numbers, k > 0 , and kG (^oc : x e G} ^ the.n sup M] = k sup G . 
Hence on the set of ."apgular arcs", ancS therefore / - 

^ ' ^1^^^^ ^ k\(XYy- x(xy) ^ 



-St* 

} 



The fact that ^ r does not depend on the particialar circle C , is^ah^. 
exercisfe^ in the use of similar triangles, 'proportiona-lit^, and the properties 
of the-^east upper bound, [See- :^igure above: 

^(zx^) . \(a(T) ^ *' 

We can now show that r gives the same value on congruent -angles' . 
(a Straightforward exercige ^n congruence, using the invariance .of linear 
measures under .congruence) and hence T .gives a funct^ion {which' we ^till. 
call /T ) / ' V " ^ . ^ ^ ' 

f ' r : X r"^ . ' , 

In order to complete the proof that T is an angular measure function 
(and hence that , r preserves the structure of A) it is sufficient to show 
that if / a^ ^ a^ are two angles, suchr that * ^2 ^ angle, then 

- - ../r(a^*a2) = r(a^).r(a2).; , 
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This will Tollow from the related .result fox arc length. Clearly any broken 

segment inscribed in , the angular arc ^ which is detennined on a given. 

■*-'•♦» * 

♦ •« 

circle by the angle a^ , together: with any broken segment inscribed in the 

arc * a^ , will yield a broken segment for the arc aTT^ , Hence, from 
properties of the least upper bound, r(a^) + rC^g) < r(a^ ^ a^) . The 
proof is^^compl^ted by showing the reverse inequality. We can show 
^ (i) that anyS)roken segment for, a^^'*^2 *^ "refinement", 
which gives broken segments for a"^ and a^ (i.e., which 

includes as an endpoint the point where /the commdn ray of 
♦ ^1 ^ ^2 ^^^"^^ circle: see dotted segments ^on diagram); "' * 

and ^ ' ^ 

(ii) the length of any refinement of a broken segment i^gr^ter 
than the length of the broken segment. (This is a dii*ect 
consequence o^" the "triangle ine,qmjity", that the sum of the 
lengths of two sides of a^triangleVxceeds the length of the 



Hence, fjrom pi^pert^^s of the least upper bound, we get 



and therefore 



i* 



Th* r carries joins into sums, .and hence it ia an angular measure 
function. This important function is called the radian measure function 
for angular measurement, , It is easy to prove that r is 1-1 'on 1 j 
and that it preservies order. 

We'are interested in identifying the ra^^ge of r • First of aU we 
should "show that the length of a semi-circular arc^ exists: ^the proof is a 
minor mo4<ffication of our argument concerning angular arcs (our earlier 
^'^^ argument concerning the existence of an upper bounri ha f^ to "b ^^pi^djilg^I, — _ 



This is not difficult, and.^j^&s a result", we can show that if denotes ♦ 
as usual, the ratio of the length of a semi-circular arc to the length df 
the radius (this ratio iS easily proved (as above) to be independent of 
both the circle and the length function used) then it follows tl^t the 
range of the angular measure function x contained in the^open interval'' 
(^,it) . ' 

In order to obtain . an angular measure function as postulated in the 
metric treatment of geometry, we still need to show two things: 
(i) If (a,a») is a linear.pair, then r(a) +y(a») =^ it • 
(ii) T is onto (0,Jt) ^ . - , " ^ 

The proof of {iVis a trivial "extension of the argument 'above which' 
showed that r(a, ^/C) = r(aj + rU^) ; (in effect, we need to erirtend , ^ 

the "additivityy theorem for arcy length), , ^ -v / 

The proof of (ii) is much more interesting. You might thii^k^ that we 
'/ : could pr<5ve ij/by noting that it is equivalent to showing the existence 
^ --'(pn-a cS^fe^of radius 1 ) of angular arcs of any length r, where 0 < r < it . 
But we do not know that such arcs exist, anJ if we try to prpve that they ^ 
exist, we will find that the proof is no ea&ier than it is tp, .prove that* ' ^ ^ 
^' r iS *onto (0,Jt) . Trie truth of the matter* is 'that neither property Is 
. . /..V. necessarily true unless we^'make some assumptions beyond those of classical ^ 

^.syr^thetic geometry. The situation is quite similar to that which'^ncerged 
, ) us when we were d'tsciissing the "ortt;oness" of length functions on' s^ents^J ; 
* ' - and the same assimrptlon (the^Cantor-Fedekind completeness postulate^ is 

sufficient to enable us** to ci^plete,the proof that X is onto (0,rt) • Me 
-^^-^A. ' outline this proof in some detail, as it^is hard to find in the literatur^^^v^?'^;^^^ 
. , ^''"'and :^ecauseJ,M!n addition to the existence question for arcs of specified . 

"^i^^^h and'.fitn^es of specified radian measure in the interval (0,rt) , it ; ' 
•^■^""jiiabl& us to show that, if .the Cantor-Dedekind postulate is assumed, then * . 
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trisectors exist for any angle. (FOi' a ^roof that .trisectors cld^^6t"''V.;| 
necessarily exist in a geometry which -satisfies onljr the classical |)ostulate 
of synthetic geometry, see Chapter 19 of .[ik] .) Note carefully ^at' ouf 

, proof of the existence of trisectors does not impl^ constructability in .ttje 
classjj^al sense: the proof of. non- constructability (which you can alsO^' ^ 

'find in [ih] ) is- still "valid in the augmented geometry -which includes the 

Ceufitor-Dedekind postulate;* . . - 

. % ' > " / ' ' 

Let .r be ^ny real' number between 0 and jt . We want to show that 

there exists. an;angie whose radian measure is r • You ;/ill ^re^all that^ \ 

in cor/sidering Jthe corresponding "ontoness" ^question for len^h functions, , 

-we used 'the fafct that we could show the existence of (actually construct) 

all ^egmehts^ V^ose length$; \^ere rational multiples of the length of a given 

segment. We <;aH*t expect, to-do this for angles — after all - is a^ ^ 

rational number, and. wa know- that we can't even show (constructively) the 
existence of ^erisectors. 'in; fact aiLl that we can prove in this direction, 
is that every anglej^has a 'unique hlse^or^ (We leave to you this well- 
kncnm and straightforw&rd proof, inyolving the existence^ of raidpo.ints for 
segments, and congruence of triangles.) PbrtunateJ^y this is sufficient: if 
each angle has a bisector, we can shoj^.the existence of 2^-sectors- for 
each positive integer n~.;-,(!rhis merely involves repeated bisection.) ' 
Hence, using our join operation, giyen any angle a , we can show the 

existence ahfeles with radiife.m^feTkes" - . rta) / ror all of t.hose 



cistence angles with' radll|il^,m^^Tkps" . r(a) , for all of tho 

positive intege^JB . '!^i:i4v'> fi)r;>>f}pi^^^ t>l,s>jim^ than « .v 

Since a ni^'lTe a right ahgieV*'viQ?^^^^^0^^^^^ is easily proved to be ' 

K thus'^^if^ind^angles whose vd^^a^^^^^mj^^&re all numbers 

*' - * • ** ' ^'sV"'!' > ""^'Z ' * 

^ (a > 1*, m < '2^ ) . tWe point '0^\^tlife int^i*est'ihg fact that the 

" n * ' V ' ' 

numbers ~ ^ with m < 2 , are just those rational numbers between aitd 

" ^ ' " C \ " • 

1 which have finite binary exp&nsioni.^^^^is set of nmbers is dfense in the 
sense of order (i.ej, between any two there is another) -.but of . course' this 
* set does not inclu^^e all rational numbers. It is also a dense subset of 
(0,1) in the topol<jg:^cal sense, and this is used" indire^gtly in^the. 
following argumehtl]^ ^ , ' 
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We return to the' problem of shoving that there.vexists an angle ^<^^, 
radian measure is t . for r between 0 and. • it. . Let 



K = : m < 2"} 



Kj^ = {x : -x- € K , X < r} 

Kp = {x : x: €* K , X > r} . • 

It is not hard to show (from, real number properties) that neither nor 
YL is empty, and' that there are sequences of numbers (ja.) , (b.) from 

, respectively, su^h that a^ < a^_p^ < b^_^^ 1^ ^ ®^ch i , 

and sUch that | a^ - b^| < — r . (in oth er ^v o^ds, a^ is strictly monotony 

increasing, and b^ is Strictly monotone decreasing; a^ is always less 
than b^ and the difference " arbitrarily small^ for suf- 

ficiently large i . The proof that such sequences exist involves 
only properties of real numbers, and the proof is' quite /«imilar to the 
proofs of similar theorems about cutS'Whict we have lised earlier.) ^ 

Now let i=l,2,3,..., , and let ZA^ , ZB^ be rays which ^ 
(except for Z ) lie in the same halfplane, an^i sjach that r(/A^^^) = a^ , 
r(/B^ZA^) = b^ . (See diagram.) // 



Let 'W?_be any line parallel to zX^ , and in the same 4ialfplane as 
' each • :^en*ea<ch ray ^ and each ray ;fl, must meet -tf? . ' Let ^ 

respective points* of intersection. It now follows (Srom 

the '4^^riit^?-Q?* Y'», and from the betweenriess properties of rays and 
/ ^ points*^-, and the relationship between them) that, for each i , 

V. - ^•ZAj^''- - - ZA. - ZB. ^- ZB._^ - ... - ZB^ ^ 

^ * and I V ^ _ 



' - Xp - - X - Y. - Y. . - - Y, ' > . 

Hence we have a sequence of segm^iits", 0^ = (X^Y^) , ^cii "that a,^^ c 
for each i . . It TDiiows from the' Cantor-Dedekind postulate, that;^ ' 
i ^1 ^ ^ ' If this intersection were to contain more than one point, 



we 



wovad* obtain two different angles, each greater than or equal to every 
/a^ZA^- , and each less than or equal to every angle /b^ZA . This would 

imply that the ^ different^) radian measJPes of these angles Jer^ similarly 
^ related, and hence that the intersection of the real number segments 
[a^jb^] contained at least 'two different numbers.'. But i-^ is a straight- 
forward real number ao:gument to prove ijhat Q [a.^bj is the single 

real number r . Hence there is *a single point L in ^ * The""' i:ay 

-> ' * . / ♦ 

ZL determines an angle /A^ZL , and^ because 'the radian measure fiincl7j.on ' 

is orpler preserving, we have for each i , ' ' • • ~~ ' • ' 

Hence /(/aZL) e 5 i^,'^^] = (r) , ^nd^hence" ' r'*is onto * (0;jt) as we 

set oi^t to show, ' , . ' 

- • . • ' \ ^ * 



^Remarks ; 



1*' Henceforth we denote ^the' radian measure function by > . Observe that 

7 \ i ' TT 

♦ _ ^ * \ ^ - " ^ ' 

'^-^he definition of *r^^^''did^ot ^depend on the'"cHto:c^Tfedekind .po.§tuLate,\ 

so the concept of radian 'measure is defined in ar^^yjathetic geomet^; 
, I'but »ern,fejs<3lii^*t^«.i^aptor-^deid^ postulal4 in order'^to'^fove'' that" 

'.-A.:^^^^^ r^>£vas 'pnto '{(>,Ti)\ > ^ ^-j"' ' — ^. . , 



It is easy to see that, f or^ any k > 0 , the fwiction kr^ is also 

an angular meas\ire functioh,. bfi^^pver, it can be shown that if T is 
'any angular measure function, then there exists k > 0 such that 
r = kr - If the *Cantor-Dedekind, completeness property is assumed, 

then the proof of the latter fact is relatively straightforward ^corres- 
ponding to Exercise 3^2.5); but otherwise the proof uses the monotone 
^ property angutar nea^ure functions ^and also uses (in essgnrfi) the _ 



(topoJ.og_ical)^^^enseness of the^et^ of "binajy^^^rational numbers 

{— : m , n , positive integers, m in the interval [0,1]' » 

2^ ^- ^ 

^ This* is ye ry similar to the corresponcUng question for length functions 
y (see the remark which follows Exercise 2^2.19). We do not wibh to go 
into detai}^' here. 

It follows that, in any geometry which satisfies the postulates 
. of classical synthetic geometry, any two angular measure functions are 
- similar, and the set of all angular measure functions is a ratio scale. 
If the Cantor- Dedekind postulate is assumed^ each angular measure 
fmction T = kV is onto an open interval^ (o,kjt) of real numbers. 

' For the degree measure '•function (which is used in the SMSG treatment ^ 

" l8o 
^^^f metric geometry) ^ = . * 

The proof that ' r is onto (0,jt) , implies that, for anyr angle, a , ' 

and any real number r such that r[r(a)] <rt. there exist angles 

whose radian measures are rfv (a)] . Jn piarticular, this is true for 

It 

1 ■ • ' ' \ 

r = — , where <q is a positive integer. Hence (with the assumption 

of the Cantor-De^ekind postulate) we can show the existence of 
q-sectors^ for every angle and every positive integer q . Thus 
trisectors ce!rtainJLy exist in augmented clas^cal geometry, even 
though they> cannot be constructed by "classical" methods. ' 

Ji^ is another by-product qj^ the fact that is*, onto (O^it) , thdt 

_a circle of . radii^ c* Tias .an^ularr'arqs of lengths rc ,«for eveiy 
rea^'^r € (0,jr) , "and that any ar^T^^br arc of length s .has . 
"sub-arcs" of ikengtff s* ^ where s* is any real* number >between 
0 and s ; . ' . 
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k. We are accustomed to using all of the aboye properties.' This laeans ^ 
that we.are^ in effect, assuming (usually implicitly) a geometry which 
satisfies the, Cant or-Dedekind completeness, property . In the ;metric 
treatment of geometry, and in the cartesian treatment withfreal, 
coordinates, this property follows from the populated propVsrties 
of the distance and the coordinate functions, 

The ^ Relationship of Linear and Angular Measures . One-of the most impor- 
tant facts about measure functions (both empirical and mathematical) is that 
'there are relationships between tliem. ^Cartesian products, and commutative dia- 
grams are a natural vehicle for illustrating these relationships, , * 

From what we have proved above, it follows that the radian measure 
function, whose definition involved the use of a length function, coincides * 
wiftl one of the^ angular measure functions which were defined (e^nd wl\ose 
existence could be established)^ quite independently of length. Whenever 
this sor6 of situation occurs, (equality, or relationship,, of two functions 
^which are defined., or arrived at, quite 'differently) you should suspect that 
there might be an underlying commutative diag^at]}, representing the fact that, 
starting from *any , domain element (in 'this case an an^-e)- you could reach the 
same point (iSb's angular measure) by different "patiis'V llliastrate this 
"commutativity'^ situation ;Ln the diagram below, D~ 1& a d^ialg)i?^fp^r|^l^ngth J 
functions. We assume that D includes at ;Least all Sje^ents. and,,.ali^V 
angular arcs. \ is any length function, on 3 ; ix^.JL^J^^^ 0«^=.A«sap 
is the natural function detejnnined by on the cartesian .product- - ^) 
»(K X K : D X D ->1R. X R ) . A denotes^ the set <>f all^anglesT The fu^'ction 
f : A ^ D X D may be^ defiiied""as\ollows : ^Select any fixed plan'e and any ... 
fixed circle 'C (with center z) in that plane. If a e A ^ select any 
angle /XZY congruent to 'a , where X , Y are points of C (see "diagram 
used in definition of radian measure) » Then f"" is. defined by *f(a) = (XY,}C?)5^ 



< D 



The mapping^, 6 : R"^ X r"^ -> r"^ is the division function, " 5(x,y) = - Then 

the fact that the radian measure function is ^gial to one of the independently 
defined angular measure functions, is equivalent to the- statement that theret. 
is one of these functions, (r^ say) which (for every choibe of \ , C , 

and ^ZY) ^satisfies * = > where is the composite function 



= 6(\ XX)f . That is, there is a which makes the following 

diagram commutative: 



D X D ^ . ^^ > R'' X r"" 



A 



It is useful to Show what happens to^a particular element of^A , using ^ ^ 
a "parallel" diagram: 

\ X \ 

(X?,XY) : 



(\(5cY) , \(xy.)) . 



r^(a) = A(XY) 



, there is no need to distinguish between them because of 
the way in which they ;were defined.: they are the same, function. . 



Becaxiise 



. Arc Lengths as Angle Measures . Per^haps you are accustomed to a def ^inition 
of the mdian measure of an angle, as thelength of an arc of a "unit . ». 
circle. - There is nothing wrong with s}ich a procedure:' it leads to-' 
•exactly the same function. We h^ve used the altemate procedjjre (defining' 
radian measure in terns of ttie, quotient o^ two related length measures) 
because^it makes more apparent the ^l^nportant fact that, although we u^e 
len^h measures in defining radian measure for angles, the ^«dian measure 
function is complete]^ independent- of -any particular length function.-; Of 
course this^is still true if we use the arc length 4efinitioi^ in-.that 
•'case a change of length function from to K^, -l^^; , .changes a^it 

circle by the similarity "point trans/orma^ioh" [^\ . vThus, if-'an -angle, . . 
a detemines'an arc x^" = (g,(a)) -on a xmit circle when x^^^;used,-;_^ 
-and an arc X2'= (gaC^)) a unit circl* when is used/HW ^ 

„ [1] X • ' and we have (in essence) "commutativity", as represen^d by 
■*2*~- ''k 1 ' _ * . 
the. diagram: - 'X- ' ' ' - / / 



> 



er|c 
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That is (cf . the' earlier discussion of point transformations and similarities) 



A second reason fox oit^phoice of treatment for radian •measure^ was 

that it exhibited the ^relationship of l^ear and angular measuresiJl^'^a way 

ii ' ' . €^ 

which we can follow closely when exhibiting, the relationship of length and 

fr 

area^ and the relationship of length and yolume» • ~ . . 

It is also possible to define the radian measiu-e function in terms ^] 
area* As is Veil known (we discuss it later) area fiinctions are related /-^ 
to lengti3^4!l^^ions, so this p^cedutjs, relates length functions ]^d angiilar 
' measure functions Indirectly. ' ^ ^ if- 

Angular Distance and singular Coordinates . Xt,5^is now a simgle matter %o 
introduce the cdRcepts of angular distance and angular coordinates, .and. . ' ™. 
the related notion of. ^lar coordinates. Let, »2 denote the set of aJjL' ; 
r^ys (in space) vit*h a common endppiilt Z . Tf z , z^. ,belong» to Z ^'"^ 

and if T is an angular measure, function witjr range vO,^p) ^ we can define 



an angular - distance functiol 



a ('z X z ->'{0^p] 



"if"' '* 
5- . ^ 



p i^ ^ is opposite'^ z^^; 



A V \ WW 



r(z^U z^) oj^erwise*' (Remember that 
z^U z^ isi an' angle. | 



• t 



If we now res|i<ct attention to the subset ^ of ; consisting 



of those rays of 



slie in a given plane H ^^'irhen^ we c^n set up ^ 
aij^^angular coord:^nate system^ rays . Take any ray ^ i'h the plane as 
"initial ray" or>or\rgin ray". the line Sc determine/two half- 

^planes, which we 4^|LWnate arbitrariiv as h"*" and^ h":' • (See diagram.) 




s. 



If P € h"*" ^ we define the'^ angulaV^<yrdinate '. f (^) of the ray ^ 

(with respect to ) to he the angular- distance cy (^^HP) . If 

Q e H ^ we define the angular, coordinate f (ZQ) 'of.! ZQ to he 

'-o^(ZX;2Q) . jhe ray \ .opposite to M is jgiven the angular 

coordinate ^ p^ • '(Clearly -p would he Equally satisfactory: Ve choose 
one of the possihilitifes stf as to make' the 3eesultini coordinate^ function 



1-1 and onto. SJventuilly^ of co\arse^ it is convenijent to .consider ihe '* 
range of f^^ ^as the'^set of equivalence^ classes of real nmhe^s mod^^\, 



( -P^p] 



and -p ^ p^^ ^hen heloiig to the same equivalence class,) 

We have drawn the diagram in the conventional way^ hut of coi^se 

>ns like left and riffht>. nnri n-n nnH ^Hrttm tioiro /<\^4£x^4-Atr^ ^r^4-u^^^. 



T 




notions like left and 
/meaning, ^Any ray could 



right ^ ^and up, and .down^ have no objective. mathematical 
djhe taken as initial raj^ aigiefther hfi^lf^lane 

I ' «... . ' . . r 
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-ii. 



\- ■ 

(wi-^Jv respect to the line contaiining the initial ray) can be designated ds 
the pos^ive halfj)lane. 

An angtijar distance function, and a corresponding angular coordinate 
function for C«Sgcurrent rays ^in a plane ^ have a relationship someyha1>" like 
that for a di^ta^5»|:,function, and a corresponding coordinate function^ for ^ 
a' line. \.P6r anjl-two-^I^ys z^. , € Z^^ we have 



,2p - lyz^) - f^Czg)] , if |f^(z^) - f^{;^) \ >p 




You should draw appropriate diagrams and verify this for yourself. 



Polar Coordinates . A polar coordinate system {for a plane) is a combination 
of an 'angular coordinate* system with either a system of concentric circles, 
or with a -coordinate system for a line. ^ 

\ 

In order to determine a polar coordinate ^system for a plane,, we first 
need to have an angular coordinate system. This means that we have" ah 
initial ray, a designated positive halfj)lane, and an angular measure 
function or an angular distance function. The initial ray ZX , is called 
the polar axis , and its endpoint, 2. is dialled the ^pole . We alsoTneed t,q 
be given a len^h function, or a dis^ar^ce function. 

The simplest way of looking at a polar ^coordinate system, combines 
the angular coordinate system with the family of concentric circles which 
are centered .at 'the pole. (Think of the* way latitude circles and longitude 
"rays" look at. the poles, and you will see the origin of the terms "pole", 
and "polar coordinates".) A circle in this family 'i^ fully determined by 
its mdius (i.e., the positive number which measures the length of its 
adius under the given length ,f*imction). The polar coordinates of a point 
(not the pole) are a pair of numbers (r,0) . J^e^first number, r , is 
tJhe radius of the unique circle (with center 2^), on which^ P lies, and 
1;^he second number, 0 , is the angular coordinate (in th^^ven angular 
c'oordinate^ system) of the unique ray on whicK^^^P lies. If (0,p) is the 
range of the given angular measxire function^ and^^^s an c^quivalence class 
mod 2p , tfiert there is, a 1-1 cbrrespondebc'e of po: its P (not the pole) 
a^d pairjB (r,3) ,' r > 0 • ,The pole is given the c(}>3rdinates (O,?) , where 

(ilass;;'*^^ 



e\ is -a^ equivalence Class;;'' 
^' '"^ i 




1 • /m 

There is a second vajj^. of Idqk'ing at' a^^olar coordinate system. Thl 
is ^ponsistent with, tut extends the earlier proc^aure, in permitt^n^; i/e ^ ^ 
' ** ^ J "to ^ake negative values, Tkils second .app^acl^ombines 

^ aigiv^n angular coordii^ate system (as before) with a coordinate system for IV 
•'^ Observe that if any ray is^ given, and if ve hare a f^xed dts- ' 

*^9|/%3^^tion a J then there is a unique coordinate system />f , ^^^t t^^sl 
^i;p^h is-'ccinpatible with a , and which has f(A);= 0 , f^Bf/>'p 
.^..ll.ca^yhis the coQrdinate system for JS" which is detej^ned bV ^;>ai(d ^"^ 
a . This idea Wuseci^in the second type of polar coordi'^e 'system. - Agai^Ay • 
polar cod.rdinajisfe^ 'tj6he^ point P are a pair- of numbers^. '^^^Y '^'' nhe secofi^Z/f 
^ nmber is the an^kr cgo*^nate of either the ray 0 \ pr ttija opposite ray'!-'^"r^' 
W»* •> Th^^first;nU2tt[^3i>^ r ,^ is then the line coof-dinai;e'^of P in the 
^v?cbordinate system ^fa|>^ pp^ ^•deterInined by ZP^, or ZP^ , Respectively. 
^'T^t is, the secoud* number , 0 , determines a unioue ray, and hence it^ \^ 
^determines a..line^ ajM av ^pordinate system for that line; ^e first number, '''^ , 1 
,^ r theny^^' co-ordinate of a point on that lin$. Thus the paii; (r;^) | 
\ detenjines a unU4u> point.' In this type of polar coordinate system ^^^rpSa^ 
^fe^J^.'^f^^- number. ^Moreover, if (0,p} ^ is the .i^nge of the givenj simple 

then the coordinates (r,0) , (-r,0 + p) ' 
determine the same-'point, so that each point (except the pole) is represented 
by, two essentially different coordinate pairs. It J.s easily verified that / 
l^*'r > Cf/ and if fixed underlying distance and angular distance functions* ' 
are^^jjcfed, then the^pair (r,0) determines , the same point in either^'.of 
the tva\:yi>tf& of polar* coordinate systems which we have described. ^ 



V 



3-^. Extension of the Domain for Angular Measure : Directed Aogffes and - 
_ > ■ ■ , 

Rotations ' : i 

^ In, this section we consider some extensions of the notions of atigle and 

apgular, measure. ; The first of these (involving the notion of some sbrt of 

"generalized angle", whose measlure could be any positive real' number) was . 

implicit in the \iork 6f th^ earlier sections; i.e., in the extended joins 'for 

vedges, and in the formal sums of angles. In th^ (empirical) epctended 5oin\. 

situation, we coujd hav^ defined a generalized angle to be an equivalence I 

class o^ extended joins. But the carresponding situation for formal sums 

(in the purely mathematical context) i's not yeiy satisfactory, b 

have lost completely the idea of "joining the angles together, in a con 

ft ^ * " . 

tinuing order . We can approach this latter idea in two ways: ^either 



because we 

i 




^ "by u^ng directed 'angles, or "by using rotations ♦ .We shall, explain each of ^ 
these procedures, 

* ^ Directed Angles » The notion of 'directed angle ^ig^closqly related .to the " ^\ 
notion of directed segment, and to vector ideas, A ^^^^.§^rected arigle . ^ 
is def4ned to be an ordered pair of non-collinear i:ay s a common eind'-"''^' \ 

point. Clearly, each angle determines two simple dir^^Qs'ed angles, and each 
simple .directed angle determines a^Uiiique angle. If w'^.i:estrict our atten- 
^^^_tipn to the set of all simple directed angles in. a ^ixed pla^ne, .then it/ii^>^ . 
- > possible to define an equivalence relation of "same^ orientation" on this «/ - 
set, and. there are exactly two e^ivalence cla ss e s', wMQh Vft can think of as 
corresponding to "cloci:wise" and "counterclockwise", or "positive" and 
"negative". As you might expect, ^t is a little more complicated to 
formally define such an equivalence relation for coplanar simple directed^ 
angles, than it was for collinear directed segments, but it can be done by 
filling in the details of the fqllowing scheme. / * 

First of all, for two coplanar simple directed angles* ^^^^^2) ^ 

^^1^^2^ , we define a relation, * ,(read as "has the same orientation as") 

by: {^.^y^^ T (^^^b^) if (but not of course, only if ) ^the pairs of ^ , 

rays (a^,b^) and^ (a^^b^) are parallel and similarly- "directed" . 

^ (This can. easily be made precise. )'^^ence (since we will want t to be 

I 

transitive) we can reduce considerat'ion to those coplanar simple directed 
angles which have a common vertex?. Let (8^,8^) ,^(b^/b2) be such 

simple. directed^^gles,. We n^ed to find some device for conveying the idea 
^of^ "rigidly rotating" (b^,b2) .until its "initial ray" b|^% coincides 

wi1?h a^ , and^then comparing the relative lojcations of tKe«*new "terminal ^ 

ray" b^ , and the terminal xay a^ • We thai; define (a^a^) '^,,.(^1^^2^ 

if a^ £tnd b^ are on the same side of a I {By this we mean, of , J: - ',1, 

coiorse, the same side of the unique line whicji a^ determines.) In order , ^i^i^^ 

J ' .. .. k L* ' . ' • - ^ . < - A - 'V 



to handle the "rigid rotation" idea, ^ using only congn^ence and b'etweenness 
propert/ies, the fotlowing scheme may be used:^ (You should' draw di'agram0"jf 
, and, if possible, prove that the scheme real^yj works ,),. ^' 



(a) *If = ,.,t6ke b^ = b^ 
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(b) If = (we use primes to denote opposite rays), take 



(c) Otherwise take so that 2 (a^ U b^) = ^ (b^ u b^ *, and 

(i) if = , take b^ on the bj^ side of b^ ; 

(ii) if a^^ = b^ , take b^ on the b^ side of b^' ; ' ' 

(iii) if \ --a^ - bg*, or \ - hg - a^ take b^' on the b» 



. side of bg 



(iv) if \ - - b| or b^ ^'b^ - a^ , take^ b^ 'on the b^ . 
, ■ . side of bg , ; J. ^ . • ' ^ . 

%.9an:t'e _shown that the rejl^Kn ' t so defined is an equivalence 
■ relation, and that if ~ (3^,82) ,(b^,b2) are tvo directed angles, - " 
-then either (8^,82)'? {h^,h^)^r .(a^^a^)? (b^,b2) It ^follows . 

that there are exactly two equivalence classes of simple directed angles • 
• in a plane. Each class is galled an orientation of' the plane .' Two 
different simple directed angles which determine the same angle (e.g., ' 
(^,^2^ and (a^,a^)) always belong in "♦pposite" classes, 
•"ori6nt" the. plane. by selecting one of these equivalenpe classes. Thus " " 
each simple directed ^angle -detemihes .an orientation of its plane. 'An 
^prientati^ may be given in other ways. For e^pie'^ by: three non- ' ~ 
coning points, named in order; by an ordered pair oj, different half- 
pl^es, whose bounding lin'es are not parallel; by^a ray and^ia designated 
halfplane bounded by the line which the detti^nes ;" (heftc.e.by an 
angular coordinate system) . lou should draw, sketches "and see How eaphvOf ^ 
the^e situations can be used, in a natural ,wjy, to determine,', an orientation/ 
You -should also verify' that if ,A , b ", C '^1 are ^he vertices^of a triangle,''^ 
ther^' opposite orientations are detennined by ,'eacli o^ the two' "cyclic -orders" 
in which the vertices can be named';' i.^e., t|iej,\imi)le directed' angles ' ' 
(B^,BC) , (ci^S) , and (Aa,AS) .eacfti dfetjennine the same .orientation. 

, The notion of direc-^ed angle, like" tha^ If directed segment, ib . ^ 4 
essentially a vector notion. The set of all kmple directed angles' ip a --^ 
plsn^ can be classified by combining the relations of congruence and , / ^ t 
orientation. If 8 is a simple, directed aH'gle, denote the corresponding 



(undirected) angle by 6 • We then define an equivalence relation, *^ , on 
the set of all simple directed angles in a 'plane, by: ' . ^ 

^1 ^2 ^1 ^ ^2* ^1 ^ ^2 • 

We .could now .define a join operation for equivalence classes of simple 
directed angles, using the same approach as for angles; but, as for angles, 

'we vould f ind that the ,set is not closed with respe^ to the join operation^ 
We I'herefore first seek to extend tlte notion of directed angle so as to 
create a larger system, which includes the simple directed angles and which 
is closed under an appropriate join operation. ^ There are two* clo&ely related ' 

'ways of doing this. One is to extend the notion of simple diijected angle 

by aief ining a directed angle to be an ordered n-tupl6 (n > l) of similarly 

oriented directed angles, with the property that the terminal ray of each 

is the initial ray of the next* (Cf* the definition of broken ,se^entO ^ 

The other, procedure, which is easily shown to be equivalent to the firs^b, 

is to define a directed angle to be an ordered n-tuple (n > 2) of ^coplanar 

rays (a , a^, , a ) which have 'a common endp9int, and which have the 

4I £1 n 1 \ 

property that -all of the ordered pairs (a^ , a^^^) determine similarly 

oriented simple directed angles. (This common' orientation is called the 

o rientation of the directed anfile . ) With this definition, a simple directed' 
; =^ 

angle is a directed angle with , ^ - ^ • ^ ^ / 

-Notice that what each of these -equivalent definitions dpes, is to over- 
come thfe limitations of our elementary idea of angle by using the notions of 
simple directed angle and orientation to convey the intuitive idea of 
rotation in the same direct ioti". We could have done this without the 
explicit introduction of orientation, but there wovild not be any saving* 
in the work involved; and^ in any case, orientation is an important idea in ^ 
its own right * \ \ ^^^v 

We still haVe^iTot quite reached an "angle" not\CHi which correspprfds 

directly. tavi^.e -i^^^of a (sensed) rotation of a- ray: for this notion the 

important ideas seem to*be the "initial" ray, the "direction" of rotation, ^ 

and the "amount" of rotation (which determines the "final" ray). ^In other ^ ^ 

words, as far as the idea of a sensed rotation is opricem^d, we shovild some- ^ 

, ( , '* **' ' . / ^ • 

how classify ouy directed angles into , those^ which ,'h;^y^ ■t;h.e same inftiar'and 

4^h ' \ -ft' '\ r ' ' * ' . 

terminal rays, 'the same orifentation, ahd. the 'same angula^r measure.. In order >^ 

to do this, we have to define angular measure functions for' directed angles. ; 

This is quite straightforward. * . . ' . ' 



We first define a generalized angle to be any directed angle, i^uithout. 
regard to its ori-entaf ion . . ■ ' •• ^^^^ 

• ' . , ^ . ' ' ' ' 1 ' r-\ 

— [ Remark . We cduld'have defined generalized angles without first defi^ng ' 
directed angles, but we vould have had to find some way of making precise %he 
same idea of "fitting simple angles' togeliher in the sai^e direction". In the 
^ long run it is more .economical to define the notion of directed angle- first. ] 

We consider next the relationship of our generalized angles to the' finite 
"formal s,ums" of angles which we used in setting up angular measure functions 
for angles. Clearly eveiy generalized angle determines a "formal^sum!i-:l-the 
"foi|ial sum" of its "component" angles.' Moreover, as you may show, in every 
equivalence class of "formal sums" there are many "formal sums" which are 
determined in thd^ way by generalized angles. Therefore we ?an use the . . ' 
^ equivalence relation for "formal sums" to obtain an equivalence relation for 
generalized angles, and our resulting set of -equivalence classes of general- 
iZ€fd angles will be in 1-1 correspondence witl) ,-^he set' of equi^lence 
•classes of "formai sums". It ig natural to use.this ,situatipn to ^give an 
"additive" structure to the Set of equivalence classes of generalized angles, 
and to<,o6tain angular measure functions for generalized angles. "l^ other 
words, if A = (a^ , ag , ... , a^) .is any generalized ^gl€ '( each a^ 

a ray)", and r ^is a measure. function for "formal sums" (and heryi^Tof course, 
for simple angles) . we thus obtain - '^^"'^^^ 

n-1 

. ' r(A) = 2 r 

Wltfe tfie archimedean and ^aat^^edekihd postulates) assumed, the range of 
r , on generalized angles will be the same' as the ran^e on i^foj^l sums"; 

> It is not too difficult (using mathematical inductio^). td show^,that' if 
two directed ^gles are coplanar, have tH^ same initial ray,.^t^e sa^^Vi«nfa^* 
tion, and the, same angulat measure (when considered as genera'ltzed' angl^ ) , 
'then they have the same tenninal ray. The«equj/Valence relIt\o|i ^(or generalized 
angles; taken 'together with orientation, gives' an equivalence' j-elkion for \ 
coplanar 'directed angles ,.,^d it is a_ straightfoi^ward matter t^ defWe- an 
associative, comffiUtative join operation for these equivalence jla-sses." ' 
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this point we are very close to the idea of rotation. , We can define 
a geometric plane rotation to be an equivalence class, of coplanar, siMlarly 
oriented, directed angles, with a common vertex, and with the same angular 

laeasure^ If we add the additional restriction that all of "the directed angles 

sltould have a common initial ray, then Jbhe resulting equivalelnce~ classes afe 

Ik 

called geometfl.c ray rotfations . Clearly^ both geometric plane rotations and , 
geometric ray rotations may be oriented. It is not difficult to show that*, 
for a fixed plane and vertex, each geometric ray rotation is a subset of a 
geometric plane rotation, and that the correspondence of plane rotations, 
an4 ,ray rotations with a fixed initial ray, which is thus established, is 
1-1 and preserves orientation. / 

From this point it is only a short step to the establishment of" a' 
vector space structure on the set<' of geometric pfatie' rotations (and, 

' consequently an isomorphic structure on tjie set of geometric ray 

rotations with a fixed initial ray).^ Addition is defined ia the natuo^l- . 
way: if two elements of are similarly oriented, we add them by using 

the Join operation for equivalence classes of directed angles, if, not 
•similarly oriented,, then we have to introduce a ^^subtraction" procedure; / 
this does not present any real difficulty. Scalar multiplication by re^l 
numbers is introduced in the usual way (in particular, negative multiplication 
reverses orientation) and we obtain a 1-dimensiol^ial vector space over th^ 
reals. An isomorphism, of this space to the }^eals- ean be established bj 
selecting one of the orientations as. "positive", and* one ..as/*negative", and 
using any fengular measure function x "to ^finp a V^'ctor 'Measure function 
(which is an 'isomorphism), j • ^ R ^ as follows. "Let^f'^eA, , Vnd 
-let 6 6 0 define 



r(5). if 5; has positive orientation, 
-r(5} if S . has negative .^qrientation. 



An , isomorphic vect.or space • A iS obtained. if" we restrict ourselves to 
the equivalence .classes of (Soplanar di/ected angles at a point and with a 
specified ^initial ^y.' In this case,* we can use anjr linear^ isomorphism 
from A^ to R- (established from a particular angular' measure function)" 
to extend the angular coordinate. 3^stem earlj^er established. .In this ex- 
tended system, the angular coordinate of a p , may be any one of the . . 
'real nvanbers which correspond to a directed angle which has the "origin ray". \ . 
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as initial ray/'4nd the ray p as terminal ray. It can be shovn that these* 
himibers are* congfueni^ mod 2p , where (o,p) is the range of the under- 
lying simple argular measure function. 

Rotation. In the abqve discussion of directed angles ve reached the point 
where ve "were able to give a geometrical definition of a simple rotation of 
a ray or of a plane. In view of the intuitive sijnplicity of the noticm of 
"rotation", you probabiy" found the formal introduction surprisingly awkward. 
You miglit find it useful to try to recall how you normally handle questions 
of rotation, and to try to devise a simpler way of introducing the notion . , 
^into the formal structure of geometry. We now look at an analytical approach 
to this question, making use of the notion o£ continuous function. The. 

► e 

treatmertt has much in common with that of curve length. 

The first kind of rotation which we look at is that which, intuitively," 
corresponds to a simple 'motion of a "raJV" in ,a plane, with its endpoiht held' 
fi'xed^as a "center of rotation", (i.e., somet hing like a singlfe sweep of a 



simple pendiilum. ) We formalize this idea as follows'. Let F be the set 



of all rays infiLcixed plane H , and with a common endpoirit , an(| let 

[a;b] be f^jSpP^^ ^^^1 numbers. (YOu may think of [a,b] as a 
time interv3or) ' Th«t a simple ray rotation, with center Z , is a 1-1 ^ 

continuous function from [a,b] to F .* (^e notion qf cont*inuity may be' 

defined by using any angular distance func?tibn for. Kays, and ."bhe usual 

distance structuire of^ R : we ^o not want to go det^l here.) The* ^ 

combination of continuity with the 1-1 , ^opeVt^^ ensures thl.t the rotatiory- 

is "simple" in that it ,^reflects th^ intuitive l,dea of "contl'nuously^tumi|ijg ^ 

in the same direction"^. The 1-1 condrition als^**enspres,^^coiirse^ *%ha;t 

such a' simple ray rotation is legs than a' "full rijvplutibn". ^ ^\ 

Giveji any measu2*e function T for angles, 'we can jaasily definf a^^ ^ 
corresponding measure function for simple ray rotations; bxit,we do npt sto^ 
to do this, because it will be ju%t as easy to define angultir measure for 
the more general type o^ ray rotation which we jonsider next, and which 
eludes simple ray rotatioi;is. We do however remark ^ere that, if the image ^ 
set (of rays) of a slinple'ray' rotation f : [a,b] -> F^^ lies 4n a haH^- ' \ V 

plane, then, corresponding ' to each measure function T for angles, there ^ 




will be an angular measure function (t , say)^for rotations, such that 

r(f) = r(f(a) u f(t)). 

t ^ 

O ,1 ' > 
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You slioiad observe that if ye had orlginsilly defined an angle to be a 
"segment of rays"/ then for a simple ray rotation whose image lies in a half- 
' plane, the image would be an angle, and the angular measures of the rdtation 
and its image angle \JO^xLd be the same. * 

As a next ste^^. we might consider how to extend our simple ray rotations 
so as to- obtaiirmore general rotations which correspond to the earlier- defined 
geometric rotations, Tb do this we^ will have to find some way of conveying 
the "monotone" idea^ of "continuously turning in the same direc-fion". But 
before we dp this, let us first look at a more general notion of ray rotation, 
and define suitable angular measure functions. T|jese angular measure functions 
will then apply automatically to the more restricted ray rotations. 

. ^ Let Z be any point of space, let T . be the set of all rays with end- , / 
point" Z , and let [a,b] be an interval of real numbers. Ve define a 
ray^ rotation (at Z ) to be a continuous function ' ' ^ 

You should Observe the j)arallelism between this definition and that for a 

space curve: it, has just the same degree of generality, Ibr the same ^ 

reasons as for cuives, it would not be feasible (in general) to define the 

rotation to be the range of the function, although in this case ,you probably 

don't have quite as strong an urge to do this as you might have had in the 

case of cuives. As for curves, we may identify the function with its graph 

in R X r , and (with a suitably-defined notion of continuity) this graph 

will be the 1-i continuous image of ^he' naturally related function E , 

defined on [a, b] by , ' 

' ' ' { 

F : X ^(x ,f(x)) .J ' . . - 

Th6 definition of the' angular measure of a rotation f #ls defined 
exactly as for the length of a, c\xrv^\ it simply makes precise the intxiitive 
idea of "total angular distance traveled". 

If r is an angular measure function -with range (0,p). and if a 

is the relaited angillar distance function for* rays, then a corresponding . 
angular measure function y for (some) ray rotations is defined as follows: 

r Assume a < b , and let . * ^ • 

f . -I. * ' ^ 

a = XQ<x^<X2<.*, '^^n'^''^ 

be any finite ordered set of points on [a,b3 • Then we define 
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' ' ^ 7(f) = sup (Zt^^ (f(x^.^) , f(x^)) 

V / provided that the least upper bound exists. Here ve .understand.. that the 
^ least upper bound is taken over all ^finite ".partitions" of th^interval. 
[a,b? , and that a^(p^ , p^) =Spif^he ray* is opposite to the ray 

, With .this definition it can be proved thsut: ^ 

* (i) If ^"^^2 angular measures with ^'^1 ' "^^^^ 

(ii) If f is ^ simple co-halfplanar ray rotation, (i.e., the 

image rays are co-halfJ)lanar) then r(f) = 7\(-f(a) U f(h)) .V 

(iii) If f :|s a plane ray dotation (i.e., all image jrays are co- 

planar) which is **piecewise simple" and "directed", in the seris^ 
^ • that there exists a "partition" a. = 'y^ < y^ < y^ < . . . ~ ^ 

, o.. of [a^b] , such th^t . ^ • ^ 

(a)- f is a simple co^8telfi)lanar ray rotai^ion on each 

^' fyi.^yi4i^ ' ' " ; 

v(b) each directed angle (f(y^) , ^(y^.T)) has the same 
. * orientation; - ^ 

' ' , then 8 = (fCy^) , f(y^) , ... , f(yJX is a directed 
angle, and r(jr) = t(8) , where 5 denotes the corres- 
ponding generalised angle. * 

3!hat is^ if a ray rotation c^resjjonds to a generalized, angle in this way, 
then its angular measure* is the same^s that of the corresponding generalized, 
angle. This sliggests that we might drop the bar over the X , and regard x 
.sinrpljf as an "extension" of r • With certain reasonable asstiraptions, it 
/ can "be shown that each r has a unique "extensioii". 



Remark ; A ray rotation can be determined in many ways. In order to deter- 
mine a ray, we ni^ed only one podrrt' in addition to the endJ>oint Z • It can . \ 
be shown that a ray rotation is thus dftermi^ed by aj^ cb^tinyious^ function 
defined on' an interval [a,b] ,»and with values in S - 2 • (l»e., by 
any curve whose ^g^ge does not include\he fixed endpoint Z .) In particular 
if the range of such a cuive iij! on a spl:Jere*with center Z (or a circle in 

' 2(2)4 



' the case of a plane ray rotation) then the length of the curve may be used 
as an ^gular measure of the rotation. If "§he fephere has raaius "l" , thea 
this measure will be the same as the radian measure of the rotation. 

We do not wish to discuss the problem of actually calculating angular ^ 
measures for particular rotations. As in the case of curve length, the 
method of calculation depends largely on how the rotation function is speci- 
fied. ^ In the case of a simple repetitive s ituat ion/ s uc Ifas-^ rotating fly- 
wheel or a pendulum, the angular measure of a rotation can usually be cal- 
culated (bjr_elementary means) directly from the definition; but in the case 
• of more complex rotations, calculus methods are often used. 

Plane Ray Rotations . Those ray rotations whose images lie in a fixed, 
plane, ^re of special interest. We call these plane ray rotations . As 
^ mentioned above, some of these correspond \o directed angles, and these 
rotations Kave^^^he same angular measures as, the angles -^o which they corres-. 
pond. It seems reasonable to ^call such rotations "sensed", or "monotone", 
and^we could, if necessary, distinguish between those which are "strictly > 
^monotone" (i.e.,^ "locally" l-l) and those which are not. You might find it 
interesting to try to formalize this monotone idea in different ways, remem-* 
bering that it shoiild be a ".loca^^"" property only, because we want to expressr] 
, the idea of "keeping rotating in the game direction", and, at the same time, 
allow a "return to the same place" , 

One way of achieving this objective is to define a plane ray rotation . 
f to be monotone if, for all similarly directed sub-intervals of [a , b] 
' on- which f is a simple rotation, the directed "image angles" have the- 
same orientation. A monotone, rotation is strictly monotone if it is also 
locally 1-1 , (i.e., each point x of the domain •j[a,b] Is^^ontained 
in some open (or semi-open if x = a or b) interval, on which f is 1-1. J 
It i^^not too difficult to show that the^strictly monStone plane ^ ray rot^ations 
, are tliose which correspond to directed*angles, as described above. .(More 
precisely, a strictly monotone plane^ray rotation corresponds to a geometric 
ray rotation. ) , \. 



J 



^ Monotone ray rotations:^ C€ln b© oriented in the obvious way, and they 
S'eparate into two classes, which we might designate ag, "clockwise" and 
'^coimter-clockwise". 

_ ; ^ ^ m, \ 

' ^ « Rotations of \he Plane * Although it is only marginally connected with tKe 
subject of measug^ment, it seems advisable to tie together the notion of 

ERIC y -.^ , / ^^i--245 ^ / ^ ^ 



rota-^ion that we liavB discussed, aiid the familiar notion 6f a "rqtation of 
the plane". A rotation of the plane is a congruence (or rigid motion) of the 
plane which preserves orientation, and which is either the identity function, 
or leaves exactly one point (the "center of rotation") fixed. In other words, 
a rotation of the plane is a point trans format ioxi; r : H H of a plane 
H , which takes angles into congruent and similarly oriented angles, and which 
leaves either the whol'e plane, or a* single ^point (Z say) fixed. Let 11^ 
denote the group (with respect to composition) of those rbtations^hach ^eave 
Z fixe^. Each transformation' ^ ^ '^^^^^ a, ray with^endpolnt Z into a 

ray with endpoint Z , and hence r determines^^ a 1-1* * transformation (p say) 
'of r , the" set of all rays in H at Z . The set those transformations,. 

p \ which are obtained in this way, is a group, li ^ ; this group is, of course^ 
isomorphic to H » If ^ . ^ 

is a r^y rotation, we.caii compose f and p to get another ray rotation ^ 

.pf : [a,b] -> 

All such ray rotations pf (for fixed f * and p derived from any rotation 
re n^) have the same ang\fl.ar measure^ Moreover if f ' is monotone (and 
hence has an orientation) all related transform;^tions j^f are mdkotono^^d 
have^ the same orientation, - . 

We, define ray rotations in a' plane H to be "e^^uivalent", If they * . 

* - 1^ ' » ' ' 

have the same center and if they^di'ffer by composition with* an'*element p ^ 

of n , This relation is easily shown jto be an equivalence relatioi;^ , ,The - \' 

resiolting .equivalence classed .are called plane rotations . (Notice th^t 

these are not the sanj^.^ "rotations of the plane": - the two-idea^-a3?e— -~ 

closely ^related, but we have used different forms of expression in order 

to distinguish them. ) Thus we can use the familiar rotations of the plane i.. 

(point transformations) to make^, precise the intuitive idea -that a rigid 

.rotation (as a continuous motion )^ of the" plane is completely" determined % 

« ir ^ ^ 

the motion of any ray in the plane which has,, its endpoint at the center of 

. *• • 
rotation. The angular measure of such 'a plane rotation is simply the (common) 

angular measure of the ray rotations which it cont^ns. It is not tod 

difficult to see that the correspondence of strictly .monotone ray rotations 

with geometric* ray rotations, induces a similar correspondence of strictly 

monotony ^lane rotations and geometric plane rotations. 



y Every plane rota1:ion determines o, ixnique rotation of the plane;. (in-; /' 
/t\iit.ively, that rotation of the plane which takes the initial ]position of ^| 
each ray into the final position) but the converse is by no means true: 
infinitely many plane rotations lead to the same point transformation on the 
plane. We can'assign^a "measure" to ^ rotation^' of the plane by specifying- 

^ an orientation,/ and by using the greatest lower bound of the measures of 
all of the monotone plane rotatipns^Vhip h have the specified orientation, and 
which determine the given rotation pf the plane; (int\;itive}y, this is the 

"'measure of the shortest "angular patV in .the specified "aJigular direction"), 
Thus^we typically speak of .rotations ^of 75 clockwise, 210° counter- 
clockwise, and so on. WHeji we do so we do not generally 'distinguish in our 
'minds whether we are thinking of a rotation of the plane ^s a point trans- 
formation, or of the more complicajted idea of a piane^tation, whi^^ffj^** 
concerned not only with ''i^ere we are going", but also* with "how we get^ ^ 
there"." If degree measure is used, this measure fm^tion establishes an 
isomorphism of the group (under composition) 11 ^ ^ vlth the additive group 

of real numbers modulo 360 . If radian measure is used, the ispmorphism is 
Ti^ith the additive group of reals, modulo 2jt ^» "^'"^ 

' ' , " £ 

Finally, we remind you of the "dual" relationship between point trans- 
formations and coordinate transformations. Under this ^relationship a 
rotation of thje plane corresponds to^a ^rotation^^^ coordinates. This 
correspondence may be used to "measure^, or specify, a rotation of coordinates 

3-5. > The Elementary , Theory of Area 

, Area is a concept for which we have>^Jrong intuitive feeling. There 
is an empirical aspect of area measurement, and there ^ is a mathematical , ^ - 
aspect. ^Our discussion will ber almost entirely confined to the but 
thi^ does not^mply that ve are ignoring the empirical question: tlie mathe- 
matical theory enters into virtually. eveiy empirical ai'ea measurement. 

• . ^ • >' ' ' ^ ' " ^ 

It "is convenient to break 'down the mathonatical treatment into two 

paiHis. The first of the^'f^e so-called elementa;ry theory) deals with the 

areas of^ polygonal rpglons. Thj^s part of area .theory may "be thought •of as 

corresponding ratx^ly to, the tbeotfy of length for broken se^nen^s, ,and you 

' can detect me^ similarities* in the t-r^atment. However, area is a little ^ 

• more comilicated than lengthy (both J&ti^piricially and mathematically it is* 

' i " i * ' , \ ^ ^^ ^ ' 

har^^ to coj^re regions with respect to their "areas", than it is to compare 
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segments wjith resjfect 
this* additkon^^-eoiiiplicat 



see 



theat^^^l^eJigth^I') and we shoixld not 
•sho^/^'^ip in the development 
;e,us^ jB^jsbe theory, of lengtlj, vh:. 




ime jSt: 



^1 

je^ray developed, in ord^r to 

' i ' 
The secona part of ,<JU3? It^e'^^ent will be boacerned wi' 

the domain for aisiesc functions, 



he sxxrprised that 

the eth^ hand, I,* 
ch we have a^- ♦ 



• Area Prom an Empirical StandpQiij 
first need to recognize a domain of 'o 
attribute wh^Jj»^w.e think of as "a/e^" 




extensions 



posses^vt^h^^ (undefined) 

to i^tri^ct our 



As'^wi'^h length^rid^^gularity, we 

,ects wKic 
.» , ' 

At. fiirs^\we are like!l 
attention to "plane" objects (where "plan^* ha? to,, be given emMrical me|ni<ig 
in terms of some empirical tesi:). For this domain of objects * we N^evise some 
empirical procedures for "comparing" objects with reSpect to their ^We^s-"* *^*V» 
Our procedures will almost certainly involve the assumption that objeci^ with A 
the same "s^^e and shape^^ (a notion ^hich correspdnds^o the mathematicarl - 
no1:ion of ctjhg^^oience,, but ^which has to be established ^pirica<^ly) ^ave * 
eq\jal "areas", anS^tl^i^t' two obj^^s*alsb have equal "areas" if "^^y can "be ^.^ 
; "decomposed" into pieces in sixcp ^ vay that there is a 1-1 corresporjdence . "^^ 
• 'of the pieces, with corresponding pieties having the same size and 

shape* By^this means we mifeht hope to separate the object's- in the domain 
into "equal area" equivalence classes, and to "order" th^e classes. ♦Dif- 
ficulties arise because of problems of "fit-^ing^ (i.e., -testing for "s^me.'" 
^'S'izVand shape" )T Undoubtedly, "^with a' sufficiently restricted domain^ and "^"^^ 
with enough'patience in "cutting and fitting", (prdbably using,"'implicXtly, » 
an assumed transitivity^ so as not to (iestroy all* objects in tn€ groc^ss?) 
we could establish an approximate order structure on the domain and on the 
, "equal^arfea" eqvdvalence classes* 

-An operation of *!adding" or joining classes of objects is more, straight-. 

fbtward— pne may si^aply use the frocedm^fe o^ ^*dis jbin'|^^ug^is^'--and with a 

lot of wprk^ and some imagination, we Jan envisage that the set .,,of equivalence 

classes might have the structure o/ an ordered (even densely orderS^^X abelia;;>» 

jf ^ 

semigroup- We would then look for structure-preserving functions wiiich^^re ^ 

' * \ - ^ ' ' 

defined on this domain^ and which have positive real values, and we mighty 

seek to "study the rfi],adbionship between such functions (if any). 



if I 



*^ As,, for other measure situations, jexistence would be est^bl^^^hed^y^ , ' 
^selecting any paiticillar class as "unit", and by clevising arx appropriate 
proced\ire for. "comparing", each object with this jjfKlt^ , We could, for ,exdSple, 
take the class containing a particular (empirical) "square" region as unit^t 



1 



i. 



and devise^fii procedure for comparing this with any other region by J'fitting^' 
,as jnany "comment" copies as we could, then talking arv. ^PP^oPfia^e "sub-unit", 
fitting cpngruent copies of these to the "remaindeif", a\d so -on. If we wishi 
our'^'stife-units" to be "squares" also, w*e would find that each I'unit square", 

could *be most easily partitioned into - n 6^ngruent "squares", so that we 

might* as -well work with a "perfect square" {n J n > 2) as base, to find 

(empirically) *an appropriate real number value (to base n^) foV th.e area 
of the region under consideration* We would also find^ of course, tbat our 
"residues" at each fitting stage would not ni^cessarily have less thaj:^ uiiit 
area (cf*. the situation for Length), so there wotad be problems in establish- 
ing, with certainty, any position in the e^lfcision tc>^base n^ • (S^ . 
diagram below/ where we have taken n = 3 , and wher6 we^ have shown one 
•stage fJl^ly of a decomposition/fitting process.) It»isu;iear that the. fitting 
^could general!;^ be done in infinitely many 'way^;,,^^ ^ai^^ we would hope to hava 
\ empirical justification for the/as^mption $hat '('with respect to a fixed* 
*^^'\mi't krea") the value found for the* "area" of a given regionT'did not depend 
'cwi''how we went about^the decomposition/fitting process, ["incidentally, if ' 
you check the statement below the diagram, you will be reminded of the ^.v 
impoartance of " numerosity measurement (in this case, counting) in the estab- 
lishment of more complicated mei^-sure fionctions.J . . ' A 



^ ^ . ^ 




V 



' If one ^^l^ect in 4he domain ±k a ^ubset of atiother, clearly the Wr.ea of 
l^he subset /'should be less than orjequal^to that of the whole set, By, iisii^, 
.•^vsuch a monotonicity 'property we coulaitfihd^, upper "bounds for the value of ah, 
area function ,by considering those^ "disjoint" unAon§ of unit regions 
sub-uaits, which. "covJr" the region^'under investigation. (See unshaded 
Vgrn"^^ regions in fi^e, with partially dotted boundaries.) Por successive 
' stag^ of\our .prs^cess, the '''inner approximation" yields (in general) "an"' 
/' incr^^in^ n^ber, while the "outer approximation" yields a diminishing upper 
bounS* ' a^ire^tt>gei«aef7* these fi^vires ^ive some indication of^the accuracy 



of ouf^comjpi'^^. mfeasuremenx, shoUM ^<4e5icb^ to stop aft^r sople *f inite 
n\Mber 'Of stepf • • , '6 . // ^ \ ^ 

/ • If all of this^were cari^ie^l^'hi^iugh. carefully, we would ilrt^ that? the 

area function so established ^^ppeared^to preserve the ordered semigroup 

structure *of. the doniaih, thVt; the different area functions* derivi'd from 

flifferent units were Similar, that length measurement and area^trfeasuremen-t^"^ 

were related in th^e wellrX^o^j^ajN ^nd. so on. But long before we had do;Je 

this experimental voiiit,'' i/e VQUld pi*ob^bly have decided that we would ; 
> " ' * \ . " *^ * 

. switch to a mathematical * "model" , and devise -a mathematical theory 'of arefi^/ 

. V * ". ' . 

. in the context of the modeX," When thi^ i§,,ddne the .lAatheraatical tS^ory be- 
% . y ^ ), t/ . ,^ 

comes a -xiomponent in the process of empirical 'tieasurement, but it does not 

replace the nee^i' for. making some physicatl measurem^n*t^- (such a^ length / 

igieasurements and angle jmeasuremente-) in order to. find-Jthe areas of *physica). 



liegions. Moreover^ as mentioned earlier, tjie assumiajiibrl ot a suitable model 



5.g.^ Tusing eucl:^dean geometry) is of^mXi^ a hypothesis (concerning ^ 
Lon betveeneJMpirical objects, Qp.efaMons''^ relations^ and .fuhptions^ 



situation (e. 
the connection 

and. their "model" counte^r;S;s. * Such a hypo-yaesisVcajf^'fKequentry be eijcpressed 
^-^n terms of the equality of certain functions/ ''S^-^^^C'CuncTti^^ are. r'epr*^- 
serited^pn diagrams, then th^^i^^Si^^^^^ ""^^^"^ cei^irfbQTi^^§lt< functions jar e^ ' 
equal',, is equivalent to -^he hypothesis that the diagram^ &rT5 (at leasif i*r> part)*^ 
commtitative. We may' gain confidence ^the usefulness ^f the model by testing 
commutativity for many domain elements and for vai?lous*'parts' of the diagram,, 
but our iSheck involves physical measurement, so that agreement can never be 
established wjth certainty, -^pn fbr those -domain elements which we actually ^ , 
test. :^n the case' of area, ther^e^ is ^nough cumulative evidence to indicate / 
that the mathematical theory which! we will discuss provide^a most useful 
^' model fdr the empirical situation, and th^^we are Justified in using it as 
iponent in the empiriGa;j.;jieasur€&^^ 






R^c^ggngulU Regions . ^The ^ so-called "elementary" theory 
existence knd properties of area measure ^functior^ for 
l^at theory, ^ve can distinguish an even ^simpler 
the existence and prope,rties of area functions for 
^ J^^lfons fpr dealing first with rectangtilar regions 
^^.^^v^ "^^^'^^.^^''^^^'^^'^ost of us first encounter some 
.fiee;;oY^a^ma^I^to^ of area; and there are significant* 

omissions l^^most such e2^mervedry treatments. ^ / 

V Fir^t^al^^ ve-^^d^to mke olear^ the context in vhicH ve shall dis- / 
cuss areW't^i^oiy:' our 3:Fe^tften'K:^'g^ a discussion of area theory ia 

euclidean ge6m^ry.-r We assume tHe archimed^ and Cantor-Dedekind postulates 
tm^ghout, soXi^t dOG^^-'not matter vhel^^ ve ^ink of euclidean geometry as 
augm^ted synthet^ geom^etry/^^etric i^eome}:iy, or teal^carfcesjan geometry,. 
We shall n^ke considej^^ of ^yor previous voA concerning th^ existence 
(in eucmeari. geometry) and prQpftKfe^i^s of length functiSns and coordltate 
functions « ^ , 

^ ^- " ^ ^ \ ^ ^ 

We comment that it is^possible to ^J^velop an area j^h^ory pUrely/Vi^in 

the framework of cl^sical' synthetic geometry ^.e., vit^lit thej^toto^ 

Dedekind postulate)/ but niov you should bl;:^t^to te^^hat t^e^ 

differences (i)arti3.marly (onceming range ques%j^s )> vo;]^ 

theory/ and that vliich ve//4evelop» belov)*=havi^|^^'^4^^ 

length in the T^^tmeat<M linear .^^^ 

deil with it furth^. ''Wfe ^aso there 'a^i^i 

than euclidean geomet^s/^\it^^^ lQ.^nQt\rop|^ ^^^t?^ ^i-th th^pi here. 

a treatment of area -for^^erMili^ tgeome^i?^ see .0h^^r' 2lf ^o^ll^ f , 



' The domain for the elei 



^ ^ ...^ ^^^y.r^,c^xj '.(^m^ry of |yea xs^^l^^ei of alL^tyi 

regions. A polygonal region* is a plahe' figuW (i.e., set of polnt^^^ 




tre ^etve 
, point at 
flo AO"? j>ropo 
iieorie — 



^ ^ th.e t^'iangular^regions is^ej^thesu^mpty^ or consistjSk£.^^in 
' " ^f^^^}^^J^\T^^Bies only.) ^^^Iriangle is, o^;^ cou^^T^fe^jinl^ 

•■^^'in'the^ usual vay^ the interior of a triangle fs the inte^^S^t:t^ oA thp ^-t^ ^ W 



terior| of the three aqgles which the triangie determines, and a\tri 
region is the union of>^^ t.ri^n^e,,a!i§ dts inteidor. ft follows ^i>h&t Wangl!^s 
and triangular regions are pia^e fLgur^sl'' ^^h 0^^t)ie foxu-,4 diagrams b^ow if.^ 
illustrates a polygoftaa^^^^jgiflQ;^ one? waAo^ ^ 

isxpressinc the region ^aji/a. ^ion of suitabl'e iria9^^a,r regions, as reqt'-^ 
on* We Tppint out two things : T'^''^ f ^ ' * ^ 



>&xpressing the 
by '-^he definition 
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(i) the expression is never unique: every polygonal region may be 
expressed as a finite uniorr^of suitable triangular regions in 
' infinitely many ways; each such expression is called a trianguiation 
of t^e polygonal region; 

(ii) there is no "connectedness" condition (ve haven *t even defined the 
term), so that any finite union of disjoint coplanar polygonal 
— re"^ions i-^-etg^n a polygonal r^e^^^^^^^JjS ^e wished ve pould d^- 
* fine' the topolxD^ical notion^ oftconne6tedness. .apd restrict attenr 



tion to connected regigns^ 



^ we did 'SO restriuo. 
^ s\Ms", or "disjoint uoidns".^s part'*?^ 
.(blieory, so as t<p get ^ domaix^pT 



'^^^Jft^bipssaTy; fn fact/ if 
efining "formal 
^velopi^en^ of alrea 
ed oinder a suitable 



"Join" operat^oh, . * '<^^^^^^ M"*^.^ 




^ A^rectanfrl^jg defined as lisual^ as thermion of four ^oplanar ^egments 
AB ^ BC , CD , M , such that the angles, at A , , C , D' , are all right 
angles. 



U V 



The interior of the rectangle is the intersection of the interiors 
of its 'angles, A rectangular region is the union of a rectangle 



interior, Th^ ^recta^hgle itself is calUed 



Of the rec"tangular 



^ region. It is a simple mattei-to^parcr^re^^ a rectdngular region |s a- poly-- 
gonal region; ( if you,.xef«^tSthe definitions, you will see that }th^e ' ] 
actuall^^J^s^san^^ to prove). Thvis the set c^f all rectangular I 

-^gions is a pubset of 'the set^ P of all polygonal regions. ' 

g| We shall ^be interested first -in area functions for rectangular j^egiOns* 
iWimction \ ''^ f . ' ' 



is called an area function for the set P^ of rectangular regions, if it 
satisfies the following conditions: 

AR-1. 



(Cdngnience Condition). If r^'^ k , are two congruent rectangular 
regions, (ite., there is a rigid motion of space which maps one 
onto the^ther) then 'f(r^) = f{T^) . 



• (RLnite Additivity Condition), If {r 



fini"tfe set of rectangiilai:, regions .such that 



, r ) vis a 
^ n** ^ 



(a) U ^4 is a rectangiaar ..region; 
i=l' . ' - . 



I 



(b) 



the intersection -df any two 

is either empty ,^ Ir consji^ts of boundar^oints 



o ciiiieren 



Regions r^ , t 



• • -(of r^ and ^T^T\xi}S{\ X 

n- n \ ' 

then f( U r.) = 2 f(r,) . \_ 
^ ' . i=l ^ i=i ' ^ 



\ 




Remark; \le shall be interested' in" are^a functi^^s for rect-angidar regions, 
for polygonal regions, for triangular Regions, a^so on.. Where there can - 
be no confusion, we often' refer to ^he drea of a mangle, a rectari^e, or 
a square, when we mean the area of the correspondih^ region. We do iiot do- 
this for polygonal regions ^generally, because it is n\^ jtieces^arily true * 
't^a-t^ the boundary Wfl^efined as yet)^ of a polygonal reg|^ii is a polygon, 
unless we extend the usual definition of "polygon". Moreover, for arbitrary 



\ 
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* polygons the notion, of "interior" is more canplicated than it is for simple 
convex ^plygdhs svech as triangles and* rectangles. - ^ 

You will probably agree lhat the above requirements (AR-I and AR-2) 
for an area function for rectangular regions^ could hardly be reduced furthe 
*The important question which we must answer is whether or not there, are- any 
functions which satis'fy these conditions. The existence of such functions 
and some of their most important properties /are proved in Theorems 3-5.1^ 
to 3-5.3 below. ' ' <, * 

Theorem 3-5.1 . Let ' r^ be any square region, and let the segment be- 
^ u J ^ ; . 

one S3? its sides. Let denote the length funct^ion ^(for segments) 

based on ^s^unit. , (i.e., = ^ •) ^ rectangu- 

* ♦ 

lar region, witH sides f ^2 ' '^^^ ^O^^l^ = a , \q( o^) = b . 
Ihen, if f is 'any area function for , f satisfies 

• ' ■ f(r) = ab f(r ). * , 

\ I 

Corollary 1. -^'A an area function for , then so is 'kf for every 
k € R**"'- . Henfcc^Twith the same notation and assumptions as 6bove, there is^ 
; Unique area fvtiiction * f '^^'^for which t^r^ = 1' . * 



Corollary . 2. Eacji' area function for rectangles maps P onto R y and it 
also .maps 



the subset of all square regions onto H . 



C^orollary 



2.^ The function 



determined as in the theorem and Corollary 1, is a 1*^1 correspondence of the 
set of length functions for segments; and the set of area functions^ for , 
rectangles., ^ ^ 

Corollary \. If f^ ^'f^ , are two aJ^ea functions for P^ , tU^n there 

'^existr'^-e-R'*'. , such that f^ = kf .'\|l .'e ,every two 4rea"*f unctions are 
similar,, and the set of all area functions for,; P is a ratio scale. J 



Remarks 



1. Notice carefully thatj the existence of area functions on P is not 
asserted. We simply kssert that, if there are any area functions, thet. 
they behave as stated| in the theorem." The existence of area functions - 
will be proved In The'orem 3-5.3. You will find that most elementally - ^" 
treatj^RfT^area theory for rectangles efther .postulate the existence 

^ • of. a^a functions, or -fhey overlooli the need io verity that- the hmctions 
found from Corollary 1 above actually satisfy the requir4ents of the / 
, definition of an 'area function.'"^ _ ' 

2. It is important to note that the particular length function is no. 
essential to the statement and. proof, of th^ theorem. The numbers a ■ 
and b .which appear are actual?.y the ratios of the lengths^of a^, and 

"2 ' ''o ' *he discussion, qf length," these ratios 

can be defined without the use' ot any particular length function, . and - i 
they are unit-free. (l.'e^ x{o^)Moq) = a. for eveiy X.) , . ' ■ 

» 

Proof of Theorem. In this.p^o^f, all lengths are with respeA to the 
• function Kq^. Let c:^ * be a^r^ctangle whose sides have lengths x , y , 
and let be a rec^«iigle whose sides have lengths mx ny , where m ' 

n ,. are positive. integers, "men it is possible to exprfess 'r^ as the uhion 
.of mn ^rectangares, each .congruent to r^ , whose only pairwise intersections 
are ^o^nd^ points. (See diagram: we shaU not verify the above intuitively 
obvious all^rtion, but if you wish to fill in the details of this, and ^ 
corresponding later statements concerning '^'decompositions", .you will find it 
simplest to work in teims of cartesian coo^inates'. If youNfill in the 
details you will find that we make considerable use (of the Idditive property 
of ieni^fi"'fi5itlldris' oh-- "partitioned", segmej^s.) ' j ^ ' " ' '^'> 



It follows from AH-1 and AR-2 , that 



(*) ^ . fCr^) =mn.^f(r^)/. ^ |-|jV. \j 

:^ [Notice that this result involves /'^counting'", ] Hfenc,^^ *^.t= y = l (so 
that r is congruent to r^) and if r^ has sides of positive integral 

-t. - . t 

^ lengths "111,11, then, from (*) ^ f(r2) = mn f(r^) , ^ On ^the other hand, 

if X > y = n ' "^^^^ ^2 congruent to^ r^ , and ye ha^ve, from (*), 

.f{r^) =j{r^) =mnf(r^) , sothaf f(r^) = ^ f(r^) = | ^ fCr^) . (I.e,, 

, the xectangle whose sides have lengths - , - , has area -~ f(r^),) 

m ' n ' m n ^ 0 ' 

St 

^ ^ 'Einallyy if has sides of rational lengths p:=^,q=j(m,n,t,s, 

• positiye integers) and r^ *has sides of. lengths^ and - , then a further 
•'V , . . , ■ Jh t s ' ^ ' C 

appiicaiign. o-f : (*) 

. ... . . . , . . ^ 

' ^ i?^^ f(i-p) = nirr f(rj = mn • ^ . f f(r^) 



>Thus we^ have^provedvthe theorem if a and b are both rational. 

How let r be any rectangle, and let a , b , be t^ lengths of the 
sides of r . *Then a and b are positive real numbers. ' Let k , ^ 

be rational numbers such that < ab , > ab . Then it 'follows from" the 
definitions of th^ real numbers? and of multiplication for real numbers, that 
-fehere exist rational. numTpers x|^ y-j_ ^ /y^ ^ ^^^^ "^^"^ ' 
(i) x^ < a , y^ < b , ahfi x^y^ = k^ <.ab ; • ' 

' ' * • * » ' i 

(ii) > a ;j > b ^ ar:^ x^y^ ~ k^ >-ab.. ✓ 
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cpli 
diagram: 



Hov let 



) f 



ill . 



, , be rectangles vitlj aides of j:^tional leifigths Xj _ 



and , ^ respectively, each rectangle having tvo| adjacent eides 
inear with the same) two adjacent sides of r , as indicated in the 



I 
1 

1 




It is easy to show that (see dotted lines in dlaglm) 

' '(i) t^i^^e is a "decomposition" q{ r , stich that r is one of tlje' 

rectangles in the "decomposition"; 
^ii) there is a "decomposition" of 'r^ , such that ^ is one of the 
rectangles in the' decomposition* (Of course it Is, possible that 



r = r^ .) 



Moreover the necessary intersection conditions are satisfied, and hence from 

As-2 ;^ ^ ^ . 

f(r ) <Cf(r) <f{r ) .^.^ S 
But r, . r^ have sides of*rational lengths so that 

f(r^) = ^^^-^q) = VC^q) f(rX-< f(r2) XgygfCr^) ^ ^2^^^' 
i.e., < f(r)/f(rQ) < kg ' 

« 

- In other words, every positive rational less than ab is less than 

• f(r;)/f(rQ) , and every positive, rational less than f(r)/f(rQ) is' 2^ss 

thak ab , It^ follows from bur def^^nition of real numbers in terms of 
ci|it/s,^that * f 
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o i ^ ' f(r)/f(rO = ab ; j / 

i-e., ; . f(r) = ab f(T^) , ,1 , ■ 

which is what we setNs^it to prove. 

Prdofs of Corollaries , s 

c 

1. It is trivipl to verify that if ^ satisfies AR-1 and AR-2 , then 
then so does ^ kf . Heitee if f is an area function as in the theorem 
SO' is f^ = (l/f(rQ))f .^Clearly f^iv^) - ^ aji^ ^J^{t) = ab ; and" 

^any area function f^^ '^W'^ich f^(rQ) = 1 , must ^agi*ee with f-^ on 



X ^ all of P . 

» 2 . Let f be any area function^ let r ie /aiiy ^u^e region, and let \ 

be the length function (for segments) based on a side of r^ as unit. 

^ V * 0 'o 

Then, from the theorem, for any rectangle r , whose sides haVe lengths 

a , b , we* have , , * - 

f(r) = kb iiv^) . i ' 

If z 16 any positive real number, choose positiv^ real "numbers x *, y 

STl(?'h that xy = z/f(r ) . (cl^rly .this^ can%e done in infinitely 
, . ^ ^ • y ' % 

many way^.) Then, if . r is a rectangle whose ^ides -have lengths^ 
J V J, (^^ terms of we have f(r) = xy fCr^) = z , and hence 

^'•'^ ; ' f is onto R Moreover, if we choose x = y = Vz/f{r^) , then r 

wtll be a square. Hence f maps the subset of sqviare regions onto 

3. If ^ Is -any length function, then the theorem and Corollary 1 show 
that Iftere is a unique are^ function_f^^= l(^0^^ saj-) for* which' 
f^Cr^) = 1*, where r^ is any square region whose side has length 
* "l" , under^f-X.^ . If \.(^^\^) is another length function, let .r^ 

/ \ 

be a square whose side has ^Xengtb "l" under and lengtli a(f l\ 
- under-* 1q ♦ ■ The^ if T)(x.^y =r«f^-,*^we have = 1 ^ and ^ 

I - ^p^^l^ "^^^^^ ^ ^ • Hence /f ^ / f ^ , and therefore t) is 1-1 . We 

still have to show that iX is onto. Let f^ be anj;, area function; , 

» - - ^ M- ' . « . . . 

'i ' then, from Coro]J.ary 2, f^ is onto R ' arid there exists a square • ^ 

' . region such, that ^2^^2^ * ^2 unique Ifength 



function determined by the side of v thei;! = ^2 • ^^^^^ 

r\ is ' and onto; i.e., f| is a 1-1 correspondence.,*^ 
If t^', , are area 'func/ions for p\ / let r € /with J 
"sides f ^2 * Then, from the theorem, 

f^(r) = . ^^(a^)] f^Cr^) ; ahd, 

wh^re k = ^0^ ' ^^"^^^ ^2 " '^^l * 



^Remarks : 



1. Chapter 13 of [ik] contains an interesting variation pn part of the 
above proof bf Theorem 3-5,1 ahd^ its Corollaries . . 

2, Because of the 1-1 cdtresppndence t] of length -functions^~^d area 

functions, it is veiy^ convenient (but by no means necessary) to identil^^ 

and name area functions in termi? of the length functions to which they 

] correspond under t] • Thiis, corresponding to 'the inch function \. 
e in 

we have a unique area function ^(^j^^^) yhich we losuaUy denote as 
^sq in ' ^in^^ ' which we normally call the "square inch" 

area function; and w^en we say (for example) that a region* r has an 
area of ^"27 square inches, we mean that f^ in^^^ =27^ . This 

relationship of length and area funclsLons is very important, and we 

' ^ — - ' y ^ ' 

shall refer to it again in relation to "change of unit" ;iuestions, 

and in cbnnection with the notion of "dimension"* * - * ' 

i^om a practical standpoint, the 1-1 correspondence, of length and 
area functions-^-^oupled with the hypothesis ^that this mathematical 
''discussion is relevant to e^ife.rlcal measurement (i.e.,^that this is a 
satisfactory "model" for part of the empirical^ situation) implies that ^ 
it is not necessary toi adopt separate empirical units for area. In 
other words, the "s^^dardsV for arfea (and, later, volume) are* deter- 
mined by the "stahdards"\ adopted for length* 
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3. We have already discussed th^uestion, of'extehding the domain "for 'leij^h 
functions,' and we discovered that, for each extension situation^ there 
"was a 1-1 ^correspondence between the simple length functions for seg- 
ments ^^nd th^eirlextensio^s to more complicated domains*. We' shall see 
later* t^at area runctiohs for rectangles can also be extended tg^large]^/^ 
domai^Js, and that each area fiAiction for rectangles 'lias its* own unique 
extension. This uniqueness of Extension for the length and area func- 
tions is most important, because it enabled us to use (without ambiguiijj^i^ 
the same names (inch, centimeter, square inch, |Square centimet^, etc.) 
for the ex^nded functions. Moreover, we will be able to pi0ve that ^-.^ 
the relationship of'^ength and area functions__es±ablished. "in Theorem 1 
).2 he - 



3-5.2 !)elow, still holds for the ext^ndefi functions. ' 

h. In most elementary treatments, area functd^oiis are based (as suggested ^ ^ 
in our disjcussiori of empirical area) on an assbmed "unit" of ar^a: which 
is.xisually a square region -whose side is the unit of length. >^If this 
length unit is the "inch", the square region is called a "square inch" 
or an "inch square", and. the corresponding aree^JWiction is the "square 
inch function"* This is another exan^le of the correspondence of mea- 
sure functions and units, with a "duality" of domain s'tructure and 
measure scale structure* , Prom a ,mathem4tieal p^int of y±e\r ±t is 
usually simple?: to deal with the functions than with "un^ts"* 

^Although we have not yet sh9wn the existence of area functions for 
rectangul^]| regions, 3,t fs convenient to ^continue first with the above?. traih 
of thought, and prove a very important theorem relating area, fun 9ns. and 
the corresponding length function? by means of vhich the area func^ion^^re 
no!nnaC?ly identified: - • V - ^ 

■ ' / , . \- 

Theorem 3"5'2 . If \. and \ are 'any two length fimctions for segments ' 
(ao that, for some k € R , \ = k\ ) and if f = ti(\ ) , V' t)(\ ) 

are the corresponding area functions for' rectangles, determined uhiqueljr 

^ ' 2 
as above, then f ^ = K f ^ . 



/ 



Proof , 'From Theorem 3-5*1^' Corollary 1, if r* is ^ny rectangular region 
with segments , "a^ fo|^-itq adjacjent sides, then . ' . ^ 



r 



.> .... 



1 



V 



•^Hence 



Remarks ; 



1. This simple theorem' is the basis for all of the "formulas" relating 
' 'to the conversion of "units" for area functions when (as is normally 
done) the area functioi>s are^identified by the length functions to 
vhich they correspond under' t\ . li' i^" imjtortant to.remenfter that the 
formulas are nqi^nally^^ given in terms of "units", rather than in terms 
of the corresponamg functions^ Thus .-ibhe eveiyday statement 

^12 inches .eqi^ls 1 foot , . ^ '•-;* 

is eqtiivalent, in functional language, to 

' < in ft - ,^ ^ 

Hence for^the corresponding area functions we have" * ^ . ^ 

. ; ^^f , = 12^f ^ = Ikkf ^ 
sq.in ^ sq.ft^ sq.ft 



which, in ttie everyday language of units, becomes the well-known, but' 
usaially rather obscure statement: 



ihh square inchea equals 1 square foot. 

[The obscurity relates to the usually ill-defined "scalar mi^Ltlplication" 
of dornain. elements by numbers, and the ill-defined use of the word 
"eqvals"; as 'in the case of length, we ^an^make such a statement cleaY 
l?y introducing a domain structure. If wfe introduce an equivalence rela- 
tion on the domain of the area functions (r^ w r^ if , and only if 

f^(r^) = f(r^) 'for any— and hence^veiy--area function f) it is 
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a trivial matter ^to introduc^^as we , did for length) an "addition" (ioin) 
.and a scalar multiplication by positive real nmbers,^ for qui valence 
classes (or "units" )^of the domain^ such that this sel/ becomes an 

R**"-semimodule. If "sqvtare inch" denotes the relevant equivalence ^ ' . 
class, then "iW^- square inches" can be interpreted in terms of this 
multiplication. However it is generally simpler (mathematically) to 
use the language of functions, in'wllich equality, and multiplication by^ 
real numbers^ have well-established meanings^'' rather than to use the 
dual structure of |ihe doWin.] » ^ 

The "reciproc&" Relationship of functions and units is undoubtedly 
responsible for much of*" the confusion concerning "change of units", and 
"change of^ sc^i'e", ^tiu^^^there is not much that can be done ab9ut it. 
It is a simple and ob^ous fact>*Ljthat the largeY trie "unit" the smaller 
the functional values, whether for, lengtl:^, area, or any other class 
of similarity- related measure functions,^with values in R**" , "and* , ^ 
with unit-s. ' ' 

The relationship between different length fun'cti'ons for ^segments^and 
the corresponding area functions for rectangular regions can be con- 
veniently illustrated by means of» a oommutative dj.agra^. /First of all, 
observe that if and are segments, then the i^air (^]_;^2^ 

. determines a unique 'congruence class of rectangular regions (l-egions - 
"•^with sides congruent to a. , ap , respectively). Hence, if D 

denotes the, set of all segments, 15 the set -of congruence clasifes of 
segments', and the set of congruence classes of rectangular regions, 

then there is a^unique function* 9:5x5 ?^ . . (it is of 

interest to note that for each' (d^jd^)^ t D X 3 , inhere are 

' ^1 ^ ^1 ' ^2 ^ ^2 ^ '^^"^^ ^1 perpendicular to and with a common 

endpoint, such that (p(d^,d2) is the -equivalence class the • ^ 

t 

rectangle yhich may be "identified" with the cartesian product 
' X of the^segments 0^ , a^.. Cf. the corresponding situation 

for numerosity. measurement, where the cartesian product of domain 
elements (finite set^) was again^ a domain element.) -The function 
<p is clearly onto, and it s^€isfies <p(d^,d2) = (p[d'^,d^) . , ■ 

• Let , , (with '-'^2^= kX^) be. any two^l^ngth f«nctions, and l-et^ 



' '^l } ' corresponding area functions under r\ , Then we may 

regard , , as defined on ?^ ^ since congruent regions have the 
same -area. Moreover^ as shown above^ f^ = k f ^ . The various results 
proved above show that the foilowing diagran; is commutative: ^ 

« 

multiplication 



k X k 




(B X B). 



^•2 X^^2 



R 




multiplication 



Notice that the commutatiVity of Jthe upper and lower "trapezoids" 
fbllows from th^ definition of t) ^ which was equivalent to 



where j[0 denotes the multiplication operation for R"*" . ^ 

/ '".You might' find it instructive to start with any (d^,^^) € 5 X D , 

(or with any r € ?^ ^ using the inverse relation to qr *; this inverse 

is double-yalued in general, but the diagram is commutative^ under each 
value) and trace the various "function-pa'ths" for thi^ elei^nis, to see 
just what the coramutativity of the diagram implies. The* relationships 
exhibited in this diagram are important ^in tKe understanding of such ' ' 
^.cbtamon statements as; "area is a two dimensional measure with respect 
to length"; and "area has the dimension of (length.) ". ^ We shall return 
later to this matter o^ "dimension", but meanwhi}.e-we obseiife that the • 
"dimensionality" depends on the function r\ from ihe set of length 
functions %o the set of area functions. ' 

You might have ^wondered why we cTi^ not^treat t\^e area problem for' 
rectangular regions'-as we did th«*J^^agth pr6blem'for segments, and the 
►an'gular measure problem, and first try to establish an' "area structure" 
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-^on . The reason for this''*is that, while'.^ P^^ certainly has for 
may be given: see Remark 1 above) Guch a stinicliur^ .(i.e.^ an "area 
equivalence" relation under which the $et of Equivalence classes is an . 
ordered R'*'-semimodul&) th.er'e ia.no straightforward vay of est^lishing 
this structure directly, within the domain of jrectangular regions. 
It is possible (as we shall see) to establish such a structure 'directly 
for^golygonal regions, and the treatmej;jt will show the existence, of 
such a structure for rectangular regions. Alternatively, we can show 
^the existence as in Remark 1 above, by using any area function' and 
"^working backwards" from the structure of the positive reals. 



We now come tjo the long-delayed proof of the existence of area functions 
for rectangula'^^J:egions♦ In view of the fact that all of the results from 
Theorem 3"5il onj^r^s were proved on the basis of "if there are any area 
fxanctions';. ,", .jifywe* can show the existence of at least one such function, 
^ then it will fallow that there are infinitely many^ related by positive-' 

^tiparity ±ransj^oiT3i|,tions to e^h other, and that the set of all area * 
fung:tions is rel^tef ty. the 1-1. correspondence r\ , to the set of length 
func-§'ions for segments. ^ ,^ 

theorem 3-2^. There exists ^ area fimction for P^ ; i.e.,' there exists* \ 
a function f : P ->R which satisfies the conditions AR-1 and AR-2, 

' . . . ' 

^oof - Let r^ be any ?.quare- region^ And let \^ *be the length function 

X, for which a side of r^ is the* unit of length. Let r be any rectatigular - 

^rfegion, and let a , b , be the length of "its sides, under ^Then^Theorem 
3-5 '1 tellstus that iT there is any area function for P^ , then there is an 

aresl function f^ such that = 1 ; and^ sUch that fgCr) = ab , This 

suggests that we take any length function \ , define a function 

f: P r"^ ^ 

by f(r) = ab , (where a , b ^.are the side length? of r under arid 
* teat '*f 'to see whether or -not it satisfies AR-1 and AR-2. 
^ ' The ^verification of AR-1 is intoiediate: if r^ = r^ then the sides 
of r^ , , have* the same lengths (under every iength function) ^nd 
henee- f(r^ = f(r2) • . '* ^ 
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In order to' verify 'ABr2 , ve need to show that if a rectangular region 
r is the 'union bf a finiteNaumber of rectangular regions r^ , (i = 1 , 2 , 




^ n) vfeich $at/sfy the condition that the intersection of each pa'fr 

' " " ' consists only of "boundary points of ekch, then 



r. , r . ia-either em" 



. * - ;/ f(r) = 2 f(r ) . 

' . ,\ i=l ' 

That is, if a , h , denote the lengths (under of the sides- of ^ r , 

and if , , denote the lengths ^of the sides of r^ , Ve need to show 

» *■ * 

that . • 

. . i ' 

n 

ab = 2 a.b. » 

' :• - i=i " 



The following diagrgm- of a typical decompolition which satisfies the require 
merits of shows^"M;hat this result is not completely obvious^: 




\ 





























rt is convenient to break down the proof into paVts by means of lemmas. 
We first define a gimple decomposition of a I'ectangular region r , to be a 
decomposition into rectangvilar re'gions by means 6f segments whi&h are 
parallel and congruent -to the sides of r , as indi^at^ed in the diagram 



below* 
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Lemma !• If r is a Rectangular region with sides of length a ^ b ^ and 
with a simple decomposition into rectangular regions^, then 



n m 



ab = , 2 .2 a.b, 
i=l j=l ^ 
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(We are not really dependent ort the diagram, but it will save a grea,t deal ' 
of work to Lssum? that what the diagram suggests "is in fact the case'.)" 



Proof. The proof is a simple application (twice) of the distributive J 
property of mya.tipli cation over .additipn, for the real numbers;, and iV 
also uses 'the known fact that length functions are finitely additive for a 

"partition" of a segment. (l.e.^ 2 a."'^ a /-and 2 b =i» .) 

i=l ^ ^* ' j=l ^ ' 

n m • • n m *' . 

Z Z a b = Z [a ( Z b )] 
, " ' ' . i=l j=l • 1=1 j=l 



J ■ 



(if you have trouble with the summation notation, try writing, out thehslain . 
"in full".. All that ve have done is to add up the function vipjiues; down e^h 
"col&n" of ^Qctangles, an(^then add the resulting sum$ for the large "column 
rectangles" lis ing the.^ constant ^ctor b .) . \ 

. We can complete the proof by reducing the general case (i.e.^ as for th^^ 
first 'figure' above )/to the special case represented b^ a simple decomp^ition*^ 
We intend to do tAis by "completing" all of the segments wl^feh appear as sides • 
But here ve encounter a minor difficulty: Jaow can we be .sure 'tlSt, for any 
decomposition, the sides of ttie component rectangles r^ , are parallel to 

the sides of the union, r ? This brings ^us to the .second lemma: 

' ' - f '■ 

Lemma 2, If r is a rectangle with a decomposition Cafi in AR-2) into a 
finite number of rectangles r^(i ^ \ ] 2 ^ ._,_.^) , tien the sides of each 

"rectangle are parallel to the sides of r 



Proof . I We^ shall sketch a proof of this strongly intuitiv^ property, 
which Jan be proved in various ways. Our proof Uses an induction 

on thefnumber (n) of regions. If n^= 1 , r^^ r ^and the result is 

. ? 1 * "H 

trivially true for all r. Assume |ihat the result holHs (for all rectangles 
*f r ) for^all decompositions which h^-^e less than n -rectangles (n > l) and 
. let t be any rectangular region, with a decomposition (as in AR-2) into 
n * rectangular regions , (i = 1 / 2 , . . . ^, n) . Then (see diagram 

below) an regions which "adjoin" a flxW side a of . r' (the left side in 
the diagram) musf have theii: sides parallel to the sides of r . (This 
follows directly from the well-known transitivity, of the relation "parallel 
or collinear*^ ^ line segments, ^ and from the fact tlfat perpendiculars, in 
a fxxed plane /^o parallel or collinear line segn^ents, are themselves 
* parallel or co&linear.X \ 
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Because n is finite, thejre is*^ne (or more) of thesfe rectangles, "a<|^^gent"^ 

t6 a , which has least ".width". (The "width" is, of course, th^_lengt?fMof,>« 

the side perpendicular to a , ) "Complete" the corresponding segment parallel 

to a (shown dotted to avoid confusion^, and let; r* denote the residual" 
V * 

Rectangle to the right of, and iucluding this "new" se^ent; Then the ' 
original decomposition of r ,^"and the "new" ' segment, yield a decomposition^ 
of r** . Moreover at least one r^ctangiiLar'T^ion (two, shown with darker 
shading, in the case represented by the diagram) of r which is adjacent 
.to cr does not appear in^ r* *; and the remaining regions oV v\ which 'are* 
adjacent to a , correspcjnd 1-1 with "reduced" regions of' r* v jfl^at is, 
vi has less than n regions. Hence, from the "inductive hypcy^esis",^^., ' 
£(11 sides of rectangles Xn the 'decomposition of. J^^^^s parallel-^to the 
sides oi* r* , It follows that all sid§^ of recta^.es in the original 
.NsL^omposition of r , are parallel to the sfdes of r . . ~ " * ^ 



4 . 



We now complete the proof of the theorem by, a double application of 
Ijemma 1« Given any rectangle, r ,• and any decomposition (as in AR-Z) 

^ n . / 

r =* U r. , . -~ . ; 

' • i^l ^ ' 

"complete'? this decomposition to a simple decompositioij of r by "completing" 
*all of the ^ides pf aia,../ec tangles , ^ (See diagram on the folloving page,) 
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For this sample decomposi^tion of r ^ let r be a single rectangxiLar 
region witji sides of length ^ • Then^ If^m Lemma 1 , 

ab "2^ Z Z X y • ^ 

(To avoid making a simple idea' seem complicated^ ve do not-4evelop a de- 
'•,.tailed notation. The double summation sign»simply means that ve add up the 
^ ^>r6,dtie^ts x.y, for each of the rectangles in the simple decomposition of 

r't which' results "v^hen all segments are "completed".). ^ , 

' • V ^ \ * ' ^ -^'^'^ ''^^^^ ^ 

^ ^ We noK observe ttot ^the "completion" of the original decowpositioii.jqf 

r aLso yields a simple decomposil/ton for each of the rectangles r / in the 

if- '} . i , 

"original decomposition. Moreover each rectangle r., appears in the 

. , - • ' ^' 

resultirfg 'siniple decomposition of' exactly one of the original r^ . Hence 

. the sum ^^^^^yj^ can 'be broken down: ve can first add sepa'rately for all 

, 'rectangles r%^ in, each r^ and then add for all r^ . Thus ve get 

^ 7^..= Z a^b^ (f roji ^mma 1.) ^ 

^i* 1=1 '.^ ^ 



BuTX, we have already seen that' 



x.y, = ab (Lemma 1 ag^'in) and hence we 
J K 



n n 

have: f(r) = ab = 2 a^b^ = 2 f(r^) . In other words/ f satisfies 

AR-2, and hence f is an area function,* That^is, th6re exist area functions 

for rectangular regions. ' > • ' 

« * 

Re marks ; * - * ' 

1* The above proof is much harder to write down than it is to work out. 
DonH be deceived into thinking that it is difficult! . ' 

-2. If (as is common in elementary work) the ^ea of a rectangle is simply 
defined to be the product of the lengths (under sc5me^ length function) 
of adjacent sides, then the above theorem proVes that such a definition 
is consistent with the addjbt43a;^y. .propj^^^^^^ This property is 
generally used in elementally work wit^iout being explicitly stated. 



Area Functions For Polygonal , 1fegions . We return now to what is usvially 
called the "elementary theory of area": the study of the existence and 
relationships of area functions* fOT' polygonal rej^ions. This theory, which 
is. strongly geometrical^ in char^ter, ha^ an extensive history, ""I>artly re- "V" 
lated to the fact that one of its most fa^J^yos^thejarems ^(Bolyai*s Theorem: 
that polygonal regions have fequal areas only if they are "piecewise congruent 
undet decomposition" — see below) ^has no counterpart in the theory of volume, 
a fact which was only proved (by M. Dehn) at the beginning of the present 
century. ^ ' * 

Area theory for polygonal regions can be .developed in different ways 
One way is to, proceed as we did in developing the notion of area for rectangu- 
lar regions, by defining "area function" and then establishing the existence 
and properties of such functions. Relations of "equal area" and "greater 
area" can then^be defined by using these functions. 

Another way is to proceed (as we did for length) 'by .defining a relation 
of "equal area" and developing a semi- group structure on the resulting set 
equivalence classes- before asking whether there ar^ functions (with positive 
real values) which preserve all of this structure. Such functions arS-, 
of course, area functions. Each ^f these approaches^irequires about the same 
eipotmlii^of work to carry ti^ro^^; 




We adopt the first of these melSiods of approach^ b|cause we wish to 
emphasise the closeness of the method (in spite of the more complicated 
details) to that which we used for the discussion of area for rectangular 
regions. You sho^jd also reSe^ back to the discussion (in Section 2-8) of 
^ length for broken ^gments : there is considerable similarity between that 



discussion and the* one which we now give for the area of polygonal regions, 
although the corr^spo^tding area theorems are somewhat harder to prove. 

As above, we ^denote by P the set of all polygonal regions^ and by 

the sijbset of rectangular regions. We define a function' f ;-P -^R*** to 

be an j^ea function for ^ P if ^ it' satisfies the following conditions. 



AP-1. 



AP-2. 



(Congruence condition). If Pj^ > P2 > ^'^^ congruent polygonal 
regions, then f(p^) = f(p2) • 

(Additivlty condition). If two polygonal regions p^ ^ p^ are 

such that their Intersection is either empty^ or consists of boundary 
points only, then ' . ^ ^ 

f(Pl U P^) = f(Pi) + f(P2) • 



Remarks ; * ^ ^ 

i 

1. In this- definition of area function we have refer;red to "boundary points" 
The notion of boundary is a topological notion: we could define it as 
the union of \hose segments which (in some triangulation) are on the 
boimdaries of only one region^ but then we would heed to -shQw_^that this 
definition is independent of the particular triangulation. Alternatively 
ve may define alh interior point of a polygonal? region to be a point with 
the property that there exists a circular region (easily defined) with 
that point as center^ and wholly contained in the polygonal region: 
boundaiy points are then those points which are not interior points, 
Clear]^, ^this definition is independent of any triangulation. It^is 
•-^ not hard to devise other definitions (e.g.^ a boundary point is bne 
which has the property that there is gome segment in the plane ^f the 
region^ for which the boundary point is an inte'rior pointy and such 
that all points of the segment ojj one **"side" of the boundary point lie . 
. " out'side of the region) but" it is not particularly easy to work with any 
of them* In the subsequent discussion-we will 'usp. the notion of boundaiy 
and interior intuitively^ but it is important to know that these ideas 



EIUCJ 



can be bandied precisely. 
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2. A simple p^roof by mathematical induction enables^ us to extend condition 
AP-2 to a polygonal region which is the union of a finite number of * 
polygonal regipns whose interiors are paiivise disjoint. We refer to 
the property proved by this extension as finite additlvity , and we refer 
to the^ finite set of polygonal regions {^±th pairwise di^e-^^^int interiors) 
as a ;poly/^onal decomposition of ^their union* 



/ 



In aa effort to help you to follow the sequence of i(aeas involved in'' 
the development of area theory for polygonal regions, we summarize the main • 
st^ps : • 

(i) We observe that conditions AP-1 and AP-2, applied to the 
subset P^ of rectangular regions, imply conditions AR-1 

and AR-2,'^ Hence, if there are any area functions for P , 
they must be extensions of area functions for rectangular 
regions. ^ . ^ 

^ (ii) We prove that if f is any ar^a;^ function for P (and hence, 

suital^ly restricted, for P^ , so that there is a "corresponding" 

length function X , with = f , as above) then the value 

of f on a triangular region mui^t be ^ bh ^ wl^^re b and h 

are the lengths (under \) of any baseband corresponding " 
altitude. • " , ' 

(iii) It follows from finite additivity, that the value of f on any 

1 

polygonal region must be the sum of the values - bh on ^tlie » 

triangles of any triangulation. Thus if there is any area 
function, it must behave this way. 

(iv) This suggests that," for' a given' polygonal region, and a f;^.xed 
; length function, we should try "to show that the sum 2(1- bl]) 
{taken over all triangular regions in a 'trian^latioriT is :in- 
.dependent of the particular triangulation, so that wfe can /use ^ , 
it to define^a ftmction from P to R . ^ If this is to b'e an 
^ ' area function, we must show that it-satisfies AP-1 and 

' He now proceed to fill in the details. To keep th^ti^Itmerit within 
reasonable bounds we will, gi,ve fom^l definitions and statements \of tfieorems7 
but we will only sketch most of theW-oofs. Moreoyey, , -to"^ some extent verwill 
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depend on diagrams, and assume that what a^epears to be xhe case actiially Is 
•the case. To carry out all of this in complete detail is a lengthy, and 
rather tedious"^ undertaking. 

+ ^ 

Theorem j-^*^ . If f : P B is an area function for polygonal regions, 

then •f|p (i-e-, the restriction of f to the domain ) fs an ' 
' r ' r 

* area function for rectangular regions- , 

Proof . AP-1 implies AR-1, and AP-2 implies the finite additivity of f|P 

Theorem 3-^.jr f^f \ is any ^ngth function, and if a , b , c ; 

a* , b\ , c' , denote the lengths (under \) of the sides and corres- 
ponding altitudes of a triangle ABC , then aa! = bb' = cc' . ^ ^ 

Proof . The diagrams beiow illustrate the situation, (i) when one angle 
is a right ^ngl^;* (ii) when all' aj^gl^'^^re ac.ute; (iii) *^en one angle 
is obtuse. These are the only possibilities. * A 



r 



In case (i) aa' = cc' is trivial/ and aa» =:.bb» follows from, the 
similarity of AABC and ABB»C , vhich gives a*/b = b^a . In cases 
(li) and (iii), we have MBA» similar to "^BC» so th^t a»/o' = c»/a 
whence aa* = cc» ; that each prod\^ct is equal 'to"* bb» i? shoTO similarly. 

"" M^heorem 3-3^6 . If f is any area fimction for P . and if \ ^is the 
» ' , -5 . 

^ length function which corres||onds to the area function f|p '(i.e., 
' ♦ ^ I ' r ' 

f has value ""1" ^ on the square region whose side lejigth under \ 

is *"r'), then,, for a. triangle ABC with sides' and altitudes of lengths 

a , b , "cr ; a' b' , c'»; , under \ , we have 

^ , tCaaBC) = i aa» = ^ bbt = ^ cc* ^'''v 



(The symbol AABC denotes the triangular region bounded by MB(X •) 

Prdof, From Theorem 3-5 .5, it Is auffic>ien^:'to prove that^ -f(AABC) = ad« 
^ree cases need to be' considered.* Tlj^p.e are 3;epresented by the cftagrailte . 




In case (i)/ AABC ^ ^DA ; hence, from AP-1, f(AAJBC) = f(ACDA) BUt, from 
AP-2, f(rect. ADCB) = f(AABC U AcDAX;?^^ 
' . ' ' • * ^ ^ = f(AABCl) ^ f(ACI)A) 

= 2f(AABC) * , 

£K \ Hence f(MBc) = | f(rect. ADCB) 



In case (ii), fdr similar reasJgAs we have f(rect. ADCE) = f(rect. Am) + 
f(rect. FDCB) ; ' ^ , . • I 

therefore • ; ' 2f(Am^) 2f(AAEB) + aa»' ; 

therefore if(AA£Bu AABC) = 2f(AAEB) + 2f(AABC) = 2f(AAEB) + aa» ; . 

therefore 2f(AABC) ^ aa« ; ^ ^ 

therefore . > f(AABC) = | &a», . 

^Case (iii) ^s left for you to cc^Plete' for yourself. - • , 



/ - * 

• We have now shown th*, if there 'are any. area functions fo^ polygonal 
regions, then each gives an area valjle'to trxangidar regions which agrees ' 
with the familiar "formula". Because the adaitivtty conditiejn AP-2, this 
means that, if. there is to be ail area function f for polygonal regiorts^ ' 
then for a given polygonal region p , and ar^r triangulation p = U^^ 
{where each l^' is a' triangular region) the ,vWe of f on, 'p must be. 
2 f(8^) .or S(| a^a»|) , where , ^» , are as above for 8^. ; Thi^ 



•s^uggests that we test 
■f/^y will satisfy AP-1 



this possibi:|.itWto see if a .funotion defined, in this,. 
and.AP-2. i I - . • • . 



Let \^ be, any length^ function. For any triangiiar r^ion 8 
let '.X , x» be tfi^e lengths Ud^r X^) .of a "base'^ and a corresponding = 
"altitude". • Define a function f 'ty ■ 

o (As we saw^bovVthis vjklue does- not (depend on 'the choic? 'qf^base. ) Let 
, p. be a ^lygonal regionj with' a ttiangidation .{8^} /,i =*1 ,'2 , .*. , n . 
Extend the domain of tHe , function f^ to include each triangiaated" 



«6 



polygonal region (p , {6^}) /l^^defir^ing 



For each triangulated region this gives a unique value^ and hence a 'function 
is defined for triangulated regions. We wish to prove that the value of 

/o* ' {6 depends only, on p (and^ of course^ on and not 

on the >triangulation {5^} • ^e proof of this is rather complicated in ' 

, detail;^^ but the idea behind it is similar to tljat which we u^ed'in proying - 
the corresponding result for rectangular regions^, (Theorem 3-5.3.) 



Th^rem 3-5*7 * Let {5.} , {5.} be two triangulations of a polygonal re- 
, 1 J ^ ) ^ 

-gion p , (i =1,2 , ,m ; j=l n>.^^J?hen , , . 



m/ 



r \ 



In or^er to make th^prod^ easiei/ to follow^ we prove - two lemmas^ We 
first define a subt3lvl^^^ polygonal region (p: ^ {5^)) , . 

to be a triangulated polygonal regi5n (p , ^ sucli that each triangxils^r 

region 6^ ±s contained in some • 6^ ; and we refer to the- triangulation {5^} 
as« £i refinement 6f the triangulation {6^} J / , ' 



,1,. Ev^ 



two 



triangulations {6^] , {6j3 of a polygonal xegion p 



hav(s a common refinement. 

Proof . As above A let 1 run froHi 1 bol m,^ and j ' run fi'om 
1. ' to- n • Then w^have '(from the elem(;nt^iy aigebl^ of sets) 
m' n_.\vm -n^' min _ 

P tJ p = u 5 ^u^6 ) n C u 6.)'=. u ; u (5, n 5.) • 
. i=i j=i^ ^ f j^i J ' i-i! j=i ^ J • 

6. and F are*-4;riangular regions^ Each is convex, hence their inter- 

^ f 

section must be a convene polygonal' region with ,three^ fojJir^' five, or six 

fome ex:&mples are shown in the digram below, (iMpase ,you are 



The sets 



sides-: 



riot familliar ji^h tjtie notion of convexitv^ a:conyex region ^ is one with the 



jpro;perty |th£it| it contains- the segment Joining anj^^'two joints; you 

may easily prove that the Intersectioh of conyex re^^J iS cOnvexJ Any 
convex polygonal region can^ of cour^e^ triangulated/ the dotted lines 







in the diagrams indicate one way of 'do±^4 "t^is for each 'intersecti9 
To keep the diagrams siipple, Ve do not attempt tp show the/resvilting. triangur 



he/ 

lation of Ji "beyond a single intersection" 5^ 0^^^ "^^^ darker 

shaS^ing), Moreover, we do not illustraite all of the varioUs ways in which 

t ' i r * ' ' ' T ' ^ . ' ' -''- 

3>t;4, ^'O^ 6- sided convex regions tian arise as inters ectiopa of two tri- 

angtilaf regions:, this does not affect the proof. , By triangulating "each , 



6, 



J n f5. , and "by l>bXervlng that two^<£^ferent convex\regions 8^*0 8. 



a'triangulation of p which 



5. n % y intersect (if at all) only in their boundaries, vii can jbbtal^ 

is .a ^jioramon refdnment ,of (6^ ) and {8 .} ' « . 

' . • "v ■* r • 
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Retnark ; Now that Ve loiow that any two tr£angulation^ of a polygonal region 
p have a common refinement, Theotem 3-5-7^will be proved if we can prove 
that the value of f^ on a triangulated polygonal, region (p ^ {^^1) t^ 

'same as the^lue of f^ pn any refinement of (p ; {%]) \ Now f |p , {6'}) 

u 1 ' u 1 

,is simply the suiJi of the values of - f^ on each triangula^ region 6^ j and 

th^., value^of f^ on a refinement is'iihe sum of the values of f^ on all 
tri^ingular regions in the refinements To find this 'latter s\m, we may add 
.first for all tri angu lar regiojns in each 6^ separately, and then add these* 

partial •sums'. . Hence ^e theorem will be proved if we can prove th'at r^'^ 

has Vhe same value' for a single triangul&r region and for any triangulation 
of that .re;gion. In order to show this we. need another lemma.* 

Lemma 2^ * tetl AB^CJ^ be a triangle, and let B^C^ , B^C^ , ... \ B^C^ . 
be segments parallel to B^C ^ as shovp. Let a be the length, of B.C. . . 
(with respect tp a fixted length function) and let h. j be the distance 



between B.C. and B._^tC. ' as indica.tfed (i=l , 2^, 
11 i+1 i+1 ^ ^ * ' ^ 



5 



the altitude of AAB C - 
n n 



Then 



^ -ri -rl) with h 



a3_(AD^) = (a^ + a^)h^ + ja^ + a^)h2 + 



.+ a h 
n n 



♦ T^oof ^ We give an outline of the proof oxiLy; a* detailed ptoof 
requires an induction on n . AAB^C^ is similar to AA^C^ . Hence 

(using the finite additivity of leogth functions)' 

n f n ' " 

( 2 h ) /a = ( 2 h ) /a — • 



f 



t therefore 




Hence,, adding a^h^ to each side, 

' " n XI 

' a (AD ) ^ a 2 h = ah + a^h. + a^ 2 h, 
■ i=l > . . ^ \ 



(a + ap)h + a 2 h 



Repeating this process, we' obtain the 'required result: it is not hard to ^ 
give a complete proof 'by induction. TJais rather simple aeimna is the key, to- 

the proof of the theorem. ■ ' ' 

• * . . *■ 

Proof of g^eorem 3"3.7 A§ observe^ earlier (see' remark following the proof 
of Lemn^ l)^t is suffici^t to prove the theorem for a single trianj^ar 
region. '5 , and a triangulation .[b^] of 6 .* Let. 5 =AABa , and let" 

x' , x» jbe the lengths, tvith frespect to a fixed length fuAction) of BC , 
and the cjorresponding^ altitude. (Through every v »rtex 'gf^ea^ triancle 6 

... /• - ' I I 1 ^ ^ 

in the -triangulation, draw the ^ segments whjjOte-^re parallel to BC and 

who^e end -points ai-e.on AB ,,^^^Si^si)ecVA^ely.^ These segments will ^ 

decompose ,a 'partidl^iar region 5^ indi^tfe^on tile fallowing page ♦ 




/ 



Fbr , if q denotes the length of the altitude -from Y^^ to ' Xj^Zj^ we 
]^avQ (using mainly Theorem 3"5*5) ' • ' ■ ^ ' 

■ ^ ' • '• . / • ="<iW ■ - 

- ' = ( \\i ^!kV • ■ . 

Hence, for the region "the product x^^x^ can "be "broken down (as in 

liemma 2) as 2hj(Cj^' • (We do not attempt to develop a detailed ' 

noi;ation« and we recall that .this sum has to "be properly interpreted for 

< the "extreme" triangiilar regions at and Z, • )l , - / ' 

I ^ ^ . . 1^1^. ' ^ / • 

-We {>oint oA "that what we -Ipave achieved so far,; throjgh thi use of 
Len^ma 2^ is to break do\fti the number ^xj^ 

of ,'num"bers* corresponding to certain lengths 
which 6. is divided "by tJie segments parallel to AB * We now completife 

the proof "by^ "adding" these subproduots across eaxih full "parallel strip" 

of 8 , and then we use 'Lemma 2 again' on thi^ ."parallel strip" decomposition, 
X of At no stage. Are we adding "areas" — whenever numbers are added they 

M]C^>6btplned from length functions^ and we make strong us.e.pf thi additive 
'^"^^'picr^^^^ot length functions on "decomposed" segments. As jln.thB case^of ^ 

rectangular regions,- we also*use the distributive property .of multiplica^ 
* 'tic^i over Addition. .The diagram below indicates the regions .8 , , ^ and 



into a sum, of separate products, 
ob"bained from the regions into 



.lone full "paxBllel strip" which includes part of, 8" To avdid cluttering 

- - ■ • ■ • ' 281 \ . ■ ' ~ ' 

— • ^ . 
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up the d^-agram, only one "parallel' jst rip" is shown (shaded) and the boundaries 
of all triangular regions (except b^) are shown dotted^ except where they . 



inter&qct the strip shown. 



2 XjX« ^ 2 ^2 lij (cj+ A^)) 



k -k 



terms ^ Z h^Cj^ and Z h^d^ in tiiis 



total *sum can be 



We now have 



Fojffixed h^", the 

collected, and the commoq factor h can b"^ taken out. The , resulting 

f • - , - • •■: - * \ 

i c, and Z d. - siinply represent the sum of thj^ lengths of segments whose 

* interiors are disjoint and whose uniSns are^B^Cj , ^j+i^j+i ^ respectiveiy*. 

Hence, if the lengths of'lhfese segments are ^Ip . / p.^ , respectively, it. 



. / follows from the properties of length functions that these s 

* * " • < f • , . . ^ I \ * , 

h.) are h. p.* h. p.^. respectively. We thus obtain ^ 



fix^d 



1^. 



A further applica 
right is^ XX* . 




Lemma 2 (applied to 5r ) shows that the Turn' oh'^He 
have i '' ' ^ > 



tn other words , the -js'um; 
angulation of ^6 . JX follows that 



^- ■ ■ .;• • - 

» .has the same value (xx*) , for e^ 



tri 



1 f X. x« = 5 xjc* .and 1jbat ;th4^uni - ■ > 



on the left is the same for any triangulation. Hence the yalue of 



on 



a triangulate'cL polygonal re^on is unchanged under "rfefinement" *of the 
triangulation j and "because any two triangulations have a common r^inement, 
is a function of the polygonal region only, and is independent of the 

triangulation* This completes the proof of the theorem* Admittedly the 
detail's 'are fairly 'complicated, ,.^^d it is difficult to devise a simple 
notation. But the underlying :^as are quite similar to those \ised for , 
rectangular regions: the essential* idea of the proof (as was the cas^ f or 
^ rectangular regions) is to reduce things to the point' where we caa use our 
' knowledge of the additive properties of^ length functions on s^gmen^s* 



Let MS now review vhat we have done. We have shown that if there exist 
any area functions for polygonal regions, these functions must hay^e certain 
properties' >n relation i:o triangular regions and tf i^angvilations . We have 
used these properties to motivate the definition of a» function for triangu- . 
lated. polygonal regions, and 5/e >iave shown that thi^ fuhction does not' depend 
on the particular tr^pngulation. We thus obtain a fynctibn (for which t^e use 
the same syifibol) mI^^"*^"^ > ^^f^e t^{v) = fQjp , JS^.)) = 2 | x^x^» , 



any triangulation M.) * We -wis hj to proVe that 'f-. is- an area funct 



for 
on 



for P,» The fact tha^'* f^ satisfies the congruence property AP-l is 
immediate: (inde^ cong^ence all of the length VE^JLues . ' 
changed. This leaves the additive property, AP-2 , still to be proved. 



The'bi^em 3-5*8. 



The function f-. : P 



defined above ^frorn a length 



function" \^ , satisfies AP-2, andf^hence is an a: 
for polygonal regions- 




tion 



(ii) If r is a rectangular region with, sides of 1-engths a- 
' and b under the^ length function , then ^qC^) = ab 



279 



. 283 



'J 




' Is, -tjhe res^iqtion f^jp^ of to rectangular 

o regions, is the function ^hCXq) . *** 

(iii) ' is the only area function for P which extends the ar^a 

' \ fujj|tion ^qIp^ y and hence the 1-1 oorrespondenTie , t) , 

, .of length functions and area functions~for-rectangular 

regions, ^exfc^Qdstoa^l coi^espondence of, length functions 



and area functions for polygonal regions 
1^ 



(iv) • If f i*s any area function for P , then so is the funbtion 



(v) 



kf , for each k € R 



f^ is onto R 



.tl^aj ^ If f^ , f^, are any two area fiyictions for P , then for 



Proof. 



some k > 0 , f^ 



kf. 



(i)- 



1 



The proo,f ofcAI^2 ^s ^ow^quite simp^^.. If p , p« , r-ai^e two 
polygonal regions with disjoint interiors, then two ti:iangu- 
lar regions- 6^ ^ 6.*' in ^any triangulations {6^) , {SJ) ^ 

of p /p» , respectively, alsoJhW <|i.^jcittt interiors. 
Hencfe {6^} U is a trianguiatiori| of %he polygonal 

region p u P» . Hence f^Cp U^P^^^^ f^ib^) +2 f^(6p 



Thlk is itmaediate: the rectlangular region r can be given 
a triaiigulation (by compieting one diagonal) as the x«iion*of 

^two congruent triangles .h^ ^|%) and ^q^Sj;^ /oC^^). - | ab 

hence, from (i), f^Cr) = f^CsJ '+ f^fe^X^^ . Hence 'f^jp^ 

is the unique area function wnich coijresponds to X^uncler 

' / ' • I ' ^ / . • 
the particular 1-1 iorres-pond'ence t) described earlier. 

(I.e.,^ f^lP^ is the are^ function for w|iich the square ^wi^i^ 



si^'l" with respecl to fx , hag are^ "O.*.-) 



.1 



(iii)^. ' It-^^^ is any otlier area fiuja^ion which extends ^q\'^^ f 



then 



;it\ follows^ if rom'Tfteoreni 3c-5.6 that f^.., agree on all 



V 




tri&ngUlaV regions; Hence f6r any. polygonal' region, p , 
with-any^triangulatdron {6^'} , f^iv) = TqCs^)^ 2' ^o.^^i^ 

= fl(p) ,1,30 that, f ^ - f* . In' other words each area funition 

for rectangular regions can "be ext^ndptj to polygonal ^regions 
^in ^xactly one way. Moreover, as^Ve saw eaprlier^ every areB 
function for polygonal regions is an extension pf an area 
fonction for rectangular regions, hence ,the 1-1 cor^^pondence 
T\ of length functions for segments and^&rea functions for 
^ reijjangular regions carries over to. a 1-1' cprrespoijtiencfe 
^,J^Qr \£hibhjw.e use?i^feri^^saine symbol/ ) of lengths func^ions^' 
ari^ar§a^fSg«2^^^ahs far"^ polygonal regibns, . , 

(iv) . This i^pej^t^^ which is quite siin^^-.€o the'dOa?^^ 

protier-^ foi^'%:»ea functions for l;e.ct^'ular regions, is- 
easily verifie^^N^ -'"^^ 7*^, ' * . .'vi*-* 

(v) f is alreadil'J^o r"^'" . ^ , 

(vi) This result ^q^n. be established directly, as for the 

correspondip^fj^ult for length functions , jjr "it can be . 
derived (see'beiow) from the corresponding result for \ * ^ 



rectangulal' reg:(.<p] 



Remarks 



1. The importance of (iii) above is that we can use^||ffi*^^^ft^!]^ j ofl'^ngth 
:v ^functions (inch function, foot , function, etc.) to'^aSik^f^ ^';&biguously) ' 



^ -^^he.^^ea..^^n^iOTis^for p9lygonal regioAs, giving them 'Jt?^ '^me nam^ 
\{ Ijfsqu^tre ift^^PuQd^ foot functioft", etc.V"§&^^e used ;' 



" 'V)/ii5xthiS'id^'scu^sion of a^a for rectanglilar ref^ioja:s, f ^^^^iil- * 

v2. SThe t^suJ-C^-^lv)^.;- (vi) show -tl^t &11 area factions f ori pc^y g^ai j 
i regtos a're §imilar;(i.e, , the selL-A of s.uch functioAs^^s a ratid^tv . 
scale) • This^.situa:tion: is qiiite iimilai- tp that jfor lenjg;^h, fjui^tions, ^ 
and it is a simple matter to snibw that (A\, +}^ is an R -semlTiiodule, 



" This Bltuation.yill continl;^?^t'o^hol4Mft^ tri^' d6taain 



ERIC 



,n 'Is further, eactendeciX 



5 ^. 



5»1 

. ' Change- ot Sqale for Area Functions on Polygonal Regions . If and 
^2 ~ ^1 length functions, then we 'have seen that the corres^^ond- 

ing area functions f^ = , f^-^nix^) , for polygonal regions, hav^ the 

proper^ that, for any rectangular region r , f^Cr) = k^f^(f) • Fox any ^-^ 
tr^ngular re^n 6 ^ with, base and altitude , x» , under \^ ,^nd 
^ , ^ , xmder / we have \ " ^ 

- - 1 , 

• ■ • ^ 2 ^1^ 

= f^(6) * * ^ 
Hence for any polygonal region p , ana^ any triangulation [6^] , 



k 2 



Hence we have proved the following 



Theorem 3-^.9 . If ^1 ' ^2 ^ ^^^^ functions for P which correspond 

, as above to the length functions \^ , \^ (=kX^) respectively, then 



Kemaaks; 



*1. !thej preseTva'tion of this relationship 
from rectangular jto polygonal regions 
in considering the areis "of polygonal 



the f&miliar "formulasr for cliariging i,rea units,^ and for relating area 
funptions. This prope|rty will cont^n ie to hold iwhen we fu^het e:^nd 
the domain of area functions., \ * * I ' 'nI 

If .p. 



in. 



►extension of area functions 



is very important ."^ It - means that, 
regions, we can. continue to use 



aVea 



. ^and . p^', ar,e polygoiial^ ?^gioiik>. with ' fjpj = 



^(p^) -.fcMl, .some• 



^un(^tion^^5g;,^then* '4Cf#^c,(Po>v fV other" area .fynfeon 
^ f^ When this ',aituation/golds/: .-vfe lay ^ that p^ 



and 



have 



7'^ 



same area. It is trivial to prove that "same area" is an equivalence 'rela- _ _ 
tion orf the set P of polygonal regions. 

' ^ Monotonicity of Area Functions on Polygonal. Regions » We say that p is 
a sub-region of the polygonal region p* , if there is a trian^ation {8^} 
of p , and a triangulation {^«) ^f p* , such that every .6^ is a 

6* \ If X is any area function, we then have 

^ . ' * ^ . • ^- ^ 

f(t) = 2 ?(6,X,< 2 'f(5») =.f(p») . 

i ^-t.T p . ^ 

and the inequality is ^r:^t^f p is a propter sub-region, ' (i.e., if there 
• is scgie 5» which is not a 5^.) Clearly this monotonicity property holds 

for all area functions, so we c?anNnake the unit-free statement **the area, 
of . p is less than or equal to the area of- p* " • 

Pi ecevi s 6^ Congr;jien c e Under Decomposition : , BoIyai»s Theorera?\we in1?roduce 
a relation (-) into t^e set of all polygonal regions, by defining 
Pt Pp i^ there are polygonal decompositions of p and p^ yhich _ ^ 

correspond 1-1, with corresponding'reglons congruent. Hence, in particular, 
if P-j_ - P2 "^^^^ Pi P2 ^"^ shown that congruent regions have 

congruent triangulations (we cannot go into detail, as we have not ^§^^loped 
the general concept of congruence) hence ''*P-j_, P2 if 'and only if p^ . .and 

p^ have piecewise congruent triaiigulaCions^ j i.e., triangulations such ^^t 
there is a 1-1 correspondence of triangular regions, with corresponding 
regions congrjient. j ^ I I ^ 

I * It follows from the properties which we have developed fof area func- 
tions, that W P^ - P2 ^ then f(p^) = f(p2) i for every area function f 

The converse! result, which we give lt)elow, was^ proved abou;b 100 years ago 
by Boiyai. 

Theorem 3-^ Ao . ."If p^ and p^ are polygonal .regions with the same .area^ 



Ijfehen • 



m 



' * break doTm the proof with tvp lemmas : 
jjerrmi 1^. - The • relation is an equivalence relation. 




I122?. The proof, of syniietry and reflexivi^ is immediate. • To . 
jprffff transitivity we note that^if Pj- - P. aiid' P, ~ p, , then p • ha^- » 

triangulations {S»} , {5"} , wki^are piecewlse congruent tp triangulations. 
Of and respectively. ' We know there is a cpimnoji refi^iement 

i\) > of :{6«} 6nd {6^3 ,^and this refinement can be *^copied" using- ty^ 
original piecewis^ congruences, to give piec^ise congruent triaftgulatidns ^ 
Pi ^ P2 ^ • (^e are using here the fact^that if tw triangular 

regions are congruent, and dne has a triangulation, th^ "the other' has a 
piecewise congruent triangulation.) Henc? p . * ^ 

For the remainder of the* proof of this theoi^em we use the word 
"equivalent" to replace' "piecewise congruent under decomposjilqn*^' l¥ o ' 
is any fixed sp^itent, we define a noniM. rectangular region (relative to o^) 



t9.be a re<it^gular^' region ^ith'one* side congruent t^ 'a^^ 



Lemma 2. 



^ ^^^'^^iangular region i^^uivalent to^'a rectangular region, 
(ii) TriaQgvila? xenons with congruent bases and congruent =cor-^ 



(iii) 



Proof. 



(i) 



responding altitudes^ are equivalent^. 

Every rectangular ^region (and heace, froA (i), eve^ ^ 
triangular region) Is equivalent to a normal rectangular 
region. , ^ . - ^ 

We shov first 'tl^at every triangular rejten, wi€h any sile^ 
a^ base, is equivalent to a rectangulJ^e*gion^witfi^th^ s^foi 
beke and half: the altitude. The- figui«hows .th^ v^ioui 
,C£ises th^t c^n arise, and the proof, ^3an be completed by^ 
showing that the different regions which iare similarly, 
nvpnbered; are copgruenf. 




1 



JgD, is parallel , AB] 




4 



(ii) 



Lt follows, by the transitivity , of equivalence, that , 
triangular regions with congruent bases and congruent cor- 
respon(Jing altitudes, are equivalent to congruent rectangular 
regions, and hence to each other, \ \ 

We show next. that any rectangular region ^s eqtiivalent to a 
' ' norriial rectangular region: 

Let BXIC be the given ^rectangular region, and let BZ be congruent to 
a^-, with X , Z , on the 'same side of ■ BC as shown. We coiiQ)lete the "proof 



: (iii) 



\ 



\ 



B "''ii- ' 



1 ' 



Y 



( 



for the case X - between" Z and B ♦ (if Z i-s "betwe'^n X ^and the 
proof is similar; if Z = X , there /Is nothing further to prove.) 



ERLC 



285 28^ 



Let XW be parallel to CZ , mee^ng BC at W , and complete the 
nortnal rectangle BZW . To show .that th^.rectangular regions HJCYC ^ BZW 
are equivalent, it is clearly sutricient to show that the "half- regions", 
ABZW and ^BXC , are equivalent; ^ The latter equivalence follows from the 
"facts that ABKW is common, and that AXW^ and AXWC have the same base 
,and congruent altitudes. It follows from the- transitivity of eq\iivalence, 
that eveVy ^triangular region is equivalent to a normal rectangular region. 

Proof of -Theorem 3-3.10 . Since evejhr triangular re^on is equivalent to a 
normal rectangulaj^. region, a j^lygonal region p ,^with a triangulation 
(6.) (i=l, 2/'.., n) is e^uivfelent" to a 'normal r^tangular region obtained 
by "joining" side-by-side, normal rectangular regions which are equivalent 
to the separate 6^ , The diagram illxistrates the idea: this "join" 

property" is one of the reasons for using rectangular regions w?.th one side 
congloient to the fixed segment * ' 













~6 












n 




















< 







We have now shown that each polygonal .region is equivalent to a normal 
recx-angulai- region*. ' We assert^that tHis jioh^l rectahgxilar region is ^ ' " 
uniquely determirted, up to congruence: / ^ • ^ 

Let \^ be the l%ngt)h function ^hich -corresponds to o^' as unit, and let 

f^(=rir^(\^) ) be the area function .which corresponds to \^ . Let P]_ ^ P2 ^ ' 

be polygonal regions which have the same area, and let p^ , p^ , be 

equivalent to normal rectangles ^ n^ ^ respectively.^ Let the lengths 

of the sides of ri^ , n^ , (under K^) be 1 , , and 1-^ x^ , 

respectiv4;/^1^^Now we have ^qCp-^) = ^o{P2) • ^^^^^^ 

Hen^j^^'the rectangular regions n^ , ^are congruent^ and therefore they 
are eKivalen-t. )tt% now follows , from the transitivity of equivalence, .t'hat ^ 
^1 " \ ^ ^2 ' which completed the ^pio.of of Bolyai's Theorem. 



If you review the proof of the existence of 'area functions for polygonal 
regions, you will probably agree that the mosjt avkj/ard p^rt was Theo- 
rem 3-5 in whlQh we proved th^t, for^ar triangulat-ion (5.] of a * 

triangular region 5 , Z x^x* was inde^iendeAt of the triangulation. 

The development used in Bolyai's Theorem ^might suggest to you that we 
could by-pass this proof by showing that AP-1 and AP-2 imply that 
equivalent regions must have the same "area", showing that every poly- 
gonal region is equivalent to a normal rectangular region, and then 

'using the area theoiy for rectangular regions to' define area functions 
for P . This can be done, but, in order t9 get area func-^ions for P , 

^ ve must show that equivalent polygonal regions are equivalent to a 
>Jnique normal rectangular region^ in effect, that equivalent normal 
rectangular regions are congruent) and the -proof of 'this is, essentially. 
Theorem 3-5»7. We -cannot use Bolyai's^eorem to prove that equivalent: 
normal rectangular 3;egions -are congruent; Bolyai.'s Theorem requires 
the existencl";of ,area funCtfions for polygonal regions, and hence this ^ . 
theorem cannot be used to establish the exi^tenqe. • ^ " 

^ , * * ^ . • 

We can use normal •rectangiila'r regions to"^ reinforce our earlie;r coraifent 

concerning the arbitrariness in the naming of area functions -by using. 

the* length functions to which they correspond und^ the L-1 correspondence 

. * < - * 

r\ . Let be a fixed segment, 'as in the proof 'of Bolyai*s Theorem, . 

sold let \ be any length fmotion. /Por a^pblygonal region -p , -we 

< ■ * 

^ave seen that there 'is a unique (up ■|;9 congruence) noirmal rectangular 

region n , such that"- n ~ p . One feide of n is congruent to a- ; 
let o- be the other sl^e of n, . -Then may define a function " 



»' . ^ . : P -» ■ r"^ 



. . V g (p) = M . • . . 

It Is easy t;o_prove dli'ectly that ^ satisfies AP-l.**ajid AP-2j so 

tfiat R is*an area function for P «' Thufe there is* an are'a function 

f : P R , with. f,= . ,If ^ is the inch function, it might ^^(^ 

be VeasoHQble.to' cair g. tihe " d^-inch" 'function* I \ 



Clearly' each length function \ deteimines a unique area function , 
and (for fixe(^ a^) we have a 1-1 correspondence \ of length func- 

tions, \ and 'area functions, g^ . Moreover if f^ i&^^ny area function^ 
•then' corresponds under t] to a length function *\ such that 



Hence if X j^.the length function \ = ^0 i^^^^ ^^^^ ^ ^^^^ 

= \^(a^) = ^qCp) • " "^^^ the set {g^ } of /functions (gLerived*^- 

from th^ set A of all length. functions) is the set of ^all area functions. 

In other words, the correspondence \ g^ is .a 1-^ correspondence of . 

length and area func|i^<|ns. This, correspon^ncg depends, pf course, on 
a I and Jt is 'uniquely detennined by the congruence class of a . Thua 

we get one such correspondence for eack congruence class of segments.. For 
a fixed segment a , it will be convenient to denote the corresponding, 1-1 , 
correspondence by , • , ^" " ^ 



SvThere A denotes the set of all area functions^ for polygonal regions. 

We have introduced this altem&te procedure, for the^, "naming" of area 

/unctions in terms of related length functions,' in order -to show you the ^ 

degree of arbit^rarlness in this Vnaming", and the fact that our usual, pro- . 

.cedure is not forced on us in any sense: the usual procedure Just happens 

to be "by far the most convenient. The fact that the, usual' procedure involves 

a convention is important in the understanding of the question of "dimension"' 

iSv^^elation to measure functions. We shall return to this question again ^ 

< '» ' ' \ ' \ 

during the discussion of "dimension", , but meanwhile you should not^ that, 

• . / ^ 1 - 

for area functions "named" by the correspondences t;^ the usual change of 

Units/change of scale "formulas" do not apply. For example, l"f for any , * 

'fixed 0 , ft ^ denotes the a- inch afea function,' aM f_ ^ denotes 
^ a-in. ^ \ * o-rt 

the a- foot function^, .you should verify that f^r^^^ ^ "^^.a-ft '"^^ * 
everyday language of "units", this would be expfessed^as :^ ^12 clinches 
1 a- foot. 



/ 



n/_B. To avoid confusion, ve adopt the us ''convention that whenever ve^ 

refer A/itHout qualiflcationj^ to "the length function which corresponds to 

/ ■ * ° • 

a giwn area function", or "the area function which is determined bjr'a given 

length function" we are referring to the correspondence r\ . Wfien we want 

to j'efer to any^ other -^orresp^in dene e (such as one of the r\ correspondences) 

we^shall do so explicitly. In general, if and (= iCs.^) are two 

^ngth functions/ and if f^-,^f^. are .thp j^prresponding area functions 

Glider n ; (i.e'., f . = n {x. ) f^ = n <\^)) "then ^ f^ = kf, . The 
/ a x-ai d. 0 <^ ^ ^ X 

^' following conpautative diagrams indicate the relationship between the- auto- 
morphisms S of the ^sets A (length functions) and A (area fTuncfeions) ^* 
^hich are determined by composition with the similarity transformations 
k 401*' R*^ , and the correspondences r\ and t) , ^ 



\ 



A- 



A 



52 



A 




If you like to .^ee" this' sort of relationship expressed by .a "formula" 
theji^the above diagrams yield > T]k = k t] ; =^Ei1q'^-5 where E /.E ,**are 



the functions indicated by the diagrams. 

" ' \ " '\ :^ ' ' : ' 

In^eac?^ of tHe ^pets of functions A A ^ in addition to the scala:?' 
. multiplicatipn by positive ebnstants k ' (which determines the automo^"- 

phisms J ) we have an operation of addition, and- the 'sets are closed under, 
this operation^ It is natural to asH liow the functions \r\ . rt^ ^ JDehave ' . 

with respect' to this addition.^ This question^ which is only .of" secondary 
^ interest, j,s. answered in the following, exercises • . 
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Exercises 3"3 



1. If r is a recta;igula|f "region, with adjacent edges ^ if 

'W- , \^ , are two length* func-felons, prove that * * 

(ii) ' the function^^^:^ : r 'K^{o\) • X^Ca"') ^ is an area f|mction 

* ' . ' ' • / 

for the set P of rectangAar regignsj: ' » 'J 

(iii) the function f-- : r \^(a*)^' \.(a") ^is the area function 

T](X ) , wijich corr^ponds (under ) to X j 

■J- . • . ^ 4- • * 

("iv) °is a ^length function, and t]( A^X^ ) ='^12 ^^"^'V ^ ' 

•4 Ex^r€45eN2-i;,l6); ^ ^ - 

• (v) /Ti(\f +^2^ = ^11 ^^12 ^22^ •* • 

= + ^( ) + TiCx^T ; > • 

.j[ (vt) ' . " Ti^(>.^ +>-2^'^ '^o^\^ "**-\(^2^ ^ ^^"^ % isomorphisi^^. „ 

from ( + ) to (a + ) . " ' 

2J ^ (1) " If ^'t > ^ area functions for rectangular regions, 

with "units" s ^ ^ respectively, (the. regions- s- , s^ ' ^ 
are assumed disjoint), show that the area func.tion for which 



' f f 

is th^ "unit",' is„ t: — — r — * i"^'^ 

-1- ■ ^ , ' n 2 



o * (ii) If f-., f^ , . . / f are area functions witl^-"mits" g\ , 

Sp , > s , then^ ' * > " - * 

" • ^ . ^ . . . . <% 

•(a') the f^ are itf arithmetf^c plX)gression -if and. only if 

■ *,* ' * ' • ' 

the^/s. - ar^-in ttermonjc progression^ 

' ' X *.* (T^)" the f^ are' inT har^nic progression if dnd^ onljr if tl^e 
• s are in arithmetic progression. ^ 

(Refer to Exercises' 2-:!i, ijos. 8/ 9, 10, 11, and -the remarlf ^rhich 
foT^Jowsl the de/ihilions 'of* arithmetrc and harRioni^j)rogregsion %i>x _ , 



area units and functions ^re similar 'to those for length ^fynctions, a^d, 
results subh as these ^ol4 for -any class of similarity-Alated^ measvire 
functions— i.e», for any ratio scal^--whose functions all have u^j^s.) 

3. Let * and , denote the groups '(under composition)" of a^^tomorphisms 
of A and A Prove that * ^ . 



am 



4 -similarly for 'it^ J and thatc k^k^ = k kp . Hence show 'that the 

i:or^;espondence' k -^k as an isomorphlsnv c^f (R , • ) and each of the 
. automorphism grpups. ^(A^ , , y vhere o denotes composition.' 

of automorphisji^ . * (Strictly speaking, ^e should not' use "'k' to denote-^ 
^ an element of A* and also to denote an element of A^ , "but this^ 
^ minor ambiguity is easily resolved fj^otn the conte:^) * ' 

9 \ Define- ti* : A^ A^ by ti^(S) = , where E-j_(ti(^«) ) • 

=^nCE(\J) * Show that Ti*^ : E k^ , Sad that -r]^ is an 
isomorphism of* A. ' ontp A^ ; • — 

' ^ . ^. . ■ ' H 7^7^ 

Similarly 'define ti* : A. -> A. . sho^ that t]*-; K E , 
a A'Z^ . ^ ^ ' * 

' ^ * ' - * ' 4 

and that Tf- ^is an isomorphism of A^ onto • * 



I 

• (di/y 



Remark on Exercj.se h} We sliall refer to these results in t1?l^'nexj^chapjier, 
but meanwhile you should observe tlaat * (and, Similarly, .r;^ X^ls defiaed - 

\ - * 

so^as to make the following diagram coraiautative: * 



.t 



That is, if f € A , 



So'that Tf (Sy = T^CTl" 




n (k) 



(Tf(E))(f) = Tl(E(Tl-l<f))) 



Area and Language . *We conclude the elementary (or geometric) study of 

area fua^tipns^ l)y pointing oA't.'che rela;bionship between our .treatment, a;{<}-./ 

som^ of the* ways in which quesiftons of a^ea are d^scril)ed in everyday language. 

. " f , * . , " 

This situation fo.r aifea is very much as it was ^for length. 

- First of^dll, we remind you that we do not have a definition of th^ 

vSepara-^ word "area", We have defined "area function", and we can easily 

define exactly what we mean *by such express ion^, as "the area .of A is larger 

than the area 'of B "j or "X and Y have the same area". The fatter 

expression, for example, is -eqiiivalent to saying that X and "belong to 

♦ 

the domain o'f some aj^ea function and the value" of the fmction on X is 

the pame as its valute^^ You should observe that this, and inequality 

stat«nents concerning "area", do not 'dep&d on a particular choice of area * 
' * ^""^ • ♦ 

i^^ctioni .(i.e., tHey are "unit- free" .statements . ) , ^ • . ' 

Jz/hen we haVe fixed on a particular ',area function^ ^nd it is clearly 

mders.tood that we are referring tt) values -^ith respect *to this fyilction, 

tt • * * 

it ^^.s quite satis.facjbory to use an Expression- such as the, area of A is 

7 ". In^mariy situations in mathematics we wish to work with a fixed area 

function^ For example, in calculus "we g-lmost always work with the area 

function which corresponds' (under r| ) to the length function which is 

compatible with an assumed cQordinatej^structure . ''Neither the length 

function nor the corresponding area function nre normally named. Sometimes 

an attempt is made to in^iieaise the5^( usually unstated) conventions by rei^erring 

to length and area values as so many,^- orni^' it is understooc^ that the 

*'units^'i fof* length and area "correspond", under the correspondence which is 

*^dual^* to T) , That is j^,- the unit* of area is (represented* by ) the square 

region whose side represents the^ur;it of length; and a statement such as 

"Jihe area is .7 tmits" can be interpreted, ip tei;TTis 6f the scalar mitltxplic^r 

tion of domain classes by positive real numbers*. As in the ca«e of "length"^ 

such a mult iplica't ion can be defined for all positive real numbers whenever. 

we have a ratio scale whose ^f met ions are onto S ; and for suitable real 

* • • « * 

nijmbers when the factions a^e not- onto. 

y » 

In some books ;j^ou will.-find^a distinction made between "the area! of A " 
and "the fneasure of the area' of A wi;th respect to a penc^lcuilar'area func- 
•tion". 'When this is dqne, the* expression "the area of A " is really a % 
statement about ,the domain of (all) area functions, and it can be interpreted 
to mean the set bf all domain elements with the same "aijea"^ {%'^*^ same value 
u^dei-.eyery area function*). es A^. "that is^ the "area of^ A " is the equiva- 
lence Qlass to which A belongs uhder the equivalence relation which 

• ' 292 . ' ' , , 



corresponds to "same area". The measure, of th'e area^f A under a particular 

area function f is then the number f(A) , This distinction is usually ' \ 

" ' * It 

dropped in everyday' la^:i"guage, when we use such expressions as the area of 

A is_7 square inches". . ^ , ; 

In Exercise' 3-5.1 above, and ill other places, we have- deliberately ,^ ^ 
adopted a notation which differs from thQ .everyday convention.- In everyday 
usage> if "foot" is a length unit^-and ve adopt t>he same name 'for the cor-. ^ 
respondiijjg length function, then , "(ft) " is used (with or. without paren- 
theses) .for^ the area function which ye have called T]fft) . (it is also 
used' to denote the unit- of that function.)' If we were to adopt this, riota- 
tional convention^ then for each length function .\ , we 'shoiILd -use \^ to 
denote ^the coipresponding'area function t](\ ) . Similarly the--area fu^iction 
which Ve called f^^ . C^^xercis§ 3-5.1 (ii)) would be denoted by X-^Xg' • 

f *-"Let^-TUS'*see what "dom^ 'aBs^e results, proved (or given, as exercises) 
above would look like in this notation: ^ . 

(i) . The result ^ il(k^) = 



becomes 



(k\)2 = k^X^ 



(ii) The result (Exercise 3-5.1 (iv)) ti(VX^-) = , becomes 



(iii) The result (Exercise 3-5.1 (v)) x\{\^^ + f^^ '^■'^^la ^22 

becomeS''\ ^ 

• ' ^ , (x^ + \^)^ ^ \\ +.2x^x2 + — 

** ^ 

These^^results are part of the justification for the way in which 
scientists manipulate the symbols which name functions (or units) as df theSe 
. symbols were themselves amenable to .the laws of ^^Igebra, ^We.have avoided ^ 
using these highly suggestive notations^ beca"use it is easier ^^^i^^e what is 
irtvolved in, and to prove, the relations ^expressed in (i) - (^Jij above,, if we 
avoid a too-suggestive notation. < ^ v , 

2 "St 

» Another reason by avoiding the notation "x " foi^ the a«a function 
T)(x ) , is that x^ has a different and well-established meaj^"^ in the 
algebra of real-valued functions: v denotes the function whose domain is ^ 



the same as that of \ whose values are the -squares of corresponding 

Values of >w , (E.g., consider the functior^s : x sin x , and - 

: * sin^ X .) ^ " , \ 

A sjMlar situcttiop- is 'reflected In ,t1^e usual way in which one keeps 
t^ck of functions units ih the everyday application of measurement 

« o 

"formulas". . For example, if r is a rectangle with sides of length ^' 
inches' and k inches, we often find the area calculation written asf area 
o^* r = 3 in. X 4 in.' = 12 in. . The validity of this rests, of course^ 
oh the basic theorem /concerning area for. rectangles : if j are 

adja(Tent sides of r , then we have ^j^jjC^^-j^^ " -A ' ^±n^'^2^ = ^ ^ ^nd ^ 

f 2^^) = 3 • ^ = 12 , where f 2 " ^^^iri^ * "^^ ^® ^' ^^'^ 

in ^ 'in " * • * ' * 

the f , \fe have " ' ' 

• ' ^ in?(r) =r[inJ(o^)][in.(a2)] = 12 . ' » 

This is \isually written as : length of 0. ^= 3 in. / lefiigth of = }t,in. , 

• 2 * - - " ' 

'area, of r = 3 in X* ^ in = 12 in ; which often gets abbreviated to 

^La = 3 in , La = i; in ; Ar = 12 in^ 

■ 'v ' . ■ "■ •• 

or even / . .v.. . . ^ 

» f * V 

* * . 2 

.i = 3 in , 0^. = in , r = 12 ip, ; - ^ 

From a mathematical point of view, no significance Is yeji attached tcT the 

symbol "in*^" except as the name of the particular area ^function which 
• * # • ** 

corresponds to the length function "in" under thj& definf^'^d correspondence 

^ i , • ' - * 

f] ; ^nd the- justification :for the common abbreviation's and symbol manipula- 

; " ) 0 ^ ^ . - * ' 

tions is that, when interpreted ,in this way, they correspond to valid s 

_ o * • 

results. In other words, we may regard them as a kind of shorthand «not&t ion 

for keeping* track of functions (or units) and^of the relationships between 

functions. [Later-orl we shall be able tp ^ive another interpretation, in 

terms of certain operations by means of which new 4:atio scales' may be 

^ ^ - • , -f ^ ^ ^ ^ . , - ^ . ^ 

constructed as "powers" and "tensor products^ of existing scales;] 
For mnemonic, puarposes, we have such folrmulas as 



'A = i b. ; A..= I b h. 
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for the "areoe" c^f recitatigi^X-aod triangular regions. ' In these formulas no 
particular area of length* functions are usually mentioned, but it is under- 
stood that i ,\^Jh / A ^ *are numbers derived from any length function \ , 

and tjkje* related arSa function ' t^(\) . ' , ^ ^ 

• •> / ' • . ' 

So far^we have only (Refined area functions for polygonal regions. We 

shall need to extend the, notion of area ^to a considerably larger domain. 
This is discussyed in Section 3-6. It* Kill turn out that the Extended func- 
tions will 'be An 1-1 correspondence with those we have already defined^ so 
we can use -the same conventions in naming them. Moreover^the relationships 
(discussed above-] of area* functions to one another, and bej^ween length find \ 
area functibns^^ will still !iold, as will tjie validity of the common language 
$nd symbox conventions. * * , 



' 3-6. -W^ension of The ^Domain For Area^. Functions ' 

Sections 2-8 and 2-9 we^ discussed in some detail^he way in which 
the^9fomain "of length- functions could be extended beyond the elementary 

Ln of *segments. The theory of area is capable of a similar treatment, 
a theory of af^a-for (some) plane sets which are not polygonal 
regions, and t*or (some) noQplane sets; (e.g., subsets of 3o- called "curved 
Surfaces")^ Having given the flavor of this kind of extension problem for 
'length iyg^tions, we do not intend to carry oat the correspbndi^ "treatment 
for area, in anything Mke the same detail. , ' • • ' *^ ^ 

Our treatme^jt of area^ for polygona;L regions doe^' not even apply to such 
"simple" regions as circular regions (iie.., the union of a circle ajid its , 
interior) or most of tl^, ^regions "under the graphs of continuous functions", 
which we ^counter in elementary integral calculus.' We therefore" wish to 
extend the domain* of area functions to a larger class of subsets of the -p^ane; 
and, in the extension, we would like'to preserve at* least some of the more 
important properties of area functions, as defined foi" polygonal regions As 
a result of our experience with linear measure, we do not approa*ch the area 
^ extension^ problem with quite^such a n^ive outlook. In particular^ we are , ^ 
quite prep€fred to. accept that some nonempt,y sets arA lik'<|lx/to have zero 
"area measure", and t^t some s^ts are likely to be^.jin i^me sense, "un-^ 
measurable". ^ " * ^-^^ 



If 'A , B , 



denote subsets of 'tl:;^ ^laney properties of a^ 



g^eTalized area function ^l (on a domain D of plane sets^ which we 
might regard as essential, are 



UC 



\ 



Al. i^(A) > 0 for every set A in the domain, 

.^.TnW = 0 . * ' , ' • \ • ' . , ^ \ 

A3. (Congruence Property). If As^B', then ^(a) =^^(B) . ^ * ^ 

Ak. I (Additivity). If An B = , then ^(A^U ' B) = ^(A) + ^i(B) . 

A5. (Monotonicity) . If A c B then \x{a) < ^(b) . ^ 

contains P (the set of all polygonal regions); and, if A^ is a 
• * polygonal region} then ^(A) = f(A) , for some area fiiiction f which 

depends only on ji and not on A , (l^e.^ every measure function * 
l-i is an extension of some area function* f for polygonal regions.) 

A7. The correspoaderice \i < — > f (of A6.). 'is 1-1. 

a8. If 'p,* ^s a -suitable measure function^ Qihen'' so is ; and if \i <— > f y 
then < — ^ kf [- ^ 

* 1 " * » ' « ^ ' ' • 

"We might go further than this and demand that similar sets (in the 

geometric sense) should have* suitably- related measures/ that the .domain D 

should have a suitable structure (e.g., a Boolean ring)*etc. The i^uestion 

we mu^t then |Cfiswer, is whether or not there are' significant domains D on 

which such measure functions exist. There certainly are: if we trivially * 

exteni the domain of polygonal regions to inclu^^e the empty set (with measure' 

zero) then all 'of the properties Al * a8 are Satisfied. Moreover, .with the - 

definition which we hav-e adopted for area fxmctions on the^ domain P of poly- * 

gonal i:egions; such an area funcsfion is finitely ^dditive for unions of regions 

wliose boundaries may have a non-null intersection. This suggest^^ immediately 

that we might be able to include sucb "dfeg^nerate" regions as poinlss ^*^nd line 

segments (and'finite unions of such regions) in ^our domain^ 'arfe' give these 

regions measure z*ero. The next step woiild be to include "^^fi sets as^the 

interiors of triangles, and. finite ''disjoint unions" of such sets. But "this 
' ' * » » ♦ * * 

sort of haphfezard- approach does not <Ltted 'easily to a satisfactory genefeil 

thec^» To get STich a thepfy, we to take a more general approach, s^qh 



>^ as that which we usei5 for the definition of L'ebesgue. measure ^or* subsets of 
the line. In adopting such, an approa*chj ye are, "however, doling little more 
» than reporting the end' result of a process .which undoubtedly involved a con- 
^ ^iderable 'amount of "ti^Sal and error" in its deyelopfnental • stages . 

It Is possible to develop Lebei^ue measure theory for subsets of the 
' plane, for subsets of space^vand,- more generally^ . for su'bsets of real * ~ - 
" euclidean spaces of any finite dimension;. and this can^be done with very 
* little more work than that' involved in the deval-opment of Lebe^gue measure- 

O , ■ ' --^ \ • .' . ' .296 ' 



theory for subsets of the line, if appropriate definitions are adopt ed' for 
^uch terms as'"'*^peh set",~'SiTd "ihterva-l" 4n-t^e-euc-lideaii-japace of the rele- 
vant dimension* But it is more instructive to deal first with the simpler 
(and l^ss gene2;al;) theory of Jordan ineasure (first developed in l8^). which 
v/aSk extended by Borel and Lebesgue about teij years later. The Jordan theory 
give?! us a domain* which includes circular regions, and. the regions ."lender" 
»^thfe %r^ph^ of continuous functions, and it is therefore a satisfactory theo.ry 
for the dftyelopment of the (Riemann) definite integral in element Ay calculus ♦ 

: i ■ 

i!hef Jordan . Measure of Plane Sets . The idea involved in Jordan measure 
(which is sometimes called Jordan content) is to approximate a given subset X - 
^ ♦ of the plane by polygonal regions in tvo ways: we take inner (o^'^low^r) approxi 
maiions by polygonal regions p^ which^are contained in X ; andji^^-^ke outer 
jo3r upper) a\)proximations b;^ polygonal regions p* which con1>ein X . Fo^ 
• ,£ixe*d area function f for P , we -define ja^(X).= sup{f(p^)} , (provided 
- that this least upper bound exists) and we define \i^{X) = inf{f|p^)) . If 

there, .IS no polygonal region contained in X , th*en we define^ pi^(X) = 0 . 
, (Actually ve can consider values- in an "extended" number system, so that the 
least upper bound will always exist.) 'The number ^^(X) is called the 
i;iterior Jordan measure of X ; and ^l*(X) is the exterior Jordan measure of 
' X . If I^^(X) =, \xf{x) ^, we say that X is measurable in the sense of Jordan, • 
or Jordan measurable . In this case^ the common value ^(X) = p.^(X) = [x'^ix) is 
called the Jordan measure (or content) of* ^ . We point but se^^^ral things: 

(i)* ^ ' ^e use of^the definite articl^C'Othe expression " the Jordan 
^ ' . * measure" is standard iisafee* But •this^^function \i depends, of , 
course, , on f , and \x is the Jordan measure which corresponds 
1 * I to f ^ ^ - * 

(ii) This idea of inner and quter eppfmlmations ^y polygonal regions. 

: ' goes back io^the Greeks, and it Vas used by them to determine 

* (by plausible 'argum^t s ) "^lie areas of ciitci^r ^regions and other 

\ simple nonpolygonal 'regions. . ^ , 



(iii.) ^ ■ The "idea that a generstlized 'area, or measure, (if it^-exi-a 

should life 'between each inner and each outer aforoximation is, 
of coiirse^ very 'natural » Fipgm a* formal point of view, it is 
a consequence of the mpnotonocity propert^y and of the desire 
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(iv) 



^,-4 -It' 



that the generalized measure function shpuld "be the same ' \ 
as the area function f on. the domain of polygonal regions, 
that, if c X c , then f(p^> = n(p^) <A^) < \x(l^) 

^fOi^) J Thus if X ±s to ha-vje au^jh^a generalized area 

measure^ and if sup{f(p^)} =,i'ntf{f(^)3 tfien-this common 

value is the oniy possible value for ^(x)\ If sup{f(p^)} 

^ inf(f(if )1 , the. question of whether or^not it is yo^sibi^e 

* tc3^ assign (ill some "reasonable" way) a generalized area/ 
measure to X , is^ still left open, 

The def fhition of Jordan measure need not* involve' the juse? "of 
polygoi^aX regions; it.-c^h be given In terms of simpler geo- 
' metric regions^ » such re^ctangular regions, or triangular 
regions. If neither of ttfe^e approa^he^ Is used, then we txge 
finite unions in the , farmation of out i=rr ^approximations, and 
^ infinite unions of pairwise 'disjoint regions in the formation- 
-of inner approximations. The ;resvLLting theory will be ^ 
'exactly thbTsame under each of these approaches. I.e., th^ 
set ft measurable s^is-will be the same, and %he^measure % 
fung^iSn determined by a given f'-(ari area^function for . 
Octangular or triangular regions) will be. the same. as th^' 
obtained by first extending the arefilVfuriotelon to poi^gonal 
;regions, and then building a Jordan measure functib^ on-this 
extended area function. Whatever the approach, th^j^dtdan 
measure and the extended' area^ functions agree on the set of 
all polygonal reg:i.oiis. (Wfe cLo not^;Lntend to prove these 
statements, but we mention, them .because yo'u will find -Jordan 
'measure, treated -in dif f^rentj^ '(:but equfvilent) wa^rs, in dif- ' 
ferent bAOks.pn ^i>^l Jf^inctiot]l«theo^p^^ integration^ and 
15ep8j)I^6^vtllef^^pp3x«aches >sing triangular or rectangular regions 
axe closfer to the rairfeher generalizations of ^Borel and 



r 



*LebesgueJ f 



perties of . Jordarn Ifeasui'e . Efet |r "Be^^We iS or^sxi' m&asure function , 
iwhich is determined, by the area„ f junction ,f f 03* polygonaiU^regions ^ Then the 



fol^pi/ing properties may'be-'provedr* . c 



(a) Every polygonal region, p As Jordan -Jiieasurable,_©oi„jJi(p') .= f(j)) \ I 



ERIC 



■ ■' ■ » . ^g^*^ 

. ->• - ■ ', '.W' '7r-r." 



> ' '(b) (Monoiionicity). If Pg theri^ n(P3_5<n(P2) . 

*^ j[c If X is. the empty i^et, oi:''a'*s'in"gle^^ point /-or a segment^ or a finite 
union of points and segmentis, theli ^s* Jor dan -- m c Q su3?able ,f^a.x^^ 

, (d) , (Congruence Property). *If and }^ ' T^e^-ong to D (the class of 

. al^ Jordan measurable :^lane sets) and j^f = / then ^l(X^) ^'[x{X^) ^ 

je) (Siinilaril^Htejperty). I If X* and X^j are geometrically similar^ ^ 

^ Jordan measurable, set^, vith'a' "similarity factor" k > 0 . (i.*e*, a;Ll • 
, 'distances in X ar^ i k times the corlre^pdnding djL&tances in ^ ) * 

. then n(x^) = {• . , " \ 

' (f) (Finite Addjtivity^. Ilf X^ e B , (i=li, 2^..,, n) and X^ n X^ = jZS 

w , /n ■ n 

when ± f 6^ , then U-X e D , and n(. U X.)' = 2 n(X, ) A 

i=i: . i=i 



(gO D i3 a Boolean rijig-; 



(i) 



. (ii) 



.if Xi € D 



if X. 



(h) does not. depend oA 
, whieh tes* derived. 



, ' \ .(i) If X^ , Xg e D 
' \i) If f^, and fg 



(k) 13 includes all 



1 

i.e., 

(i=l,.2, '...,n)„ 

then X^ -^Xg € D and X^ 0 iX^ € D , 
the particular Mea" function f (for! P ) from 



then U X . ^ D ; and 
^ i=l . i 



and 



i n(X^ A Kg) = 0;, then n(X^ 'U y^fi^mh^.[x{X.^ 
kf^' J are area functions for .P-, ^and^^^^ % , 



are "the corresponiing^Jjordan measure funoiions fdr 'd , then*- = kji^^ . 



Lrcular regions and all circular sectors; the Jordan 



measure of a circular 'region 'of radius r (under a length* function. \) , 



is irt: (under ^he measure -function [x, which is ^deriyed from the area 




^ j:..^ function r\ "f^) ) . 

;(r) ,Jk%' h{x) an4^ g( 

^ on an,int^rvai| 
' ' X € [ a , bl . Leij 
by X = ((x , y) 
measimible^ an^-, ^ 



c) ie' two continul^as real valued functions defined - 

, r 'I 
, b] , (at < b) , 'Mth h(x) < g(x) for all 

X |b(i the 'subset^ of the, carte'i^ian plane defined * ^ 



a < ix 



< b i h(K) <'y <g(x)) . 

yf ■ 

[six) - h(x)]dx , 



Then X is Jordan 
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where* [i is determined "by the area function f = t](\) , and \ is , 
' the length function which is cotr^tible with the coordinate function 

for the given plane. The integral on the right is the so-called definite 
' integral of Riemann, the stancjard definite integral of elementary cal- 
. cuius. 

The proofs- of most of these properties are quite straightforward* Man^" 
tof them can "be found (along with, a much more derailed treatment than ,we haye 
given) in Chapters 21, 22, of [l^]l For others see [19]* ' 

Set^^^yhich Are Not ^ Jordan Measurable : Lebesgue Measure . The theory of 
j ^Jordan measure which we outlined above' for plane sets, has exact analogues 

^ for subsets of the line, and far subsets of higher dimensional euclidean ^ 

V ^ spaces. In our treatment of linear measure we did not , discuss Jhe Jordan 
j \^ theory,' because it does not take us v^ry far beyond sets yhich are merely 

fiftite^unions of segments, [in case you wish to look at the theoiy of Jordan 
measure 'on the line', the outer measure of*^ a set is defined as f or "area', in 
terms' of ibhe greatest lower bolmd of. the sum of the lengths of those finite- 
unions of intervals wAich contain \he set^ .and the, inner measure is defined 
in terms of the least upper bound of the sum of the lengths, of thos^a^finite 
unions of .pairwise disjoint intervals which are contained in thessfet.] 

Jordan measure has serious t^echnical deficiencies, which result, 
essentially, from the restriction to finite unions in its definition. For ^ 
example, you can easily show 'that the set So of rational points on the ^ 
interval [0,l] is not measuralcle in the sense of Jordan linear mq^sure. 
^Crt is not hard to see that S ^ Contains no interval of real numbers^ so 
C'that- its interior measure^is zero; and that ^veiy finite union o^ intervals 

which * contains'* . S als^feSfitains the ^ole interval^ [Q>1] , so th^t the 
^ ^exterior measure S is i .] Similarly, the set <of point | ^ ^ <J 

"% ^xi-'y^ei vn±t square [0,l] X [0,l] of the cartesian plane*, such that 

X and 7y are eadh rational (we call this the se^ of rational pointg in^ the 
' unit ^QVBr^ ^ii' not measurable in the sense of Jordan area measxire. 

If f(x) is a bour^d,ed,..nonnegative, r9a,l valued function defined on 

an interval^[-^b]'-, -and 4'f . denotes the set S = {('xjy) : x € [a,b] , ^ 
0 < y < f(x.)}'^'''(the so-called*^ ^'ordinate-set" of f cfr "the region under 
the^grai^ft^of^f")^ then it can be shown that f isJRiemann-integrable o.n 
. ^ C'a'>b] if 'and only if S is Jordan measjorable*, and (provide<^ -bhat we use 

the Vnatural" Jordan measure function which is related to the' coc^rdinate * • 

' ♦ ' 'm . . ' ' / ' ' 
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structure of the plane) ^ ^ 



/ 



f(x)dx =\n(S) ... . / " ^ 

The set of rational points oti a lin^ interval is Jordan measurable as a 
plane set, and its Jordan '^are^" is zero ./.{You may prove^ this by considering 

a' sequence of. rectangular regions r^ (ox respective widths ^ , and each . 

with the same 'length as the given interval^ each of which contains* the inter- 

vsO..] However, •the set of rational poljat^ in ' the unit square (which is a 

' countable union of sets, each of /which is' congruent 'to the set of rational 

"^^^ints on a unit interval) is riot Jordan measurable, -This is the character- 
♦ / " » , ^ 

istic d.efe(!t Jordan measure: that countable unions of Jordan measurable 

sets need not be Jor^dan measurable^ even when the union is bounded. This ^ 

* defect has ai:i .exact counterpart for Riemann integration:., tjae limit of a 

^sequence of Riemann- integrable functions (dej^ined on^t|ie same interval;, need 

not be Riemann integrable, even when the iimit function is bounded. 

<>• , ' " . 

, These deficiencies are removed by the more general theories pf Lebesgue . 
measure and Lebesgue integration. The theory of Lebesgue measure for plane*' 
sets can be developed almost exactly as for linear Lebesgue measure^^, but we v 
^hall not develop it* here. As far as, the Lebesgue outer measure of a set 
is concerned, the essential (Jifference_ from the Jordan outer .measure is that 
we take the greatest lower bound of the set of "sums" of the areas of the • 
••intervals" in those countable Xnc^fc Just finite)\unions of "intei*val&", 
such that the union contaiifs S . It is easy to show from this that the' 
Lebesgue outer measure is always less than or equal to the JTordan outer, 
measure. ^ Moreover, for the^)^t of rationai(pai^Sfs in a unit square the 
Lebesgue outer measure is ea'sily shown to be z'^ro. [The set is countable; , 
name all of the points^of the .set in some order, , , . . . , x . . . ; \ 

^ f or each $>0 , "cover^' thss point' with an "int,eiTal" . (a rectangular 

region) of area less than S /^^ > 'then the series of area values conv^^esj 
to a "sura" which is less than ^ ; hence the greatest io^Ter boimd of all 
such "sWs" i5 zero.] It follows that the set of all rational points in th6 
unit square (which wai no-f, Jordan measurable) is Lebesgue-measurable, and 
that its Lebesgue measure is zero, 

•Generally speaking, the Lebesgue measure has all of the desirable 

• properties t^f the Jordan me^ure, as wjell as the additional property (with^ 
respect to countable unions) mentiof^ed above* In particular, the ^;wo 
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measures (derived, of coui*se, fr'cxn the same underlying area function for 
rectsingUlar regions) agree on every Jordan measiirable set, so that Lebesgue 
measure is a true generalization of Jordan measure* There are, of course, 
plane sets which are not Lebesgue measTipable, and these can be very compli- 
cat^d*^ ^oweT^r~one^ such set can be easily described using a basic property 
of Lebesgue measur^e. This property is that if X is a subset of a line 
^(which we take as the x^axis') and if f ' is the. so-called characteristic 
function of X (the function which has value "l" on points of X , *and 
"O" ^Isewhere) therv, X is measurable in the sense of Lebesgue linear 
measure, ^if and only if the or^^inate set of f is measurable in the sense 
of the Lebesgue "area" measure • Moreover (with the natural assumptions 
concerning the correspondence of the underlying length and; area functions) 
the two measures agree. It follows ;bhat if X is the 'non-Lebesgue-measurable 
^^bset of the line deS4?ribed in Section 2-9^ then the ordinate set of its 
characteristic funcfion is not Jiebesgue-measurable as ~a plane set. 

Svirface Area* So far .we have only discussed the measxirement of area for 
'* » 
subs-ets of a plane. This does not enable us to deal, with such simple 

stiijfaces (surface is a term which we shall not attempt to define) as Spheres,, 

circular cylinders,^ cones, surf^des of revolution, etc. * ♦ 

In mathematics, as elsewhere, analogy is a powerful devic>e for suggest- 
ing ways of dealing with new situations^ and sometimes '(as with Lebesgue 
measure) we are able to adopt^iSTtable definitions so as to enable us to 

deal simultaneously with a whole class. of analogous problems. When we come 

ff 

to consider the notion of the area of a region on a svirf&ce which is not 

^ . ^ *" 
Qecessarily plane, we might* expect that our experience with the notion of 

curve length would be of sorje help. Let us see how far this kind of thinking • 

can take us . ! . ~ ' ^ - p • 

. To begin with, we have to decide on at least some^ of t he properties ^\ 
which area functions for suitably defined surface regions should have: 
Among these we would surety include the ' "natural" Jl)roperties: 

j^) • The definition pf* "surface region" siibuld include plane 

regions, and |;he area functions for surface regions * sh(/uld 

be extension's of those for plfine region^.' . , . ^ 

"(ii) Congruent regions should ha-ve the kaxae area. 

(iii) A suitable area' function sTiotild be finitely additive for dis-^ 
jpint unions of regions. 



Guided "by our experience wj^th space curves, ve might defipe a simple 
surface to "be a coilti;^ous image of s^me suitably restricted plane region 
(sucii as a polygonaj, region) under a function which is 1-1 except possibly 
on the boundaiy, 'This .definition would include such regions as polyhedral . 
surfaces (see below), spherical surfaces, and cylindrical .surfaces. -[As we 
have noA given a definition of the essentially topological notion of ^ con- 
tinuity, ye cannot prove these statements, but l%J.s not hard to make them 
plausible^] By a polyhedral surface we mean a surface which is -like a 
polygonal region, except that we relax the condition that it be a subset 
of a plane. That is, we define a polyhedral surface to be a subset of 
space which can be expressed as a finite union of triangular regions with* 
pairvise disjoint interiors. Thus a polyhedjcal svlrface is "piecewise plane", 
and the plane pieces are polygonal regions. (Cf. the notion of^ broken seg- 
ment.) Thus, for some "triangulation", a polyhedral surface is i)iecewise / 
congruent, to a finite set of disjoint triangxila'r regions oji a plane (such 
a set is a polygonal region), and the combination of these qongruences 
gives a continuous function which is 1-1 except possibly on boundary ^wLnts. 

To envisage a ^g^jerical surface as such a continuous image o^.a poly- 
gonal- region, f irs^ 'take the surface of a cube (this easily shown to be a 
polyhedral surface) which is concentric with, and contained in the sphere, 
and then "project" points of' tlie cube surface onto the sphere by "pro jection"4 
^from 'th*e center; this "projection" is a 1-1 continuous function on the cube 
surface, and* the composite of the "cube function" with this projection is the 
desired function. Similar procedures can be used to; show that circular 
cylinders, cones, and other simple surfaces .would be \included in such a 
de^in^tion^of simple surface, but of course such a^ definition al^o ^ives^. ^ 
many surfaces which, are certainly not "simple" in the .everyday sensel 



Our next step is to consider how to define suitable area functions for 
such surfaces. For polyhedral surfaces (as for broken eegments), there is 
really ho chpice: given any area function for polygonal regions, its exten- 
sion to polyhedral surfaces must be, such that it is additive ^ with respect to/ 
th^. areas^ of "the triangular regions in an;^ ;t,j::ian^Ulati<>n, .and the proof of 
.^e Bingle-varluednesp of this lief inition (i«e,, independence of triangulation) 
is essentially the same as that for polygonal regions. 

- ..' ■ ' ■ '* •*> .,. " 

After polyhedral surfaces, the next "class of surface regions which Tfe 
might consider are those which are called "developable". To make this idea 
precise we would^neeii^ome concepts from differential geometry, but the 
, intuitive idea is simple enough. Intuitively, a s'itop^le d^evelopable surface . 



is one Vhich can^be "flattened out" to a plane, surface without .tearing or 
stretching (i.e., without changing, what we* intuitively think of as the sur- 
'face area) ^nd a developable surface f& a , finite union of s^uch simple devel- 
opab^'e surfaces,^ vith (at moei) bou^fdary points of intersection. Simple 
and well-known ertempl^s are;_ the ^cuinred. .§urface of a cylinder; (to see this, 
^t on a line parallel to the axi^, ^&nd "unroll"); the^curved surface of a 
con'e; (to see this" cut on ee line through-^the vertex). We" are not likely to 
be satisfied with any deMnition'of area^ function for surface regions, which 
does not give the ."'expected values" for developable surfaces. For example, 
consider a, right circular cylinder of heighlf h and base of 'radius r ^ 
(under a given length function \ , with related area function t^(\) = f )• 
We would expec-^^hat ^ijy reasonable extension of * the domain of f should 
include cylindricalbs^faces, ^nd that the extended function must have the 
value* 2rtrh on the ciirved surface of the\cylinder« 

As a next ste5jJ'*(mo]fciv^ted by our treatment of cxxrv^length for simple , 
curves, where we took ^HiV^L^st upper bound the^^Jtr^ngths of approximating 
"broken segments) we might trMtto define si;ij*mp^^ea in terms of. approxi- 
mating polyhedral surface^,/ fTiWjjpM.'^fr^^^& way to do this for a surface 

.up^§|Jmage (S ='g(p)) of a polygonal region 
iang^C^ia^tioDS of -p . That is, if (p , {6.)) is' 

^^^h^^^^ ' ""^^ ^""^ "^-^^ 

any area ^fugptidnf''for polygo^fmfi^^ons, we could consider the polyhedi^l 

• \ 
n V 
region P =' UAg(A^)g(B. )g(C. ) \r (whose vertices g(A.) , g(B^) , g(cr^) , 



S , given as a suitable c 
p , would be to use the ti 

a tri.angulation- of p , 



i=l 



. (4.=l,.^2j.... . , n) all lie on S )/as a "polyhedral approximation" to S ; a 



and 



we could consider the area f(P) = Z f (ikg(A. )g(B. )g(C. ) ) as an approxima- 

tion to the desired area value of f on S . We would then try to define 
f(S) as the limit (in some sense; e.g., the supremvitn) of the {f(p)) for 
all triangulations of p . I^^rtunately this apparently ^natural idea just 
dbesn^'t work, as we cati ^pv you by means of a sisiple example. 

•* ' V* ' . . 

The Failure of Polyhedral Approximation MethOd^jn The Treatment of Sur- 
face Area , For our example we consider the curved surface S of a right cir- 
cular cylinder with radius a and height h , using some fixe^ length function 
\ y and the related are6 function ^(il(\) p f) for polygonal regions. We shall 
describe polyhedral approximations to S directly on the surface, ,but it 
is not ^difficult to express this surface as the image of a ^suitable function 



defined on a plane polygonal region (e.g.,, the rectatigulao: region wit^ sides 
of lengths 2rta ^and h , obtained by "ciittihg and unrolling" the cuijed 
cylinder surface) and to show how the polyhedral approximation which we 
describe, derives from a suitable triangul^tipn of the plane,. ^egign.jf ^ ^ • 

Take n + 1 equally spaced parallel planes (atf distances h/n. apart, 
. knd each parallel ta the_ circxilar base of the.cy3rri?der) cutting the sifrface . 



the 



in the congruent. c^2;cles CTL *, C , * . . , C ,• where C , C , are 

u X ^ t n ' \) XI ^ 

"ends" of the cylinder. On each of these circles C. take four equally- 

, ' • . * " \ 

spaced points (i.e., at the vertices of an inscribed square) W, , XI • Y. 

. . * ^ ' ^111 

, with the points on every second circle located "above" the mid-points 

of the arcs of the circle which is immediately belfow it. (-See diagram, 

'plan view, showing thg points on circles and .) Connect up these 




^0 ^^1 ^^lov) 
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points as indicated on the diagram ta give a polyhedral approximation P 

•» ^ ' ^ n 

* to consisting of the union of 8n congruent isosceles triangular 

regions, (in the diagrams, the cylinder itself is 'indicated "by dotted lines 

and, the accordian-like polyhedral approximation "by full lines.) The set 

of all such pDlyhedra_^, regions^ for all. positive integers n , is contained 

in the set of all polyhedral. approXiinations to S . Hence the least upper 

' " . ** 

X "bound (if it exists) of^^th^ numbers 8hf(5^) (where denotes one of' 

^ > -^t * ' ' * 

^ the congruent triangular regions in "the polyhedral appro;;fimation ) must^ 

"be 'less ibhan or equal to ^he corresponding least upper "bound talien over all 
^ polyhe(?ral^appro;cimations. But it is easy to see that the set of numbers 
{8nf(S )] is unbounded (see "below for detail). H«TC*%.^^pf8nf(S )} does 

not exist. It follows that the corresponding least upper "boiiSfid over all 
^ polyhedral appipximatlons cannot exist. But we h^ve alreagly agreed that any 
' X. la^easonalile, extension of f mui?t have the value , 2Ttah on S . It fdllows ' 
~ that any ,a-ttempt, to define the area "of S (with respect to f ) to "be th^ 
least upper "bqun^^of the areaT'^ofcail polyhedral apj)2X)xjmations^ is.^uite 
unworkable. \ ^ tS?^* ^^s" # ^ 

• ¥e stili, have W show that the set of nuni^r^^ {8nf (5^}) Is unhomded. 
This can "be ttone without get ting inv olved in a^detai;Led notation. Let P^- 

- , be ^ the point on the circle which is immedia-^^^ ahove . (See ~ 

diagrams.) Then ih^ triangular region Az^^^ ^is'a "projection** of 

..." U' u u , 



AZqYqY^ . For every n , Z^Y^ is a coramoh base fo^ these triangles, and the 

corresponding altitude of AZ^Y^P^ " is the "projection" of_the' corresponding 

altitude of AZ^Y^Y^ . ^Hence the' area t{Az^Y^I^< fCAZ^^Y^) t= f(5^) . 

' ^is' iff -true for every value of n , so that ve have, for all n , ' 
f{5^) > fCAZ^Y^P^) = c (say) , where the positive number c does not depend 

on n . It follows that the area f(P ) > 8nc . Hence, from the archimedeari 

property of the r^al numbers, tlje set (f(P )} is unbounded, and hence has 

n 



no least upper bound • ^ " , ' ^ 

We -might analyze the above example in a%pattempt to discover why the . 
"ouvious" procedure fai'lst This analysis m5^t suggest that 'we should have 
restricted ourselves to polyhedral approximations with "small" triangular 
regions^ and taken some sort of limit as th6 'Sires h" of guch a triangulation . 
tends, to zero. By this we mean that the "diameter" of each Irriangle (i.e., 
the length of the largest segment cohtaJned in the trlai^^le) should tf^nd to 
zerd-. We could accomplish this by letting m ' "(instead of^ ^) be the 
number of equally- spaced points oh each circle C. , and loQking for some 

•sort of limit as m *^ * oo ^ n ^ « , There are various ways^ofiformu-; 

lating such a limit notion^ but unfortunately, although ajiwift exists 

for spme for mula tions, the vaLue of the limit depends on which formulation 

is used. [You n^ight like 'to 16ok at- our example with m = n* , and consider 

the limit as m » - in this c&se the "correct value for the area is 

♦ 

obtained for the limit. The amount of trigonometry needed to show this is 
not very.gre^. If n is taken equal to n^^ , 'the garresponding limit 
as ra'* ^. 00. also exists, but it has a value which is greater* than 2jrah .] 
It is a* fact "that, with a more careful (anA more complicated!) definition^ 
of "surface" ^d .wito suitable definitions of the'necessaix^limit concepts, - • 
^ the "correct" value for the area obtained' as the greatest lower boimd of ^ 
the set of such 'limits, but/this treatment involves spme ^difficult and ^ ' 
subtle questions which go beyond the scope of this book, terhaps the 
e^ential source of the difficulties lies in the. feet -^hat, whereas the 
^interpolation of segments (in a broken, segment /ipproxlmation to a curve") 
^ i involves approximating^t^ie curve by a piecewise linear function whi<Jh agrees 
with the cur^e fiiiction on the "bbundaries of the small se^ents, polyhedral 
approximation does not similarly agree on the boundaries of*the small tri-^ 
, ^.angular, regions, T^ut Only on th^ vertices of th^se regions^. ^ ^ 



In most treatments of surface area ilb advanced calculus and ^differential 
^^ge^etry, the very real difficulties are overcome by adopting a much restricted 
definition of surface and of surface area, (Rpughly spesiking, these rest^ic- 
tions require ^ the surface to be "smooth" and tq have a unique tangent plane, -^ 
at "most" points.) This restricted category ^Q;f surfaces ^includes such simple 
surfaces as polyhedral surfaces, developable surfaces, spheres, and many other^ 
/ • surfaces of revolution; and the area functipns' agree^ of course,^ with the ^ 
earlier defined area function^ for polyhedx*al surfaces. 



^-7* . The . Measurement of Volume * - ' - 

In its relationship to the measurement of" length, the measurement of * 
voli^ime has much' in common with the measurement of area. For this reason we 
\shall not go through'^he s^ime sort of details again, but we shall ccmcentrate . 
instead on those^ ^spe^cts of volume measurement which differ in some signifij2ant 
way frpm the corresponding area situation. For a more detailed treatment • 
(especially condeming the volumes of many simple solid regions; you are r^- 
f erred to the excellent chapter on volume in [l^i-]. 

TKe Empirig:al Measurement of Volume, In the discussion of area measurement 
we pointed ojit that there is na usefta general method for the direct empirical 
measurement ^of are^,,,and tha^" most areajj^surement is carried out indirectly — 
us^lly by the assumption of a mathematical model, and by calculation from 
* certain l^gth measurements, A great ?keal of volume measurement is also • * - 
W carried out indirectly, but there is an important direct procedure with a 
] wide range of applicability, for the Empirical measurement of the volumes of 
,both solids (by liquid displacement) and liquids. We assume that you are 
generally familiar with these ideas^,;enLd j/e shall nof .go intp them in Retail., ^ , 
M usual wi^h empirical measures, a number of physical assumptions are made 
concerning the "rigidity" of containers*, the invariance of the volume of 
liquids when transferred from place to plac^, the volume in^^riance of ^a , 
V solid when immersed in a. liquid ^nd the volume equivalence of such a solid 
^ and the amount of liquid whidh ^t "displaces" when fiilly immersed, and so^ru 

. * , From the point of view which we have adopted in thip book^ t'he first * 

requirements for the establishment of an (empirical^ Volijme function ^e the 
recognition of a category of domain elements which possess ^"volume", and ;the 
establishment of procedures for^ciding e^valence and ordering, with res- 
pect to voliiriie. A notion 'o:^ "combining" 'volimes must then be introduced, and 
,we look for volume figjctions, on the sel^^jted domain, which have positive ^ 



real number values, which preserve equivalence "^nd order, and which ar^ 

"additive" in the sense that th^ Value of the ^ftoctl^n on th6 "combination" 

of- two domain elements is the sum of the values on the .separate elements. , . 

We assume- that the situation will b^ veiy m«ch. as it was for length measure-* 

mentt »^nam^, that fke domain will be, in effect, an ordered abelian semi.- 

group; that there will be infinitely many suitable volume functions, all of 

which are. similar to one another; and -that a partic\!ilar function may be^ 

Jetermlned^nd named by the selection of a unit. ^That ±ij by dis signing' the 

value*"''il" to 'some arbitrarily selected equivalence class of domain elements.) 

* i 
There is no ,doubt that, even if we* had' no prior ideas about length, a wprk- 

i 

able direct ^method ctf volume measurejnent, with a significant domain, could 

be established in this'^way. In fact, as we remarked above, such procec^ui'es 

are the "basis for a great deal of practi^ial vol*ume measurement, with the 

additional feature that the names of the units/functi6ns« are frequently ^ 

determined ty assuming a specific relationship of volume and length functions 

• (Thus we have a *-^*cubie inch" function, \?hose "unit" is. a cube whose side has^ 

a length of one iuch.J The existence and properties of this 1-i corresponden 

of leTigth and volume' functions^ are more easily discussed in a mathematical 

(geomelrrical) context, T:^ut we want to show you by- means of an example^ (which 

we shall reffer to late? in conrfectibn with the notion of dimension) 'that 

there are other ways of relating length and volume functions; and that, 

-^rom an empirical standpoint, one of these prises quite' naturally. e , 

« *. 

Let us assume %hat we have established (as sug^gested above) an 

empirical procedure for the comparison of the volumes of certain solids^ and 

certain "qimntities" of liquids, and that we wish to proceed to^he final. 

step of ,p.ctually ^tting up specific volume functions. Assume that we Have 

available cylinders of constant cross section. (E.^g./ right cylinders whose 

' normal ^piane cxoss-§e<2 1 ions are all con'gruent to a fixed plane region r ..) 
Assume also that we have a we^l- developed procedure for length measurement^' 
ansf^that X is a particular length function. .For. each object d (in the 
d^raain of objects to which our methods are applicable) we "measure" its 

. volume sby -immersing it JLn liquid in one of 6uv cylindrical containers, and 



assigning to d the value v^(d) = \(AB) ^ where' AB is a segment r,epr(^sent 



ing the diffelrence in the original and the final level of the liquid in the^^ 
container. (See diagram.) Without going into details^ it is fairly apparent 
that v^ will be a perfectly satisfactoiy volume function for the domain\of 

^ objects considere^d; i^*^*^^ ^'^ will preserve the domain structure).. Each 




length function \ will determine a uftlque volume function , wl\i*ch will 
also* depend,* of course, on tiHe cross-section region r • The resulting 



function v 



V from the set of all length functions to the set 
r « 



of all volume functions will be a 1-1 correspondence, with the property that 
You win recognize the similarity of this espmpXe to 

the one which we used in Section 3"5 (motivated by the construction used^in'' 
the proof of Bolyai«.s Theorem) to' show the ^|J.stence of essentially- different 



1-1 correspondences of aeng^h and ar.ea functions, leading to different iso- ' 
morphisms of the automorphism groups of the sets of length functions and area 



fimctions . 



^ The^ Theory of Volume^of Rectangiilar Parallelepipeds . The theory of volume 

for the domain D of rectangular parallelepipeds can "be carried through.^ ' 

*' - ^ ' * ' * . 

Cin the 'context of euclidean gebmetiy) in exactly the sameoj/ao^v a8^-^h^\theoi;y t.** 

of ^rea for rectangular regions, except that it is, more diff icvdt to draw 

relent diagrams^ We shall state the main results and leave the details ' 

to* you, * ' ' • * 



A volume function v : D 



R is deYined to be a function whiqlv 



has tjie same value on congruent rectangular, parallelepipeds, and which is. 
finitely additive with respect to rectangular parallelepipeds whipn. are 
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« - 1 • 

expressed as finite* unions of-, rectatngolar parallelepipeds with disjoint 
interiors,- L^t p^ be a fixed cubical region with edges ^congni'ent to a* ^ 
segment , let be the length function with unit j and let p be ' 

a 'rectangular parallelepiped whose adjacent * edges are ^ the segfients , 
cu'^ 0^ • Then'j if v- is a volittne function for D , (cf. Theorem S-^^l; 
the exis-^ence of such a function has, bf course, to be shown) it is easy to 

• pr.ove that: • . . " 

(i) . v(p) = [xQ(a^)]lXQ(a2)] [\Q(a3)f [v(pq)> , '• 

t 1 * ♦ . • 

(ii) There is_a unique tolume function for which Vq(Pq) = 1 • 

. Guided by these results, we test the function , defined by \ 

_ ! : p -> U^fa^)] [XqC^j)] , 

and we* may prove, as in Section 3"5^ that 

/ (iii) satisfies ttie cong3nien.ce ^nd finite additiyi"ty require- 

ments, and hence is a volume fiinctipn for D • ^ 

(iv) 'Every volume function maps onto R*** , ,^d it also maps 

the sub7 domain D of cubical regions onto R*** i 

fv\ ' Each two volume functions for D are" similar, and the set 

of all volume functions for D is a' ratiocscale. % 

r 

' f ^ • . • * . 

(vi) The correspoiTdence v : \q *^ determines a 1-1 function 

f rom'^the^ set of all length funcitions onto the set, of all 
I' " , . .volume functions . 

(vii) . v(k\ ) =, k"^v(\) , for all k e R , and all length functions \ 

The correspondence .v is »tjje o^e from which volume functions are usually 

• named, as cubic inch (or.in*^)^ , cubic centimeter (cm ) etc' ^e result 

, (yii) indicates the well-knovni way in which this system of n^^gtSture is 
.related to changes of "scale^,- or "unit". ' ^ . * ' 

\ Vdlunie Functions For Polyhedral Regions * We can give a definit^on^ of ' 
polyhedral region which is analogous to that for polygonal region (i#^<, as 
,a finite union of tetrahedral regions with pairwise disjoint interiors) and 
.attempt to carry through a ^treatment of volume for polyhedral regions, which 



is comparalile to the elementary thepiy o^area functions. A voltimQ^ function , 

* , f »♦ f-jp^ <i " / ' * \ * /" ^ . 

is defined to "be one which has same valife^tjm congrueut ixDlybe^ral regions, 

ana which is additive with respect to^'''=ra^S3:^ite union %f tegioy ^with pair- * 

Wise disjoint inteilors. Th^ next at^p is tp attempt tp-'^eriv&.the "form" 

of possible volume fUActiona for polyhedral^ regions, ;^^^fiowing^ihat the ^ 

" . < ' ' 1 " "ii* * ^ '"^ k 

volume "formula" for a tetrahedron must'be :r X area or base X, hei^t 

Cusirig any length function x and th^relatfed aAa ana""V63?l?a^ftMic?ii^^ ^ ' \ 
Tl*(iy.) and v(x)). Very q;uickly we encounter a difficilLtyT^we 'der^Ufl^ seem 
to be able to prove that the exacted, (and well-known) analogue of Theorem 
3-5. ^ t^hat tetrahe^ral regions wjjih congruent bas-es and congruent 

correSgporiding altitudes must have the same volume) must follow from our 
con^gruence and addit^ivity assumptions.- We can prove (without using Cavalieri's 
Principle - see trelow) that every triangular prism is equivalent (in the^ 
sense of piecewise congruence under decomposition) to a* right- triangular 
.prism on ^its "normal section" as base, and tha,t this is equivalent to a right 
rectangular prism (i.e., a rectangular parallelepiped') .t - Hence (using the 
naturaUy-related length, area^ and voi^few^jacj^^ions) we can prove the volume 
'-"formula" for a triangular .prism (area of'-z^s^^ altitude). Moreover, giyen . 
any tetrahedron, we can find a triangular prism with a dBTOmposition into 
three tetrahedra, one of which is the gj^ren^onfe, and eachTpafr of which have 
congrjient t)ases and altitudes. But we carmc^^^ove that tetrahedra with 
congruent bases and altitudes mus-T have the^same volume. The question as 
t6 wltether this.cpTS^be proved (within the fmnework of classical geometry) 
as a consequence of our congruence^ and^addftl^lg^^y assumptions for volume 
functions, ,was posed by Gauss, and solved (in the negative) by Dehn in 



^ ^ . The difficulty represented by bpfin's negative result is usually over- 

come, in elementary work, by an assumption which,, is iSiown as Cavalieri's 
Priaciple . Roughly stated,^hig principle asserts that^ two solids have the 
same volume if^ for each. p3.ane parallel tp some fixed plane^, the two "cross- 
sections" have the, same area. (For, a precise ^atement of this principle, 
[ ^ see [1^^].) Cava\ieri was an, Italian mathfematician of the early seventeenth 

century, who attempted, to put on" a bettei? mathematical basis the kind of 
\ plausible "liifiit" arguments used by Pythagoras in ^deriving the (correct) 

^ xarea and volume ,formtLLas for^many simple regions. , Cavalieri to& not 

i \ ' successful in this, and his so-called '"principle" was !it>4 proved until the 
• later dev^opment of caJLiiulus and measure theory,, in which, wj^h suitable 
I "^^definitions of <fche terms involved, 1% becomes a theorem. 

■ ./•-_-. ^ • ■ • -■ ■ • • ■ 




Although we now kn<^w^ ( fVotii Dehn's Theorem) that any elementary attempt 
to prove the volume formul^a for^^ a tetarahedron is bound to fail^ this does 



not prevent us from "findii^g" tl^e formula by the plausible^ethods of 
Pythagora's and Cavalieri, a^d.then going back to test, "whether or not the 
corresponding function. for j^olyhe^ral regioris has the same value for every 
tetrahedral decomposition of .a given region. 1% is not hard (after you have^ 
obtained suitable diagrams') to'proTe t"he' analogue of Theorem 3-5 ^5 (in effect', 
that the volume "formula" for a tetrahedron does no;^depend on* the choice of 
'base) but it would-be « formidable task indeed to give a detailed proof of 
the analogue of Theorem 3-5.7, and shall certainly, not attempt to do thi^. 
It is much easier to prove that TOluiue^ functions do exist for polyhedral 
regions by first establishing the\more\general theories of Jordan or Lebesgue^ 
.and then proving that palyhed^J^ Agjg^ ar^jbg^^r^ eits in either of 
these theories/ .The thepry o^ Jordan ^v6iume" measure, and the more general 
theory of Lebesgue, can be carried out qvii^te similarly to the corresponding 
measure thebries for the line eSfd th&pl^r 



'We conclude this very brief discuss ion \of volume by remarking that the 
negative resul"^ of De^ is closely lielated ti) the question of a possible ^ 
"3-dlmensiojisI^* equivalent of Bolyai*s -Theo2^em♦ It can be proved (but the 
proof is qu^t^ difficult) that>^ere is no sucn equivalent, and that poly- 
hedral regions may h&ve the same^olume without\ being piecewise congruent 

» * > ' \ 

und^r»finite polyhed]^l decomposition. In fact can be shown that there 

are infinitely m&ny equivalence classes of poly hedret^ with respec^t to the 
equivalence relation of piece^h.se congruence und^^ finite decomposition) 
which have the same volume. 
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Chapter 
MEASUREMEJIT AND 'DIMENSION 



i^-l Introduction. 



The word "dimension is iised in everyday life, as well as in mathematics 
and science, in a variety of ways. For example, we have such eve.iyday usages 
as "the dimensions of this "box are 3* feet^ 2 feet, and l8 inches-*; "the • 
^limensions of thi^ room are 20^ feet hy 12 feet"; ^*a draftsman dimensi^ons • 
his drawing"; "the problem, of airport noise will take on added dimensions -with 
'the introduction o% supersonic aircraft 

• ' In jnathematics, w^, speak of the dimension of euclidean space;.- the 
dimensioft of a vector space"; and the dimension of a topological space. Each 
of these three id,eas (^uclidean dimension, linea;r dimension, and topological , 
dimension) has its own definition, and each is applicable to a certain set of 
"objects". In other words, each is a function with its own well-defined 
domain and each might reasonably be considered to be a measur^e function in the 
broad sense. The values of \ these functions are integers* or cardinal numbers, 
and the definitions of the«e functions are sjjfiirthat (unlike, for example, 
lenglih functionatand area, functions) they are'unique. , 

In tjiis chapter ^we are going to discuss another usage'of the word _ ' 
"dimension", which arises whenever we, have ratio scales (i.e., sets qf 
, similarity-related functions, such as length fxmctions, "or'arefe functions) 
and a cprtain type of relationship between such sets. ^ Sjpeafcing rather in- 
formally "at *tl^is stage, the "dimension" of one clas^ of such rfunctions,with 
respect tfo aftother will be a ^func^on^of a specific relationship between the 
classes. Thus it will' turn out that the dimension of the class of area 
functions with respect to the class of length function^,* under the "natural" 
' correspondence ti defined in the last chapter, will be "2" ; whilefthe ' \ 
' dimension of the class of area functions with respec-J; to the class of Ifength. , 



functions tmder eac^ corirespondence 



will te 



/ 



Classes of similar functions with correspondences between them, 'arise / v. 
typically in measur^ent situations (especially in science, but also* as we . 
have' seen in a purely mathematical context, originally motivated by, fcbut yiqt ^ 
'logically dependent; on, empirical ideas). H^nce the notion Qf dimension which 
He will discuss here is* motivated by meAirement questions. There, is no single 
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Common 4i€u!lie (suoh as topol^ogical dimension/ linear dimension) for this kind of 
•dimension notion (itself a measure function in the troad sense). so we refer 
to. it as measure dimension* There are connectiohs "between all of the coinmon 
dimensipn notions, includiijg mieasiire dimensior>, "but we do not intend" to explore 
these Connections in thi^^ took* 

You have undoubtedly encountered the notion o'f mea-sure dimension in your 
courses in mathematics ajnd physics, ijn such exparessions as 

"area has dimension 2' with respect to length"; ^ . . ^ 



o "velocity has dimension 1 in length 'and dimension -1 in time"* 

]' . • ' • 2 

These ^statements are often expressed "bymholic^lly "by such notations as. A = L ; 

-1 L ' * * 

and V = LT . You will also, be familiar with the fact that "dimensional 
relationships" of^this type can he quite complicatea, ana that there often 
appears to be something niysterioias ^bout them: the nature of the symbols 
A, L, T, V, is usually left rather obscure, and yet they are often 

manipulated as if they belong to some simple algebraic system, such as a 

multiplicative group. It i^ one of the purposes of this- booH to make clear 

i ' 

just what is involved in the 'notion of measure dimension, what is the domain 
of a'laeasure dimension itmction^ and^what^ ia the equivalent, in the language 
of this book, of such symbolic statements as V'= LT""^ ♦ As you -will see^ 
the'l5asic mathematical .ideas are relatively simple, but by no means trivial. 

You might be surprised that we are, initiating the discussion of 'measure 
dimension when we have only four ra£io scales "on hand"; namely, the scales 
for length-, vangularlty, area,|^and volume* The reason we are doing this is 
that most of the mathematicall(y significant aspects of the notion of measure 
dimension can be discussed with theses simple examples in mind, and that we 
are Unlikely to understand the more complicated situations if we cannot under- 
stand the, simple ones;: 

We must emphasize.^ Jbmjr,,^^ discussion is almost en^Srely mathematical. 

;t'hB ^area functions that -we refer 'to will be those 



^The length functions and 



whlc^we nave describe^ iJaHbove, whose doniains are subsets of euclidean spaqp* 
The prOpe3rfcies which ve need in order to'^'discuss the nojbion of measure^ dimen- 
sion ai*e' properties whicji we have proved or shall proved Whether such proper- 
ties hold for the corresponding empirical functionS;^(and. for the otlier empirical 
,meas.iire. ^mctions^i^ science) is an empirical, and not a mathem^ical 

questipnV' It.'-is, of course a scieritific hypothesis that such properties do 
hold in those situations to which the mathematical treatment is relevant* 




Before getting involved in details/ there are a few points which should'^ 

be made clear. Most books o»., measurement --in fact most books on , physics— deal 

with the 'Subject of dimension. But their objective is generally to achieve a 

working familiarity with the notion^ and no serious attsmpt is generally made 

to develop/a matheinatical theory. The "facts" are generally stxtranarized, and 

^illustrated with mkny examples. Our objective is^ in a sense^ complementary 

to this kind of treatment,, as our principal concern is to explain the mathe-/ 

matics which lies behind tl^ "facts". 

' , • • " . • 

-Among l-he many books and papers devoted to this- subject, Bridgman's ^ 

"Dimensional Analysis" [l7], now over forty years old, stands out as a classic, 
and we commend it to your ai;tent±on,^ Other books, which you will find particu- 
larly useful as sources of applications are [3] and [I8], In addition there 
is an extensive and still-growing literature on this question, (books, and 
art;icles in scientific, philosophical, and occasionally mathematical, 
journals) and it is safe to say that all problems-;-mathematical, empirical, 
an(J philosophical--are by no 'means settled. 

' k'2 Ratio Scales - ^ ^ ' 

f, * 

Before proceeding to a I'orraal definition of measure dimension, let us 
review the notion of what (following StevensJ^ have called a ratio' scale. 
In our discussion of length functions we found \hat (for the domain D of / 
segments) there were many (in fact infinitely many) length functions, each of 
which was a function \ : D ~> R , (We assume henceforth the archimedean - * 
and Canto|SPedekind postulate^, so that each \ is onto r"^ :) We proved 
that if is any length 'function, and k e r"^ , then k\ was also a lengt^ ' 
function. Moreover we proved that any length function could be obtained from 
any other in this way. (i.e., by multiplication with any k , in terms' of- 
the multiplication in the algebra of functions; or equivalently, by co];riposi- ^ 
tion with the* corresponding •automorphism 1^ : x kx of (r"*^, +).) 

We also noted earlier that if A denotes the set^of all length functions, • 
then, corresponding to each -k e r"*" , the fun.ction 

^ - "^^^ 5 :A- A ^ ^ . 

defined by E(\) = k\ = Ws. ±3 a 1-1 correspondence of A onto A, and 
r E .has the properties that, for all k» € r"*"*, and all and .X^ ^ A 

, (11) E (k'\) = K* . . • 
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That is, E is^ari^utbmorphism of the R - semimodule (A, + ,.R It is 




not difficult^to-p^3?ove that _ • 

* < * ' ■* * 

(i) R^}o is the set of all. automorphisms of {A, + , R***) ; 

(^i) - ^ -JJli?*;;.^®"^ automorphisms .(which we denote by ) is a 

§rou^ which is naturally . isomorphic, to the group of aut9- 
-inorphisms of (R^ ^ • As we proved in Section 2-2^ this 
gjj3lJp_of automorgiisms is isomorphic, to th^ group (R^ , • ) . 
, "Hence the function ^j^ : k -t E is an isomorphism of the" 

groups .(R , •) and (A* , <> ) . '^(Here the symbol "o" -de- ► 

_ ^not^s cohiposition of automorphisms.) 

^ 

Whenever we have a set of functions (not necessarily arising in a specific^ 
measurement _situation)»with a common domain, which are related to one another 
like length functions, we refer to such set as a ratio scale* ^ecifi^fllly, a 
ratio scale is 5i_set- M of functions, wl^h values in R*** , such t!iat ^^^^ 

(i). . .each i^anction in M has ^the same domain (it is soi^et^imes 
convenient to call this" the domain of the ratio scale ^jT;- 



(ii) composition of any function in M with a similarity *^ns- 
formatioh^k of R (i.e., an automorphism of (R^j+)^) 
_ gives another function in M ; ( equivalent ly, M is closed 
* -under multiplication by positive real number^); * 

i ' ~ » ' - . ' 

(iii) every two functions iQ M are similar; (i.e., relat^^d by 
composition \^ith automorphism of (R*^,+))* 

It follows that if D denotes the domain* of M , then 

^ (iv) if a^ , a^ , belong to p , the^ratio^ f(a^)/f(a2> J[ias vthe 

same value for every fje M ; hjence *tj/o elements ^ ^2 ^ 

. , of D , have the same value under one- function in M if and 

..^ ' only if th^ have ttte same value under every other function 

in M . That is, the relation defined by: a^ a^ if and 

only if f(a ) = f(ap) is* an equivalenqe relation oh 'D , 

and this relation is the same for every f e M 5 

(v) ' "if , fg^^r^^loafilSi^^^^^^^ ^has ^he; 



same value for -everjr* a e D j 
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(vi) composition of functions in M with a- fixed automorphism of 
(R , +) , yields an automorphism of (M , +) ; 

(vii) the groups^ of automorphisms of jJr"^ , +) and of (m , +) are^ 
isomorphic, and each is naturally isomorphic to the ^roup 
(R ^ • ) ; this isomorphism can be used to give an ordering to 
the automorphism group of the set of fSonctions, M ; , 

(vii^i) ^every function f in M "generates" M , in the sense that, 
for each f ^ M = {kf : k e r''') 

(ix) in addition to functional addition in M , there is a "scalar 
multiplication" "by any positive real nikiber, and (M , + , Rt), 
_ " semimod ule; 

(x) if 15 denotes the set of "equivalence" classes of ^elements 

of- D under the relation defined in (i]0--a^OTe7n9r**scC!Bf ~ 

multiplicat'ion" of elements of !5 "by som€ positive real num- 
bers can be defined (as ill Section 2-5), and an "addition'^ 
7^7 - can sbmetimes be'^ftnfe(J"'l3r'"working backwards", (i.e., 

if f(a^) + f(a2) = f(a^) , define a"^ + a^ = a^J' As far 

as these operations are defined, !5 has a structure like an 
R - semimodule. Moreover there is a natural 1-1 mapping 
from B/^to^the dual^space 'of (M , + , R"*") * . * , 

If each functdfon in is onto r"^ , \7e say that the ratio scale is " 
comtfLeC e ; otherwiTse it is incomplet>v Most of the ratio scales that we have 

, are complete. The angular i^easxire scale 
incomplete ratio scale. Some of the * 
theoretas be]6w concerning ratio' scales, hold only when the 'scale is complete* 
As ;we pointed out in connection with length, scales, it is easy to prove that 
a ratio scale is complete if^and only if eveiy function in the scale has a. 
"unit". In this case the structure of 5 is also "complete"; i.e., 
(B , + , R- ) is also an R"^^- semimodule, and (m , + , r"*") is, in effect, ^ ' 
the dual space of, (C , + , R"^) . The fact that (M , + , r"*") Is an r"*"— 
semimodule whether or not M is a^ complete scale, is one of the reasons ^hy 
it is easier to work with M !-fthan wi€li B , in a discussion of measure. 



encountered in d mathematical context 
for simplfe ang/es is an example of an 



dimension* 



•There are^^two rather different aspeci»s of the question of completeness. 
One concerns the existence of arbitrarily large values and arbitrarily small 
values for each function* We encountered this question in connection with 

.9^- ' ■ • '. 31: 



ERJC '"^22 



angular measure fi^iactlons for -simple angles^ where the range was only an 
initial segment 'of* positive real numbers*; the procedure there adopted, (of 
formally enlarging the domain by' considering finite sets or* "formal sums" — 
of domain"^ele3ents ) can sometimes be applied to extend tlje scale to a complete 
scale. The other aspect of the onto-nesa question, is whether^ * given any two 
real numbers in the range, all real numbers between these also appear as values. 
We remarked earlier- that, in the actual recording' of measurement "readings", 
rational numbers are usually used. And, as these are a dense subset of \he 

^ reals (this is a topological property, which means^ I'oughl^ speak^ng^ that 
rational numbers can be used to approximate every real number arbitrarily 
closely) you might think that we could manage with scales whose values were 
restricted to the set of positive rational numbers. But, in the mathematical 
analyses which arise from empirical situations, we are frequently concerned 
with functions whose^ domains^ and ranges are real numbers, and\jthes^ real 
numbers are the •values of measure functions. In these ailalyses we need to 
deal:' with power functions for non -Integral powers', exponential and logarithmic 

♦ functions, differentiation and integration, and so onj and a restriction to 
rational argume;its and values would prevent the use of most of these functions 
and' operations. * , " ' > 

Relationships Between Ra'tio Scales * ^ The fact that th» set A of length 
functions wa5 a ratio scale was shown in considerable detail. The set ,V 
of angtllar -measure J^ctiqns on the set of generalized angles is also" a ratfo 
scale, as is the set . of area fvmctions on the domain>of! reptangiijar, 
regions, the* set A of area functions on the domairX of polygonal regions^ 
and even the set 'A of area functions on the domain of square regions. 
It follows that the automorphism groups of each of these ratio scales are 
all isomDrphi(^(as ordered gr9ups) to (R . 

In many situations which arise in connection with measurement, we are 
concerned with relationsljips between ^ratio scales. These relationships be- 
tween ratio scales can be conveniently expressed in terms of mpnotone 
homomorphisms (which are usually isomorphisms) of their automorphism groups. 
(The monotone condition implies conj^iriuity, and conversely. In mafty seienti*- 
fic contexts) continuity is possibly the more intuitive ^dea, but it is simpler, 
for us to use the monotone condition leather than a continuity condition; ^ 
cf. the relationship tj : A-^A of length' and area functions, Vhich induced / 
-th0 mapping E E . The corresponding power function k k on (R' ^ •) ^ 
±s, of course, a monotone, continuous isomorphism.) This is not really sur- 
prising^ because in considering relatipnships between ratio scales, we are not. 
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generally interested in particular functions in- the scales, but'i^Tijthe scales 

11 ' II *' " \ ) ' ' ■ 

as a whole . This suggests that we should look at functions ,(auch»a's 

which relate the scales' themselves. But when we .do this, and 
examine the properties^ of such functions, we find that they do not generally . ' 
preserve* the additive structure of *A , but they do preserve the "composi- 
tional", or automorphism structure. In mathematics it is quite common *^o" 
study a system in terms of its automorphisms, so it ^should not surprise us 
that significant relationships between ratio scales* should involve mappings 
(i»e» , monotone homomorphisms) of their groups of ^utomorplaisms, , / - 7 • 

In mathematical situations^ the properties of these relationships will f 
have to be ^proved. For example, the relationship r\ ; length 

functions (fol' segments) and area functions for square regions, defined by 

2 * 
Ti(\) :,s ^[\(a)] (where a is a side of. s ) has the property (which 

follows from Theorem 3-5»l) -that Ti(k\) = k^ii(\) , 'Thus, if A a , , 

/ * s * 

denote the respective automorphism grot^i^j_jcf induces t\ \ Aj^-^ ^ ! ' 

■X" — _2 * • * -x- ^ 

defined by ti t k • It is easily verified that^ ^ is ^ a, monotone 

isomorphism. . ' 

In empirical situations, the fae-t that such a monotone homomorphism ^ . ^ 

exists will require justification. In many cases appealCTs made /tP a - , 
"principle" which Bridgman calls "the absomte si^ificance of relati^ ^"^^ 
magnitude". (Se.e Chapter 2 of [l7j.) Likelnost scieiiy^ic writers^ "Bridgman ^ 
works mainly with units and values, and does not consider explicitly the 
structural relations on, and between, sets of measure fiiictions. His-TDOok"* - " 
[17] is &n excellent source of^ideas, but, as you might find some difficultly*-,;*^ - 
in translating from his language to ours, we shall prove (in the- next section J 
that his "principle", and other assumptions which he makes, imply ihal, in^,^^ 

certain circumstances, there is a mappings from one i^tio scale to another y^'*^'^^^^ 

and that the propertiesiSf this mapping are such that it induces a homo- 
•morphism on the corresponding automorphism groups. We recall that these 
automorphism groups are all naturally isomorphic to the weli-known ordered 
group (r"** ,♦,<), so thaf we can reduce many questions' concerning 
relatibnships between ?^tio scales to questions about the monotone (oVder 
preserving or reversing; homomorphisms of (R , •) . Hence we can use the 
well known properties oj? such^ homomorphisms (they are all power rimctions) « 
which we proved in Section 2-2» In this way we shall establish f^ecti'on 
a simple mathematical foundation for the study oi the subject of measure . - 
dimension. ' ' ^ \ 



er|c ; • . ■ 5=^324 



Jir-3 ' - Primary and Secondary Quantities » ^ 

I^Bri4gman's book [17] the word "quantity", and ttW expressions 
^'"primary quantity** and 'Secondary quantity" are not defined explicitly. 
The word "quantity" (sometimes expanded to "physical quanxity", or "measur- 



>arblfe jP?Iysical quantity") refers to such caicepts' as "lengtn", "area", and 
"volume", whose measurement leaGs to the esta"^lishment of ratio scales. 
You will recall tfia^ we' did not attempt ^o define guch .terma as "length", 
and ."area": for our purposes' it was quite sufficient't'O* -define.., "length 
function", and "area function", and an important property of ' Tihe resulting 
sets of functions was that ^ach set was a ratio scale. So, without attempting 
to define the word, "quantity", we require of each "quantTEy" that its raeasui^e- 
ment should determine a \iniqUe ratio scale. This scale has a dopia'in, which 
we refer tdsas the domain of the relevant "quantity". 



A "primary quantity" involves the direct establishment of measure func- 
tions (leading to a ratio scale, which we sometimes ref-er to as a primary > 
scale , of measure functions) by^ '-^ operations" on elements of its dOTiiain,,,^n 
the measurement orf the 'value "secondary quantity" on a partici 

element b of the domain of that quantity, certain domain elements, ^^a^ , of 
one or more primary quantities are associated with b*'', , the primary quantity, 
values (x^) of these a^ " are obtained by" direct measurement, and the 
value (y) ^f>f the secondary* quantity ^b is calculated by some "rule"l (if 
you wish to have something specific in mind, 'think off area for.sqmres as 
3econdaiy quantity, and length for segments as a m4raary quantity 5 * for a 
square b , a 



is its side, 
length function, and y(=x ) 



"X is the length of its sx5e~under. a particular 
is the calculated- value for the area' of b .) 
[Some writers prefer to use the terms "basic"," or "fundamental", where we have 
up€d "primary"; and the term "dprived*^, Where we have-i^ed "secondary"'?] 

It is important to keep in^mind that, the designation of a "qmnt'il^" as 
primary or secondary is, to k considerable extent, arbitrary; and that gi* ^ 
complete, "system of aeasurem^ent" involves the classification oif certa?.n 
q^oantities as prjEmary or secondary, direct procedures fpr the meas\irement of 
th^ primary quantities and explicit "rules" for the in"direct "measurement" 
of the secon^^r-^^jiai^itip "bj^^^^^^^use. of primary, quantity measurement, and 
calculation^ ,.^^^^v*,5ajle3 \^must'trK only specify the calculations to be per- 
formed on the'' values, but they must also specify Ibhe^rxiles of , 
association for ifie domain elements • • - * • 1 

Bridgman assimes' that every primary quantity is "measured" by a set» of 
functions, which form a ratio sqaie. In addition he'assxMes as a principle^ 



ERIC 



322 



325 




"the absolute significance of relative magnitude". TJ>4s principle ^states * 
that, for any two elements b^^ , b^' ] in the domain^f a secondary quantity, 
the ratio of the corresp9ndiiig values (i«e., s secondary measures) for b. , 

i * 1 

bg , shoiild b^ the same, n<^ matter which particular set (one from each scale) 
of primary^ s-cale functions were used in the process of finding the secondary 
measures,- Noy if B is the set of all elements b in the domain of the 
secondaiy quantity, then, corresponding to each chqice of primaiy functions, 
we get a function >;i^B , and the principle of "absolute significance 

of relative magnitude" simply says -bhat for two such fynStions, , , 
and any' two domain elements b , , ' • • - , 

It is also assumed that all of these numbers are positive, so that, for every 
two domin elements ^\ \ ' • ' * 

Hence, for some > 0 , g^ = kg^ • In other wdrds thesfe "g" functions 
for the measurement of the secondary quantity are similar, Henge they belong 
to, arid determine, a unique ratio sca3,e. In most books you wjSl'find t'hat ' 
the qu§;stion of whether the set df calculated functions comprise, or are 
contained in, a ratio scale, is not made explicit. However, if you recall^ . 

the situation for radian measure in connection with the measurement of 

/ 

ahgtalarity, you will see that the set of "secondary" or "calculated" func- 
tions need not^e the full ratio scale— in fact it can be a single function. 
The ratio scale determined by a secondary quantity is called a secondary s^cale, 
but this term hasr no absolute significance: the same scale can be a primary 
scale in another context, ife point out that Bridgman's condition implies that 
all'ilsecoTldary functions must be similar, and' hence determine a unique ratio 
^cale. The converse is easily shown 'to hold; i.e.. if we assume that all 
secondary functions are similar, then the "relative magnitude of ^secondary 
domain elements has an absolute significance". This "relative magni-^ude" 
of ""b^ and b^ is, of course, a positive r^al number, which is customarily 
denoted b : b '^The function p : B X B R"** , defined by ^ 
Pv^^'bp - \ ' is ^asily shown to be a ratio operation tor B; the ratio 
opei^tipn which corresj^jads to the secondary ratio scale, as\ discussed in 
Section 2-5. ^ " 
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The . Relationship of Primary and^Secondary Quantities . Let , ^ • ^ - 
F (f. =5 {f. }) derfote the primary scales used in the description a ^. 

Ti ± j ± 

secondary quantity, and let G = {g) denote the corresponding secondary 
scale For any choice of a set pf primary functions, the rules for jtj^ 
measurement of the secondary quantity give us a secondaiy measure functiJ)n^-^ 
Thus we get a mapping . . ' ^ > ^ /"^ """^ ^ 



F^ X F^ ^ 



X P 



wh^re. F^ X F^ X 
functions F, , / 



X F is simply the cartesian product of %he sets, of 



In order to simplify the discusfeion of the relationship of primary and . 
secondary quantities, let us first look at the properties of such a function , 
for the^ case where there is only a single pripiary qjuantity. That is, suppose * 
that the rules for the measurement of the secondary quantity have givec us a 
function . : * ' * ^ . 



fi'om the ratio scale F to the ratio scale G • Now if we make a simp2;ejt-= 



as sump'fe ion. (which you will usuallyunot find stated- explicitly) then we'§h£Ll 
see that T must have a certain important property. The assumption wnicl^*' f , 
we make* (sSid which shall weaken later) is that, fo.r each primary fqrtctlon^ 
f in. ^ and e ach positive real number x , there is -iq. ^'b" in thQ^ou^Ji* 
of the secondary quantity whose associated '*'a*'r* in the domain of the ^.prlS^^ ^ • 
scale F satisfies f(a) = x 



\ 



(This is not the same as assijrning th€bt— ^J^^^y— 

"a" appears in association with some b ; ix merely says that enough^ su^ 
If • II * ' ^ K \h\ ^ \ \ 

a*s must appear so^ that the set of their values, under each f , is all 

of R ' '\ • .^^ 

- We can picture t^is condition with the aid of the following diagrams, 
which are trivially commutajfciye because g is defined by composition ta^be. 



T 



f(a) - 



b 1 (^*€(b) =^cp(x) 



5* is the function whicb associates a with b ; f is"^^^ functii)n in the^, - ' . 
primary scale F ; and <p is the ^function determined by the "rule**^ for . 
calculating g(b) fro^, f(a) . The assumption stated 8^9^^^ ' 
f(6(B)) = R"** for every f . (Or, equivalently , that rf|^(B) is onto .R"?* .) 
We have already seen (by considering area functions for sqXiare regions as 
secondfiiry quantities, deten^ed from the ratio scale of ieiigth functicms for* 
segnxentft^s a primary quantity) that th^ function <P may be the power func- ' 
tion (]^: X . The 'question of what*kind of functions>|^<p may be use4 



in the derivation of, secondary quantities, has considei:abl^ ^at^est . We 
•shall see later in ^his section that, prgvided that we'^make a few quite 
reasonable assumptions, the function cp must always be a constant multiple 
of a power function. (That is, there 'exist c > 0 ^nd ore R , such that 
: X cx^ for every* x € . ) ^ 



• Assme n6w that f ^ , f^ , a^re any functions in F . Then, for some 
,k \ fl" = kf^ . Moreover, we have shown that Bridgma^^s principle of ^ 

--•^"the absolute signifij:;ance of relative magnitude" implies that the functions 
= rt:f^) , gg = r(f2) , are similar. - I.e., ^here is a k« 6> R such that ^ 
k»g^ . We assert that^ (with the assumptions we have made), this kl 
is iiniquely defeimined by k , and, not by tjie specific functions ' f^ and 

= kf^ . This property is stated precisely, and proved, in the following • 
tfieorem: ' \ . - ^ • 

\ 

Theorem U-3>1 « . F *1.s a ratio scale with domain A ; B i^ any set; 6 is a ^ r * 

mapping 5 : B such that f5^^ maps B onto R jfor every f € F ; i 

^ <P is a mapping on E with values in R ; and, for each f € F , a 
...r'^^'ma^ij^g ' g ; B'-^R^ is defined (by composition) as g p ^6. if the 
functions g = qf 5 are all .similar,, so tjiat' the set of^unctions 
(g : g»= W5 , f € ^* is part of. a ratio scale G whose domain is * B, 



and if r~ : F is defined by r(f) = g , then to each ^k € r"*" there 

corresponds a 
r{kf) = k'r(fy 



^ corresponds a unique k* € R^ /such that, for every f € F 



Remark : The statement 'of the theorem looks quite, formidable., because we have ^ 

^ ' ^ . . , ^ * ' ^ ^ / 

^i«ted all of the a^ssumptions. If ^ou keep in mind ^he following diagram " , . 
Xwhich, as you can easi]y ch^ck, is^commutative except , possibly for the "Jright , 
"trapezoid") then you will see that the assumptions are not really cop)Xicated** ^ 




r(kf) = ^kf)b r(f) 



Proof. 



•Let k € R let f € F , and. let b. and be elonents of B"" 



^ such that {fby{h^) =-k(f5)(b^) [This where we use t|ie assumption that 
f& is onto R j thi« assumption can be weakened: "see below.] Then 

0 

Hif^Xt^)] = (9fb)ih^) =cp[k(fS)(b^)] ='Tq>(kf)6)(b^) = k^(^6)(b^) 

^ wliere^^ is the similarity factor connecting the slTn^l^qr functions <Pf6 
and * q>(kf )6 . Hence • - 

• k^ = '(^f6)(b2)/(9f6)(b^') . 

But this ratio of the values of b^ ' and .^b^ is the same for all functions 
in a i^tio scale, hence, in particular, it does not depend on "^f ; That is^ 
the number k» ' = is determined 'uniquely by k ^ 6 , and (p . Thus 
,r(kf) =(p(kf)6 =-k'{<Pf5) = k'x(f) for every f € F .'■ ;, 



» Remariy If you "examine the proof carefully, you will 'see that -we did not 
^ ^'^\kh tlie full forces of the as^umptipp- tha'1; 1'6 mapped. 3 onto ^ R*** , What 
1^ Ve needed was that for eve^ k € R*** , ^here must l^e^^^lements^ b^ >^ ^2 ^ !^ ^ 
n ^'^^^'^f^ '{f^){h^) = k(f8)(b^) ; In ^tlrer^^^brds^ the range X = (r5r)B ^of^ 
f^^\±n R must have the property thl};^. t,|J<^^/et[pf/Au^ of numbers 

in X m\ist be. the whole of R,. . Thus ■r'4n'^|:rie. proof 'pf this theorem, we 
... ' could replace , the condition (f5)(B) =' ^f^^|^|iie w«kket -^pndi^^^ 



Lon 



ERIC . .. . 



3^.^ 329 



You ^can easily verify that this condition does not depend on a particular f ; 
I.e. J if*-i*t holds for one f € F , then it •holds for every other f € F • 
Thus it is a property of 8 and of the scale . F . This condition will "be 
satisfied if Cf^)(B) is an 'initial segnent of R*** (ot ^ r^ ^'ian measure on 
sljnple angles), and also if^ (f5)(B) is a terminal Is egment of R*** (i.e., 
the' set of all positive real nW)ers. greater than some fixed positive nuniber)j 
but^ ii: is not satisfied if (f6)(B) contains only rational numbers. You can 
easily find othef "solutions" X of the equation {x^/x^ : x^ , x^ e X) = R**" 
"but i-^ is not clear whether these have any significance in the discussi9n of 
secondary measure functions, . • 

' * . Exercises ^-3 

1. With the notation of the above Theorem, but without either the assumption 

, or the stronger assumption that f6 is onto, prove that 
6^F(={f6 : f € F)) 'is a ratio' scale wi1;ri d^omain B. ^ \ [ * 

2. Let p : B. X B _ be the ratio operation which corresponds 1^ the 

/ ' r r . (fS)(b ) ' \ ^ 

ratio scale 6^F . (I.e., pCb^^b^) =' (fs)(b ) f € F .) 

trove that the , condition holds if and only if p is onto R*** . 

3. Prove that (^) is satisfie^d if (f80(S). is' either an initial segmeift 
or a ♦be^Tninal segmfent* of R*** , with or without the releveftit endpoint 

in each case. * * ^ - , * 

1|. Prove that (^) is satisfied if (f5)(B) contains all positive rational 
numbers and also an, open interval (a,b)Ca / b) of positive reals. 
(Hint: prove that for each x R*** , {6cq Q***} n (a,b) ^ 0 .) 



^ * Diagram Chasing * This. is ^^^ry convenient place to introduce you to an 
activity (associated with the use of coimi^utative diagrams) which mathema-feifiians 

^ refer to rather flippantly as "diagram chasing": The proof of Theorem 

(assTjming the property (^) , instead of the hypothesis f5 onto) is a good 
example of .a proof which, can be visualized very simply with the aid of an 

""^ appropriate diagfam. 'We first- jprove a simple lemma, which 'gives a useful 

■ equivalent' form for ■ the* condition C*^)' • . 

I^emrna . Fol- every f - in F .{x^/xg ; • jc^ , e (f8)(B)] = r"^ if, and only 
if, for evei^ , f^ e F , (f|[8)(B) n (f28)(B) i . 
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Proof. ^ If •(*) • holds, then for any f^ , f^i^ kfi) e P , there ; 
eiisp , S B , such lhat (f^S)(b^) = , .(i^^K^^) i , Xg/x^ = k . 

Therefore (f2^)\\) = Df^jS)(b^) = kx^ « ^ (^q^K^^ n (f^8)(B) . ^ ' 

Conversely, foi- any. k e , take f ' , f (= kf ) e P' . Then 
(flS)(B) n (f25)(B)-/ ^ . Hence there exist , €; B , such that 
(f^5)(b^) =»(f26)(b2) =(kf^5)(b2) =k(f^8)(b2) /"Therefore. 
(f^^5)(b^)/(f^8)(b2) =^ • ^^"'^^ .l^ol^s- " ^ . ' * ' 

Alternate Px^Q:f of Theorem Under The Weaker Hypothesis . Consider 

the following diagram: , • 



B 



kf 




We sketch the proof ^ by meani of a sequence of statements, all of .which are^^. 
easy to prove. You should follow the proof 'by drawing appropriate sub- 
diagrams.* The proof is much easier to follow than to write. 

(i) The top "triangle" is commutative. [Definition of kf^.] 

(ii) The* left* "trapezoid" is commutative, [^^-ivially: <J>f6t is, 

J J ^-^'Xjomposite function.] , _ ^ ± } 

* 

(lii) The outer "rectangle" -is comutative. [Trivially, as for * ^ 
' • ' (ii).] * 



(iv) ^ For a fixed . f , there is a, unique, similarity transformation 
p(=Tc^ , say) Tfhich makes the lowej;. "triangle" commutative. 
,i The functions q^6 are all similar.] t . 

^ . Sol. s ^ - , 



The right "trapezoid" is "partially commutative". Specifically., 
^the "sub-diagram" (in vhich q)' , q)" , denote the apprppriate 
restrictions <xf <p) . . ' 



" (f5) (B) 




9 
I 



is commutative. [This is- wheris you must indulge i» "diagram 
chasing*^, to build up the following diagram: v 




^ iK^b) (b) 



The essentia l -pp ini/ is that, giverfat^ir element ♦in {fS>(B) , 
we can track it/*baclc" to a (not j:iec;eBsarily unique) element 
' b-e B , and then "forward" to- either- (k^(pf8)(b) or 

(qjkf8)(b) , which must be the same, because of the commuta- 
tivity of the outer rectangle, ^he two. triangles, ^d,phe left 
trapezoid^] Tfie idea of this **diagi^m cliaslhg^' conveyed* by 
the. following set of diag3:Bms: ' 

Schematically^ fo 3?. every b € >B (wi-^S, " t " ^me^irig that 
the functions represented by the ma:^^'^ "fifif^-felq^^ 
must ^ agree where they "meet") '''^'^ 
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Therefore, for every x e '(f8)(B) 




k^(<P(x)). 




I . 
I 

I • 



'P(i5^(x)) 



(vj.) For any i= ^f-^) 6 P7"c5idition (*) Implies that ... 

k = k. . [ (*) implies that there is an 
1 2 

- * x.-e .(fT'6)(B) n (f26)(B) . Prom (v), (p(kx) = k (pfx). = k (p(x), 

1 • 2 

he"hce k = k .] ^ , 

^1 '2 / ■ ■• 

(vii) With p '= k» = k^" for every f., th6 right "trapezoid" (and 

hence the whole diagram) commutative for every f € P , ^ 
[^'(y) and (vi) imply that (vithp=..kO the right 
trapezoid is coipmutative for u ' (f6)(B) in the ujJper left 

position. Thi^unibn is easily seen to be the^vhole of •] 

(Siii) Fbr given k , there exists k» , such that Y(kf) = k»Y(f) 
for every f 6 F . {This is just^ <pkf5 = ic«q)f6 for every 
f 6 P , vhi^h follows from .(vii) .] * 



Corollary . Hith the notation of the' theorem, but wit^ the assumption .,(^) 
(or the stronger assumption that f6 is onto) replaced by the much weaker 
assumption B / , the existence of 'k« such thatr T(kf) = i^*T(f) for 
every f e P", is^ eqyiY^lent^ta the existjtjjAeioX^ls?* ^'ul*h that the diagram 
below is commutative for every f 6 F • * 




r(Kf) 



'9 



(We leave the proof to you.) 



Remarks ; 

1. Notice how the condition (*) (in the eijuivalent form ^ " 

(f^6)(B) n (V^y(B) ^ 0) enabled us to "liftk together" the possibly^ - 
1 2 . ^ . 



'different numbers 



for different" f € F ; to get a uniform value 



= k' for eVery f . ' * 

2. It is easy to se4 that the condit^jjj^ (*) is not a necessary condition 
for the conclusion of the theorem (which is equivalent to the commuta- 
^ ^ tivity of the above diagram)* For example, *if B .contains only one 

"•element, (*) cannot pofesibly hold, but the resulting diagram can still ^ 
be commutative • For this reason (see later) we will not want to require 
(*) in the definition of a secondSaiy quantity which is derived from a 
single primary quantity. The reason «f or the introduction of (*) was 
that, it does, in fact, hold in certain well-known cases; and it is a 
sufficient condition to insure^ the result^ of Theoreiji ^-3«1« 

Functions Connecting Ratio Scales > A function (from one ratio scale to 
^jinothex) which has- the property proved in^Theofem,jH3s.l> will be called a 
uni^orm function.. More splscifically, if F and G, are ratio scales, a 
function : F G is a uniform function irf for, eveiy k e R*** ^ there exists 
a unique ""k^ € R****^ such thdt. r(kf) = k«r(f) for all f . e F . The tei^- 
norogy seems to bft a natural and suggestive use of the word "uniform", in view 
of the fact that k* is uniformly determined by k , and does. Jiot depend 
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^ on f . Thus if a secondary quantity is defineiPin terms of a single primary 
qu^tit3(, and if. condition (^) is satisfied, then the description of the 
secondaiy^ quantity determines a uniform function from the primary scale tjo 
the secondaiy scale. 

The condition of uniformity may be regarded as a commutativity condition"" 
with yespect to the automorphisms of the respective scaGLes. If T : F G 
is a uniform functi^on, and E denotes, as us'ual^ the ^automorphism of F 
determined by k > oV then the uniformity of r is equivalent to the exist- 
ence of k* > 0 such that' the following diagram is commutative: 



F \ 



k« 



Our definition of "uniform^ functipn" used the "scalar multiplication" 
in F and in G In view of our*earlier remarks concerning the ^relationship 
of ratio" operations and scalar multiplication^ we should not be s\*rprised to 
find that there is another simple way of looking at a uniform fimction.. If 
F is^a Tatio scale^ 'then there is a ratio operation on P (p* : F x P R***) 
defined by ^ (f^,f^) ^f^/f^ . ' If T is a uniform function f fom ' , 

F to G , then it is easy to show that thqre exists a rdlaUBd furictidn 
* - + +' ' ' 

r : R -> R which. makes the following diagram comm\*tative : 



P X F 



r X r 



G X G 



"G. 



Conversely, Tf such a T -exists, then it is easy to show that 
uniform function* This suggests that we may look at a uniform.; 
ratio' scales a^a function which has the property that it takes 
functions in F which have 'equal ratios into pairs of TunctiohV in G which 
have equal ratios* I#e.,^r- preserves equality of ratios. ♦ ' 




: ^ We shall return later to the discussion of secondary quantities t/hich 
are measured by the use of more than one primary quantity, but meanwhile wfe 
pursue the study, o/ the relationships between ratio scales. 

Sheorem h-3»2 . If F and G ' are ratio scales, and- if r : F -♦G is a uni- 5 
form function, then the fxinction r : k k» determined by r is a homo- 
md^hism (R \ !) -» (r"^ , •) . (Equivalently, since k > k\ , deter- 

mine unique automorphisms of F and G respectively, r determines a 
homomorphlsm r : Ap -»A^ of the respective automorphism groups of F 
and G . ' 

Prgof . Let kjj^ , kg € r"** , with r(kj^) = k« ; rCk^) = k| . Then, for all 

f € F , r(ldj_f) = kjr(f) . 
- Hence, for all f • " ^ 

^ ' rCk^kgf) = r{}:^{]^f)) = k^rCkgf) = k«k»r(f^ 

i.e-, . ^ ^ "i^^^^) = 4^ = '^(^) r^kg) , 

so that T is a homomorphism. r * 

To further clarify the properties of uniform functions, it is.natural 
to appeal to properties of the homomorphisms of (R^ , •) which we proved' 
in Section 2-2. But, if you refer back, you will s,ee that we did not con- 
sider dll homomorphisms, but only those Vhich are monotone {a;Ltern&tively : 
continuous). In the case of secondary^ quantities, and the uniforni functions 
, on ratio scales which' are derived from the measurement of secondary quantities^ 
it is generally assumed that, for every element in the domain \of the secondary 
quaptlty, the values of the secondary quantity vary continuouslW with the 
values of each of 'the associated primary quantities, when the pmmy measiire 
functions are varied 'within their ratio scales. (Bridgmau assumes, the* 
stronger condition of differentiability, but it was shown, in 19^6, by 
Martinot-Lagarde that continuity wo\ild suffice.) Translated back into our 
language, this implies that the secondary scale-change factor, 1^* , is a 
^ continuous^ function in each of the primary s.caler change facftors_, (Scale- .^^^ 
change refers, of coyirse, to a change o^ functions within the relevant ratio- 
scale.) It can be shown that this assumption, together with the homomorpjj 
property, implies monotonicity, and conyfersely, that a monotone homogsiarlm^sm 
±8 continuous. * > . ' 

" We shall be intere*sted in arbitrary monotone xmifonn fuhctions, defined 

. \ _ ^ 

on ratio scales^ and with values in a pet of similar functions. As such a 

set can be uniquely imbedded in the set of all similar functions, whi'^^is a 
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(not necessarily complete) ratio scale, ve'mi^ht as well assume that the value 
•space (but not necessarily the range) is also a rati<5 'Scale. ^Let T : F G 
be a uniform function from the ratio scale P to the ratio scale G • Then,; 
from the theorem above, X induces a homomorphism 7 :* (R^ ^ •) (R^ ^ •) • ' 
If in addition, the induced homomorphism 7 : (r"** ,•)'-* (r"^ , :) is monotone, 
then ve say that r is a monotone uniform functicyi from F to G . [it 
follows from the above discussion that (assuming the continuity condition 
for the induced function? k'-->k») the functions on ratio scales which are 
determined by the measurement' of secondary' quantitie^;^ e^e monotorfe uniform ' 
functions,] ' • * i . • 

The following^ theorenr gives the fundamental property of a monotone 
uniform function: 



.^QQ^Q^ If G is a set .of similar functions, F -is a ratio scale, 

and *J : F r^G is a , monotone uniforpi function, then the induced homomor- 
.phism r : (R ^ (R •) is'^^a power function. That is^^ther^ exists 
a € R '-(uniquely determined by r)^ such that r(k).= , for every k € \ 



^^oof . Since r is a monotone unifonn function, r . is a monotone' homo- 
. morphism frpm (r"** \^) to (r"** , • ) . Hence, (from Theorem 2-2.3) there 
is a unigue a € R such that fbr eveiy k, € r"** , 7 : k ^ . (The number. 



a is, of course, log^^ (r(k)) , for ever^ k'/ 1 . ) ^ 



Remarks : 



1. This result can be conV-^ni^ntly^ indicated byHhe^ commut§;tive .diagram: j^'- 




The result of the, theorem is that J if r is a monotone uniform function, 
there exists a unique a such that this diagram is commutative for 
every k . That is, a does not depend on k , but only on r . 



2. We have now shown that the function T : F G satis&Les the condition 

r(kf) = iPr(f) i for all f € F , and all k ^ R*** . If you recall the 
definition of "homogeneous function" for functions of real variables^ 
you will see that it is now reasonable to call a monotone uniform func- 
tion (fron^ ratio scale to a set of similar functions) a homogeneous 
function. This terminology (or something very much like it) is widely 
^ ♦ used by scientists in connection \^ith the description of secondary 
quantities^ * - ' ^ ^ — 

3. If a = 0 , then r is the constant function ^ : k 1 , and hence r 
is a "constant" function, which maps F onto a ^single element o^f G . 
(Cf . the situation for angular measure, witti radian measure considered 

' as a secondary measure. ) * ' . ' ' 

If q / 0 , then T ^ monotone continuous isomorphism (i.e., a 
continuous automorphism) of ^ (R*** ^ •) , and (as you may easily prove) 
T • is 1-1 aa(J"onto.^n this case G .must be a ratio scale, b0.t it is 
not necessary that G*^e complete even if F is'complete; in fact it 
is possib]^e for every function in G to be a constant functipn. 

^* Without the assumption of monotonicity (or continuity) the question tof * 
"finding" the homomorphisms from (r*** ^ •) ito (l?*** , •) becomes qui^e 
difficult; in fact this problem is closely connectecl with the questions^ 
of Lebesgue measure on R ^ measurable sets^ and measurable functions. 
It can be shown that if such a homomorphism. is discontinuous at any 
^int, then it is everywhere discontinuoiis. [This_last resiilt is 
eqtiivalent' to : any endomorph'ism of (r"** ^ •) which is continuous in 
some open interval of R^ , is continuoiis everywhere... This is closely 
^^lated to the 'result of Exercise 2^2.13.] 

5. .The exponent a , which is uniquely detennined |py T ^ is called the 
degree « or dimension of the homogeneous function T . We denote this . 
"by dim r . Thus "dim" is a function dim : {r) R ^ defined- on the' ' * 
. set of all homogeneous functions between ratio scales. Whenever, it ^ j 
. is trecessary to distinguish this concept of dimension frOHv others^ we 
refer to it as the measure dimens ion of t . The concept oif homogeneotis 
function is^ of co'urse^ definable for any R - semimodule, and the 
notion of dimension for a homogeneoiis ratio scale mapping thus ;coincides 
with the general concept of the degree of a hog^geneoixs function. 

o« ,If G is, a ratio scale, dim T is often referred to as the dimension 
of 6 with respect to^^ F and T • If it is clear that a particular 
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homogeneous 'functiori r is involved^^ this 'is frequently aljbrerlated to 
"tiie dimensiop of G with respect to F " , or "thendimension of G in 
P " ; this is often done when ' G is the scaie defined by the measurement 
• of a secondary quantity, for in this case' the description of the secondary 
quantity specifies the functions 6 and cp , and henceja^ermines a 
particular r . But, as ^je^ave*tseen in the case of area and lengtii, 
exactly .the same ratio, scale (e.g.,, the area scale) can result from two 
different "secondary quantity" descriptions, and^the correspon^ng hotQO- 
geneous functions may have different 'dim^sions . This suggests that^ve 
should use the abbreviated terminology "the dimension 6f G in F " ^. 
with considerable caution. ^ 

Theorem I^et c € R , let r : F G be a homogeneous function, and 

let cr denote tfte function cr : ^f cr(f ) . Then 

(i) . cr is a homogeneous funct:ion; 

(ii) dfelm (cr) = dim r ; ^ 

jLiii») if r^ , r^ are homogeneous functions from F t o G , with 

^ dim Tj^ = dim r^, then .for some c € R*** , = cr^ . 



Proof. 



(i) Given k ^ there exists k"* such tfiat r(kf ) = k»r(f) for 
every f € F . ■ Hence 

cr : kf -^cr(kf> = ck«r(f) = k»(cr)tf) 

so that cr is uniform, and determines the same correspondence 
k*-^k» 'as r That i? r - cr , a,nd henc6 cr is a^ homo- 
geneous function. . ' . ' 

(ii)i • This is iramediate,^ since r = cr . 
(iii) , /l^et dim r^ = dim r^ = ; and let f^^, Then T^ifQ) dnd 
, * ^2^^0^ 'belong to G and hence" there, exists c € R*** , such 

that 

We havfe to show that c does not depend on . Let f be 
any other function in F • Then for^some k •£ R*** , f = kf^ . 
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Hence t- ' ' , ' >> • t 

^ That is^ TgCf) = cr^(f) for eveiy f*, so that Tg = ^T^ , / 

*. and the proof is complete. 

^ Remark i This theorem tells us that a homogeneous fmc-lJion T i-betyeen two 
ratio seales F G , is completely determined by two things: , 

' the value tCf^) • for any f ^ € F ; and . ' ;> I 

(ii) <the dimension of T • v 

Moreover a homogeneous function T is determined "ujj to *a constant factor" 
by its dimension. ,^terngitively, T is completely determined by its value, on 
two elements of F ; for if f£ , f^«= kf , are two such elements ,/^^en 
there exists k» , such that XCfg) = k»r(f^) >^and dim r = log^k* y 

The proof of th^ following theorem is;quite straightforward: 

i ' Theorem U^3*5 i. If r^' :^ F.-^ G. and Tg : G -> H are uniform functions, then 
TgY-j^^ is a \iniform function; if r-j_ and are Miomogeneous , then so is 
TgT^ > and dim( r^T^) = dim Tg dim(r3_ • ^' ' ' ^ ^ . 

The Measurement of Secondara^ Quantities > Now tllft we J^a-^e established 

some of tlje Wsic properties*of hoAdgenebus functions, ^Ve can easily discover ' 

the nature of those ^functions <p on R*^" which may be us^d in "the "ruXes" which. 

define 'Secondary measure functions. If these rules are to lead, to homogeneous 

fmictions on ratio scales. To keep things sljnple, let us look first at the 

case where we have a domain B of objects, and associated with each b € b 

there is^a unique object a = 5(b') ,ln the domain A of a (primary) ratl# ' 

scale,^F • Then a "zHile", for 'the detemdnation of ^ measure function for a - ^ 

secondaxy quantity, is a combination of tnF function 8 , the selection of a 
- . • J ■ ' • • ■ 



i^anctioa f ^€ f , and a function cp : . Corresponding to each f.e F 

wfe get a secondary. measure function ^ , such that g(b^ = ^(fCS(b))') 
This is easily pictured from the^ diagrams 



A 

U 



g(b) = qp(x) 



CM. 



(•Because g is defined by composition, the first diagram is "trivially com- 
mutative.) 1?ur -oiDjective is to find those, functions 9 whicJfcwill make the 



function f 



a hofiiogeneous function on F . 



Let us assume that ^the functions b and (p determine a ratio scale 
G , and' a homogeneous function T : F g\ .Then there exists a € r*', such 
that for every .b e B , every f e f , and eveiy jf € r"** 



Hence 



(r(kf))(t)= k"[(v(f)(t)] .. . ■ 

t 

•(<p(kf)6)(t) =<p(k(f(8(t)))) ' 



= k"<p(f(5(t,))) 



That- is, for. all x € f(8(B)*) , * 



<P(kx) ^ k"q!(x) 



This means that 9 is a homogeneous function in the usiml sense. We assume 
that B / j^-; this il^lie's that* {js^ : for 'at least one f € p ' 
,x k f(Mb)*H =rB-!t*;:Hehce cp "must be defined on all of R**" ; an(?, putting \ 
X = 1 , 'cp mus|;^^atisfy ^ * , '""^^ 



(p(k) = (p(l) , for every k e R*** .' 



^' ^ , * o = Qk^ (say) where c = (p(l) . 

Conversely, it is easy to verify that If (for-^aj^^c e R"** , and any 
"a €^ Rr we define^" : R*** R*** by cp : x -> cx^ , then the functions * cpfS 
are'^all similar, and therefore determine a ratio scale G with domain B-; 
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,f .dnd .the resulting mapping from F to G isja homogeneous function with, ^ 
dimension a We recall that <p is a homogeneous function (in the usual 
sense) with 'degree a , so that 9 and T are both homogeneous, and both 
have the .same degree. That is, dita T*- deg tp • ^ 

We incorporate this result in , ' - • « " 

Theorem U-3*6 , . , " , ' * ^ ' 

(i) Let F = Gf] , be a (primary) ratio scale, with domain A ; 

let ^ be a mapping from a set B (f^) to A ; and let 9 
^be a^^^i^ction from R ^o R • Then the composite functions 
^, • g : B^r"*" (defined by g = cpfS , f € F) are all similar 

an^ the induced function f ^ 9f5 is homogeneous, if, and 
^ " only if, for some fixed a and some fixed c € R , 

^ 9 : X ^ cx . 

•/V + + • ' ■ cc 

(ii) The function <p : R R odefined by <p' : x ^ cx is. homo- 

geneous of^ degree a ; and' if . T : F ^ G is the corresponding 
'X * homogeneous function on^ F", dim T = deg qp , 

Remarks i - ^ ^ ' - .^.^^^^ - 

1. If we use Bridgman*s language, and refer to thg "quantity" measured by 
*F as a "primary qiaantity", and to the "q\iantlty" measured by the 
^ "g"-functions as a "secondary- quantity", then Oi: is called' the 

dimension of the secondary quantity with reispect to the primary quantity , 

,'2. For fixed F , B , 5 , and a , the secpndaiy mea&ure functions^ deter- 

* mined by 9: x ^'cx^ (for different positive c) all belong to thp 

same^ (secondaiy) ratio scale. If al/ 0 , this secondary scale is the 

set of funct.ions { 9fS : f€F , 9 : x ^ x ) j^if-, <X.^?i^ } there is only 

^T' olie function in tlBb latter ^se$,~ and;~this ^function "generates" the 
" * <^ ' • ' ' . • 

secondary scale. - " 

^ It is important to keep in mind that the determination of the measure 

functions {g} depends on 5 as well as on 9'. 'Thus if differ^t func- 
tions "6" arje used, we may get qxxlte different sets of secondary measure 
functions on B . Whet^r or not *bhese sets are different, they mus^fe be 
regarded as derived from different "secondary jquantities". For a fixed B , 
by using different "5". and we may obtain the same set of secondar^ 

mesfsure functions 'in different ways^. , These must be regarded as being deter- 
mined by different "secondary quantities". J^e., a "secondary qjiantity" is 

' 3ivO ^ 



jnpre than jui|t a s^t of eimilar functionjp, or p ratio scale i the^^ concejjt 
'^secondary quantCtY" also includes the rules hy means of which the second 



of 

secondary quantjtx!! also includes the rules means of which the secondary 
Iratio sca,le o^itainedX -This our set ^ of area functions (on the domain 
iTgonal regions, say,) is not itself a "secondary quantity", liut there 
are many (in* fact infini£,ely many) "secondary quantities" which determine 
-the same set of area functions. ^ If these all had the s^e dipiension-/^)' 
we could say that ""^ea is a secoMary quantity of dimension 2 in length". 
But, as we have seen, there &re also homogeneous functions of dj?mension 1 
IChich relate the ratio scales for length ahd aorea, and these homogeneous • 
functions are associated with secondary measure functions. *' ^ ^ 

• •? ' 

This difficulty with area functions is typical of the confxision which 



arises if one attempts to associate a dimension with a set of secondar 
measure functions, instead of with the homogeneous funotion (eitheiv on the 
scale, pr on H*^'), iwhich is determined "by the procedure for, "measuring" the 
secondary quantity. . . ^ " * ' 

% y / \ 4 

The const ruc^ori 'of ther t]^ , functions (see Section 3-5 ) restating the 
length and area ^al(ss, has its cour^terpart in connection- with th^ relatioil- 
ship of the length and volume scales. Recall the procedure which we descrlhed, 
for the empirical measurement of volume's of liquids^^^aij^ for the measurement 
of th^o^'olume^ of SQ\Xd£ 15y displacement .of a liquid, in a container qf con- * 
stant cross-section. This established a homogeneous function of dimension 1 
from the length scale to the volume scale. Y((^ n^ht tegard tj:ie length/area^ , 
example as rather "pathological", ^ut the *length/volume situation is certainly 
quite natural. In fa9t a great d^al of volume measurement is carried out in 
just this way, with the additional feature that tj:ie* resulting "lineair .gcale" 
is /^calilDraied" "by na^ng the marks on th^ stiale in terms of the corresponding 
^ "cubic "•measure function. , 

, Our pua^ose in giving tiiese examples is to emphasize that there are 
impliiiit^ conventions in everyday usage, ]^en^ it ia stat.e,d%4^at^ "area" has 
f dimension 2i in length", it is implied. that a "dimension correspondence h^^ 
"been agreed upon. Usually this^ will "be the homogeneous function^ t]"" of 
Chapter 3^ hut it could he any homogeneous function whi-ch differs f^om t]*^ , 
"by a positive constant factor. (Recall that, from Thfedrlrem iv-3.if, these 
are 'the only homogeneous'^functions o"f dimension 2 from the length scale to/ 



th^ji^rea Scale.) ' ' ^ 



xThe Deftniitydn of a Secondary Qxxanljity . 'You have possibly' noticed tLt we 
have not yet given ^ genuine definition of "secondary quantity". The, better 
scientific treatments of measurement and dimension insist that a se^^ary " - 
qxiantity (in ari empirical sense) cannot be considered except ir^ the cqptext 
of a Specific measurement procedure,. Sand that eVen thoi^h two such procedures 
might lead to exactly'the same secondary ratio scale, they must be considered 
as detenniuing different secondary quantities. certainly agr'ee wiiih this 
poinii, of viev^ tfecause without it all discussion of "the dimension of a 
secondary quantity" would become meaningless. 

It follows that, whatever definition we Adopt for "secondary'^ quantity", 
•the definition must preclude such vague'statements as "area is a secondary 
qixantity", and it mufet also prejclSfe^ such statements ;as "the*»area scale^ ('whi'cn 
is well defined after we specify the domain^ is^a secondary quantity ".\ \ 

^ fl?he above discussion suggests that, in the case where^a single (primary) 
scale is involved, the most useful' procediiire would be define ^a simple 
secondary ' cTuantity ta be a set {F , B^,''*6 * qp ) (whgre F ' is a ratio, scale 
'With domain A , 6 is a function B -^A , and 9 is a function R'*"-->R'*') , * 
such that . ' . . ' 

*SQ-1, The function^ /qpf&' are all similar, and tlie functio^t 
r \ f ->S^Pf& ' is homogeneous-.' . ' * 

As we have^en above, *.SQ-1 * is equivalent to either of the conditions: 

SQ-2. , qp is*Iy]l{nQgeneous; * * / * 

• ■ ' . .-: V \ • , ■'■ . ' ■ - 

or • * • - ' • 

\ o.," ^"^"3 .l^iere exists: c > 0 , € R *, 'su^h that cp.; x -» cx • 

SO we may use any one of »thesQ three condijbions' iy the definition^. Thus 
defined, the^^dimehsion of the simple ^secondary quantity may be deVined ITo be 
the ^degree of V, or, equivalentoXr^ the degree a of <P 

^e' return l^te!^ to the question of an ^:pro'priat;s delf^itioh*^ foi* a 
secondary quantity derived. froraW)re t^han one (primary) ratio scale.. 



Secondary Quantities Defined by Using Severaljrimaiy Quantities ^ A 
secondiL?7 quantity is said to be determined by several primary quantities if; 
{.bul^rrqt necessarily only if) .the following conditions are satisfied: , 



■I • •. • 
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^ (iii) 



lo 



jrffefe.is |. finite set of primary quanllities,| corresponding 
the ratio' scales (i = 1, 2/, . ! , p) '[ wi^jh domains 

There is a mapping 8 from* the domain B of t'he s^ond|iry 
quantity into the cartesian product A = X X , , xi^V^; 

of tlie domains of -Wie primai^ quantities (intuitively, each 

domain element b deterHKlnes a ^et (a* \ a^ , , , , . a ) lof 

^1' ^ n ^^ 

elements, one from each domain A^-.) * * ^ 



-T> R (wh^re each 



t + + 

There is a function ' 9 : X X 

R. is equal to ^ R ) ^ from which a .secondary* measure function 

g for B. is. calcizlated by .the following '^rule":" let 




, , f ^ be any set of measure functions from the 
respective primary scales, ana let b € B . If • 



^ 5(b) , (a^ , a^^, .^ . , a^) then g : -B -> R**" 4s defined by 
g(by- (p(f(a^)', Y(a^} ./ . . . , f(aj) . kis. may be ' > 



^1' > ^^^2 

pictured from the commutative ' diagram * 



*TTf. 



A 



^'5 



■B 



-(iv) 



wh^re g defined by composition (go that the diagram is 
trivially commutative X-and 



TTf J . f X X 



X f ^ 



.TTR^ T. R;^ X Rg.x X R^ 



For each choice of. functions f^ , there wil^ be^.a unique* 

(but not.. necessarily different) "g" function. It is 
assumed thaib all such "g" functljDns are similar, and hence 
thejj belong to (in fac-fi, determine) the same* ratio scale,^ ? 
(The set need hot be the whole scale:' cf. radian measure! 
land the scale need not be coir^lete.) , ' , • 



-A 



..t , ,(v') ; Thl composite fuAdtion pXTfiKpe , Is onto; ^riea.<jh ^ei'^"' 

of functions f ^ , fg ^ ^ * " ' * 



t Remark : As the case of ^^ek h-S.!', condition- (v) could be. weakened, 
but we leave/it in this' fom'Si order;t^'^^^li.fy th^ following discus'sion. ^ 
-If you follaV thq discussion carefully to 's\e. where we^-ma9ce use of this 
condition and its consequences, you will see~how.it could *e weakened.] % 

' Lki e Rt be fixed {3 ^ t) v let TTf € TT F -.and define 
= (b : (TTf^)(5(b)) = (x^ , ... , x._^ , x. , x.^^ ... , x^) , x^' € R^) . 
Then depends on the choice of tiie-' x^ , and on the functions f^ii^i), 
' but with these fixed, is the same for all f ^ ^ • L*et h. : x^ ^ 

' \- •' ■ Z • X " X X ) . Then'the functions h • depend 

on the choice of the x^ (j / i*) . For* each choice of x^ (j i) , and 
each choice of ,f .-(j / i) the diagram below is cotmnulJative for every _ 



f € F 

i i 



1 



5(B^) 



. >; J — 



\ 

« 



7i , 



(p -denotes the "^rojectWS : (a^^^^ ^. . . J a^- , . . . , a^) ^ 0 

Condition (v)j{?)lie8 that (f^ = K ' "'^"^''^ °^ 

' x' 'and the t) i il ,.and for, each i , there is a ftoctiqn g ■f-'f 
such that the resulting 'mapping g^^ is equal toVgl'B^. This function -g is 
uniquely detemined by -g^^. /(Recall thaf the /'g"' functions are .sMilaj,^^ " 
so "that two of them mifet be the same' if they agree on a single elemeni of B .) 



ince^ if w^lceep x, and. iapplies to ^ 



Hence' .... ....^^ ^, 

the situation represented j^y the following diagramj 



1 



5, = p,8 



B. 
1 



<Pi = Cfh^ 



This determines a uniform fun-ction ->'G^ (where = {gj_3) and hence » 
a uniform function T^^i G , which might' depend on the choices made for * 

X and 'f . (J / i) . i . ^ 

We can now u^e Theoreili i^•-3.6 (which dealt with the nature of qp for 
the case, of a secondaiy' qusgitity determined by a^s-in^le qtkhtity) to discover 
the nature of 9 for the general case represented hy^the ahove discussion. 



X -^R*" ^e a function used' in the 
n 



Theorem ^-3*7 * Let 9 :-<R^ ^ ?2 ^ 

determination of ,a secondary quantity in accordance with conditions-^ 
(i)-(v) above/ and assume that for every , and for every .clioice Of' 
the K and f (j *^ i). , the resulting uniform function Tj' is monotone. 
. Then there exist unique real «numbjsrs 'o^ , ; . • . f ^ a'l^cl a unique 
positive real constant ^ sucli that ' - " " • 



CP : (x^ , Xg , ... , x^) cx^ Xg 



X 

^ n 



Proof , With the notation of the aboVe diagram, and with the assimiptions of 

the theoreln, the uniform fxmctions r. are homogeneous. Hence Theorem ii--3.6 

applies, so .that, for some reA numbei: a. ,'and some positive .constant ,g 

1 'if 
-_ •>* • 

(>oth possibly dependi^ig on the 'fixed x , and the fixed functions f .) ^ 



! 

I 

J 



Hence, ,for i = 1 and = = ; . . = = 1 , there exist c > o and 

' > • + 

a^* € R «such that, for all x^ € , 

I 



a 

, ... , 1) ->c 

Keeping' fixed at , and with x^ = Xj^ = . . . = = 1 , a repetitic^n 
^of the argument implies that there exist € R and" > 0 , such that 



^- (\ , Xg, 1, .., 1)'-»C2X^^ , for all x^ € R^ ; (a^ and the constant 

— ' * ' ' oc ' 

fc^ may d^e^ on x^). But, when X2 '= 1 , the right hand side (o^x^^ ^ C2) 

a-, , -a/* * • • • ■ 



- 1 ' - 1 

must be cx^ . Hence c^ = cx^ , jand hence 



^ • , , 1 r) cx^"- ^Xg^ 

.j.Z^f^P^ ^.^.l-?-^2 ^ ^ ^®R???i^S.J^^ilP^ocess^^we obtain real. numbers 
y y . . . , , such that 'T^^:*- *^ 



Clearly c = ^1 , 1 , ... , l) is unique; To prove the uniqueness 



^f the numbers a " assume that cp(x^ , Xp%^' . . , 'X ) = cx/ x^^ . . . x ^ 
= cx^ ... X . Then (with x,-¥= 1 , j / l) we get x/ k x/ for 

each i . Hence , x = 1 , so that a, '== a» for each i' . Hence the . 



i «1 «2 «n 



expression cx^ Xg • • • is unique, ahd the numbers a^/ , an* the ■ 

^ uniform functions whose .dimensions are a^- , do not, in fact, depend on^ 
« 'the choices made during the proof, « ^ ^' 

Remarks r ^ . ^ - • ' , \ 

^ . 1. The functions cp : (x^ , x^ , ... , x^) ^cx'J^ x^^ ... are. 

homogeneous in the standard sense (with degree 2 a^) but they are not 



uCTi homogeneous l^mcftaons* . Thjsy also satisfy the strongei* 



homogeneity condition 




That, is, these functions cp are "multihombgeneous functions. 

You can easily verify that these functions are the only functions 



R' which are multihomogeneous . 



For fixed B , 8 , (F, ) > and' {a, 3 , the same secondary scale is generated 
by the functions 9(TTf.)5 (where (p : (x^ , , . • • , x^) -> cx^ • • • 

for every c > 0 ; i.e., the scale is determined by' , 8 , the primary 
scales, the , and any particular value of c : e.g., 1 . The , 
corresponding function, 9 , can be "factored" as *'t he. composite of « the 

i ' " "i * 

cartesian product of the separate homogeneous functions ' > 

and the ordinary real number multiplication function (^l) on the car- 
teSian producj, as indicajbed in tWb commutative diagram^ • ^ _ 



"2 




a 

n% 



If the scales F. are all different, then we say that a. is the 
♦1 ✓ . * , . . .1 

^ dimeilsion of the secondary' q^uantity in the primary quantity • If the 

primaiy scales are not all distinct^ then the dimension of the secondary 

quantity in a primary ^quanti-jiy^ .E^'is^ defined to be^the svmi Qf the, exponents 

* which cc^rrespond to those . F^ which are equal to F « (The reason for ' 

ft * 

this latter definition will become more clear, as we proceed. See. Theorem 
' , ^-3 •9 b^elow. ) * Meanwhile you'shbuld recall that the establishmeht of area 
functions (as secondary quantities) ,for rectangular regions can be considered' 
in :this latter category. -.For if" b is a rectangular region, with sides 



(segments) a^ , a^ then' 8b = {^y^^^- And- if ®^ 



tvo 
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[\ -1 L i-L M- \ I - -1- ■ ' ■ \ ■\ -111' \- ^ \ ) 

length! fuiicttions rrom the ratio scale F of leng]b)i functions for segments, 
'lihe fiiictidn g : b ^l^^l^' ^2^^2^ ^an area! Wnction for rectangles. 
Moreover oXl of .the above requirements fot the definition of a secondary 
quantity ai'e satisfied (you should check this) so that we obtain the area 
scale for rectangles from a secondary quantity of dimension 1 +.1 = 2 in 
length ♦ (But, as we, have already remarked, the same area scale can a},so be * 
obtained firom a secondary quantity of dimension 1 in length; so we do not 
refer to the area scale itself as having a well-defined dimension length,) 

Remark I Perhaps you were surprized that, In th^ above example regarding the , 
"area of rectamgular regions as a secondary measure, w^ sele^cted di Cerent . • 
fiSJbtions ^ ; ^2 ^ ^ * There was a very good reason for this:^ condition 
(iv) in the definition of a secondary quantity from a s^t'o^ primary quanti- 
ties, required that all g functions (for separate choices of the f^ in 
each factor F of the oartesian produfct) must be similar. Hence the 
hypotheses of Theorem ^-3.7 wdUld^not necessarily -be satisfied (in the case 
n" = 2 , F^ = Fg = F) if you were to consider only those "g"^ functions • 

^ g : b^^f(a^) • fCag) ' . 

_,^^^^^jiJ _ l'. -^-^-^ . 

for which the same f has been used in each "factor". If you retrsTce the 

% 

^proof of Theorem 4-3.7 vith this point in mind, you will see where we needed 
• , . >..^.«> 

condition (iv). This does not mean that the. .set .of functions g-; B^R , 

defined by - ' */ % . ' - ' ' 

- - g : b^f(a^) -fCag). ^ ^ ^ 

does not, in some sense, correspond to a secondary quantity of dimension 2 
in length. Of j^urse it does, but (at^^present) we. can bnly conclude that 
this is so beca\^se they are part of the (possibly larger) set of functions, 
determined by gV*L^ ^^{^-yl foC^o) ; which^Theorem 1^-3.7 applies; ' 

The source of, this difficulty lies in the fact that our treatment of 
secondary quantities was primarily designed to apply to the case wtiere" all' 
primary quantities were distinct, and ,we only considered the case of non- 
distinct primary quantities as a special case. But, „ in practice, it might 
well happen that several elements q% the domain A of a single 'primary 
quantity are associated wijh an element of the domain of a secondary, quantity 
and^ in the definition of a secondary measure function, we will usually wish, 
to use the same primary function for each of these prima^ domain elements. 
This leads (see below) to a simple extension of the not.ion of ' secondary. 

■ ■ • - ' • ■ / 



•^j is more restricted, h ut 



quantity^ in which our choice of functions f . e F 

the cfio'ice of ! functions (p .is less restricted. [Yo\x will recall that, in / 
considering area functions 'for square regions, .we were able t.o avpid this 
problem' because of t|he congruence of the sides of. a square, so that we could 
consider the secondary, measure function for square regions witho^ using the 
cartesian product of the domains of length functions. I.e., we obtained^ the » 
area functions Tor fequare regions jTrom -a secon^ary^'quantity which was defined' 
in terms of a single primary Quantity, with a single domain element associated 
with each domain element of the secondary quantity.] ' * ' ^ . , 

To clarify this question, we look at an example which^ at first sight, 
appears %o contradict the result of Theorem V-3.7. (Thi^ illustrates'' the 
importance of checking hypotheses.) Most books either ignore this question 
of what to .do when there is more than one associated domain eLemeik from a 
primary scale, or they imply that it can always be handled (as we were able, 
to handle area for rectangles) by the use' of cairtesian products. The follow—— 
ing simple-example illustrates that this might not al\rays 'be the, case. * . 



: Example . S^pose that we have a fixed plane, with a coordinate/ system, and 



"^^^."^ any ^segment ,in the plane,, Let a^ j a^^ be, the project ion§ of 

b on'th^ coordinate axes, (it is possible that one of these might be a 
'single point'. 5^;, so ve give it length , "O" under every length function. 
As we saw in Chapter 2, this was a natural (and in a sense, the only reasonable) 
way of .extending ^he domain to include single jpoints . This minor addition is 
not significant in our example.) 'its' F ^ {f) , is the set of length functions 
for segmeivSI^ let- us define a new set of functions 



G = g^(b)= Af(a^)f -f [fCa^)]^ , f F) : 











r 














1 1 

^ 






* 
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. \ 



Th^n, from ourjoiowledge of geometry, ve know 'that the set G Is ^just tlie ^ 
set of length functions for all segments in the plane. __Jri particular, G i^ , 
•certadnly a ratio scale^ . , \ v 

Let us put this in the context of the defini-tion of a secondary quantity, 
and attempt to handle it ty using cartesian products, where ^{"b) *= (3^,82) • 
The following' diagram will help you to visualijze this-: y , " 

* A 



f X 



i 



and" A^ are the sets of segments on the respective coordinate axes^ and / 

the set^.Qf ,^11 l^gth functions^ pn^§acl>^of these setsr is,^ of course, ^5 ratiioj^ 
scale. (These scales are' obtained liy restricting the domain of F . We use 
the same symbols, f , for these restricted functions.) The function , is 
' defined by 



/2 2 
9 : (x^,X2) -> /x^ + x^ • 



Ilere we have a perfectly good secondary sca^e G , defined "by a procedure, 
very similar tt> tkat .used in the definition of a secondary measure In i:erms 
of several primairy measures. But the function $ is certainly not in the 
form which Theorem ^^-3.7 leads us to expect, so we know that something must 
be/Vro^g!!^. , Careful examination shows^that what is'missing is that the all 
in cond'j^iion (iv) of the definition of a^ secondary measure has been ignored! ) 
In order to be a secondary measure (as previo^iy described) in and ' 



(the. J.ength scales on the respective axes) the set* G 'of all functions 
; i. :;fe-^(.q)(fj_ x-f2)&)(t) ^ " 

must be' similar, where the f^ and f ^ ^ need notje the "same" function. 

^same", we mean that they are the' Restrict i-ons to A^ , A^ , of the same 
length function from F\) It is not hard to sho\{ directly that the set G 
cannot belong to a ratio scale (e.g.^.find two elenf&nts b^ , b^ which have 
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the same value tinder one g-function , but not under another) a fact which we 
could also infer indirectly if we were certain that all of the , remaining condi- 
tions of Thebrem if-3.7 were satisfied. 

f ^ * ' / 

This leaVes us with the problem of what to do in thi?*>a:^^^^fte^ ^1, 

the set of ^functions G is a perfectly good ratio scal^, and we feeli -^hpnit 

sho\ild be derlfvable from an appropriate definition of a secondary quantity/ 

In addition, we probably feel that its dimension in "length" st^gulA>be "l".-. . 

Secondary Quantities Derived From Several Arguments in a Single Primary 

Schle. To keep things reasonably siniple, let us cohsider the situatioriTwhere 

we have* a single primary ratio scale F , which leads (as indicated in the 

** / 
diagram below) to a set of similar functions g , which determine a ratio scale 

G . (The domain of' F is A , each A,^^ = A , and, of course, each = R .), 



TTf 



/ 



t 



+ 



EaQh function g is defined by g : b ^ ( q) (fT f )S)(b) • In other words, 
an- ^ordered set (a , a , ... , a^) o^'elements of A is associated with 

eachvelement of B , the values 'f(a^) = x^^ are "measured", using the same 

« f e F', and then (p(x^ , , ... , x^) is "calculated".- We are interested 

in 'discovering what ]^ust be the nature of the functions <p , in order that 

G should^bee ratio scale, with the related function (f ^ g = 9(11 f)S) 

homogeneous. This question is answie,red in the following theorem: 

, / . ' 

.3 ^ - • . 

theoi^3d2£8*,; With the above ^tation^ let ^ : fy^ <PC1T^)6 > and assume 

that (TTf)^ is onto. (As before, this condition may be weakened.) If 
the functforis^.'r(f) are similar^ and if r is a 'homogeneous mapping, 
then (p is 'a homogeneous function, TTR^ ^R j^in the standard sense). 
Conversely, if qp is homogeneous, then (without the assumption that 
(TTf)6 is onto)., the functions f(f) are simiiar\^^^,agd j -.is homogeneous; 

- Proof . If th^ functions r(f) are similar and if T \ is hoplogeneotiH^hen, 
for. ea<ih k e R , there' exists a € R , such th^t r(kf) = l^r(f ) \ Henct 
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^<p(kxj_ ^ ••• >^„) = k° (j(xj^.,X2 [.-. ^x^) , so ttet *<p is homogeri&o«ff 
of degree a . The^roof of the converse is quite straightforward.' 




Remarks: 



\ 



1. If we apply thfs result- to our simple example on segment length 'in tlie 

plane, we see that the function tp : (x^,x^} -*V^ + satisfies 

the condition of homogeneity, and that its degree is 1 . Ti}ip function 
is not, howeve^^^^bihomogeneous, as' you may easily. verify. 

Z. We are now in a position to givd a general definition of ""secondaiy' 
quantity". ■ A secondaiy quant ity\ ls a set ( {F } , B , 8 , <P3 , 
where (F^) is a finite set of 'ra^io scales (not necessarily distinct); 
5 is a funttidn from B to a cartesian product of the domains of the ' 
scales , with the domain of each factor F^ repeated times;- 



and (p is a function,^ on the "corresponding" cartesian product 



I- 

jsuch that 
- c (p^<x^^ 



' nl 

<»»* 



>'x„, ) 



2 J, 



n^^nl' " 



nj_ 



t 

where the <f>^ are homogeneous (iri the ordinary sense) with degrees 



respectivfely, 



. ^ With this general definition of secondaiy quantity, we can give an 
^unambiguous definition of dimension. The dimension of the secondaiy - 
quantity In the prlmaiy scale ,F , is *he sum of the degrees a for 



-thSse^ V c6rresponding Fj = F . You should theck tl^t this 

^de^nition agrees with the definitions", given earlier for special cases/ 

If you apply TheoVem ¥-3. 8 to the case of ahg^ar measure 'in, re;i.at ion- to • 
linear measure, &fljiy^BrcQiisii¥^ie^on of the- fadian measure "function, 
you will see, that this construct idn gives a secondary quantfty of dfmen- - 
^'Slon'^O in lengths The funatfbn. ^q) was given by ^ : (x , x ) 
^^(x^Xg) ; this is homogerjeoifs ol^,aegree 0 , It is also bihpmogeneous, 
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• of degree (l , -l) : this means that if we were to use the radian * ' 

measure construction, but with length functions for arcs- and segments 
which did -not have to be the f'same", then the set of all secohdary measure ^ 
functions obtained would also V^lon^to a^ratio scale. This set "Contains - 




the radian measure function 4 ; it is, ofXcourse, the full ratio scale 

which the radian .measure function determines. 

#1 * ' ' 

« *^ 

h*. If, in the development of angular measure, we had used a fixed circle, 
aQd set up angular me^sxH'e functions ^in terms' of the arc lengths inter- ' 
cepted on this fixed circle (or a congruent circle), then the resiilting ^ ''^ 
angular measure scale (as a whole) would have been the 5"arae, but the 
associated homogeneous function from the length scale to the angiilar 
measure scale would then have dimension 1 , • (This is quite compai*able ^ 
to our earlier examples shpwing that homogeneous functions of ylifferejit 
dimension could be established from the length scale to the ar^scale; 
and also from the length scale to the volume scale.) 

5- . When there-^are two ways of looking at the sam^ 'dimension question by 

considering it either in terms of several ^arguments in a single "scale ^ 
and (standard) homogeneous functions, or in terms of separati&vbut equal 
scales with a single argument in each scale an>a multihomogeneous functions.. 



1» 



then we would expect that the different definitions of dimension ,shoiild 
agree. .This is^ in fact, the case, and this* was our motivation for the 
-definition of the dimension of a secondary quantity which we gave (at ^ 
the end of Theorem ^^--3.?) for the case of *the not all different. 



/Recall tha^ we defined the dimension of the secondary quantity, in F* 

* to be the sum of the a, which correspond to those scales which 

. i • . • i 

were the same as F .) To avoid complicated notations, we prove the 
i s^plest case ^of this result; the general case presents no additional 
difficulties. . J^'^' * 

^ Theorem ^-3«9» If G , is a Secondary measure scale defined in terms of tlie 

• primary scales F^ , (F^ = F^ = F) as in Theorem ^f-B-T, th^n there 
^ - * * ■ • Ct Of - i' 

: is ^an associaterfSiction q) , y:^ ^ \ ^^^^ function is ho6io 

> "* ' 

^ ,geneous-(in the standard sense) in (x , x^) , and. has decree a, + a 

and i;t is multihomogeneous of degree {(X^,(X^ . .Hence the 'two definitions 
ot dimension agree. - • ' 



X 



= ck \ ^2 



• r - ' = k ^ . cp(x x^) . 

Hence cp is homogeneoixsMr| the standard sense, §nd has degree +&2''* 
, Similarly show that 9 is multihomogeneoixs of degree^ (o^ , a^) so that 



^the two definitions of d^ension for tne dimension of the secondai^ -^paw^ity 
in F , are^in agreement. \ ^ 

While we hajcie certainly not exhausted even the elementary study of 
dimension in relation to the qj^iestior^ of primary and secondary ^luantities, 

'we have protiatly covered most of tfae basic ideas, with particular emphasis 
on some of the sijnple but fundamental ideas which -are usually passed over very 
lightljr. We use these ideas as motivation *for the^ext section, in whichwe 

• study the genesis, ana the inter- relationships, of ratio "scales, from a '^lore 

» mathematical .standpoint. 1 ' 



h-h A MathematicQ^l Theory ^ Ratio Scales , * ' ' ^ 

In earlier sections we have studied a number of measurement sitxiations,^ 
'both mathematicj.1 and empirical, in which the concept of a ratio scale arose 
quite naturally: in a variety of situations we found that the set of all 
to^svire functions satisfying certain mathematical, or empirically suggestetT^ 
conditions,'. satisfie<^ the 'requirements ot a r^tio scale. Ilnjbhe last section 



we studied the empir^ally motivated^ potions of primaiy and secondary quantity 
and we saw that the irequirements for the definition of a secondary 'Quantify 
were such that the concept of a secondary quantity implied 

(a) the existence of a "secondary"\ ratio scale; ' ^ 

. (b) ^tlje' existence of homogeneous functions from the prifiiaiy scales to 
the secondary scale. • 

^ * • 

In this section we will study ratio scales, and homogeneous functions 
on ratio scales, in a Slore general mathematical context, drawing together and 
adding to the results of the last section. • 

As olnly a small handful of ratio scales are encountered in practl<i€, you 
might thiklc that the, development of a general mathematical theory^ (invo^j^ng^ 
infinitely many scales) is a waste of time. But it nec*esi3ary to do^ this 

1 / ■ , . • ■ 
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if we axe to g6 "beyond the study of special cases. The situation is rather 
like that for the scales .theras elves : in practice we only use a yery small 
* number of particular leng:th functions^ "but a theory of length -^ust concern 
itself with the whole r^tio scale of (infinitely many) length functions. 

In the development of a mathematical 'theory^ the cor^epts of primary and 
secondary scale will virtually lose their significance: in relation to a 
homogeneous function their roles are rather like that of dottiain and range, 
the same scale can "be the domain of one homogeneous fmiction and the 



.^^^^^ ° ^ . J 

\. -fenge of another. Moreover, all horao^eneous^scale fund^ions exc.ept those of 
dime^isipn zero, a^e* 1-1, and therefore have inverses, ^^r this reason we 

have little Use for the terms "primary quantity" and "secondary quantity". 



TDUt we shall certainly -use the ideas which they have suggested.. 



^ Any 'reader who is familiar with the unifying notions of category^ morphism^ 
and functor, will notice familiar ideas, "but no attempt has "been made to 
develop a" theory of ratio scales and dimension in the most atsti^ct form. 



Ge'nerationH M BMitio Scales . As weo-bserved earlier, if A is 



any 



^ set, and f- any function from *A to R"*" , then there is a unique ratio scale. 

"generated" "by or"^ntaining, £ . This tells' us two things : that the class 

f 

of all ratio scales is very num^rpus; and that a ratio scale is fully deter- 
mined "by any onelDf the functions whi^ch it contaiH^s. (This co;rresponds to 
the fact that similarity, is an equivalence relation on the set of functions 
.^from A to H , and to the fact tha"^ each equivalence class of s^imilar functions 
is a ratio scale, ) We,^^ish to consider various ways in' which "new" ratio 
scales can "be "genera'ted" from existing^ SQales. 'At the sair^e time, we would 
J-ike the procedurC~for generating th^e*.new scale to suggest (in a ^natural ' . 
way) homogenequs mappings . "between the old scales apd the new, Among the^, ^ 
various procedures which may "be used are the following th^^e, which were/ „ '* 
suggested by the discussion in the last sectipn, and which may Ibe combined' 
in' a wide variety of ways: 



Post-composition . 'If F = {f : f:A^R^) is a ratio scale, 
we may compose each mapping in the, scale with the same, fun<?t ion 

,r 4.4. , 

-<p: R ^R ^. ibr a suitable * ^ , this^ gives us a new scale 
, { ci>f : f' €* F} , with the same domain as F' . 

I (ii) Pre - composition ^ With F as in (i), if B is any^set, and 

* if 5 . is any mapping' 5 : B ^ A we obtain a new scale 
. (fS :, f € F} with domaj^ B . A simple "but imporu^nt case 

ERjc ' _ \ ■ .'ssa 



of this occu53^when B c^, , and 6 : b ~> b ; the..AQ.w scale 
J, ' ip^^then the seyb ^ re'stricted functions . (This situation 

, is encountered in "extension of the domain"^ considerations, 

* where we, have the funcxions f|B and' seek'to ^extend* t|iein to 
a larger domain A , so as to otitain an "extended" scale, ) 

Ciil) Products. If = {f^}' , , i=l ' , 2, . > n , are ratio scales, 

* we can form a "prbS^Jct scale", which we will denote "by^ 

2$ ^2 21' . • • ^ * underlined' sjmibol to 'dis- 

tinguish the product scale from the cartesian product of the , 
sets • ) 



Propertied of Homogeneous Functions > Before looking the above three 
methods in .detail, we summarize the main properties of homogeneous functions ' 
on ratio scales. - , , 

" (i) a' function T : -F -> G from a ^^Itio scale F to a ratio 
'scale G is a homogeneous •^function, if "and only if -f^here- 
4 • exists a e R', such that for eveiy ^ f e F and -k > 0 /, 

. . • ' ^ ^ . r(kf) = k°^r(f) . ^ . ^ . 

If a = .0 , then* is a "constant" function. 

^ ' ' ' -1 * 

If a / 0 , r is -l-l^i and its inverse ^(T ) is also a - 
homogeneous function, with dimension ^ • That i^ 



(ii) 
(iii) 



• •dim r = 



dim T • 



(iv) If Tn : F->G ,* and To : G -> H are homogeneous functions, 
then XrJ-, is -a homogeneous function,, ^nd 

2 1 T a 

'dim ir2r-^)'= (dim T^) (dim T^) ' , ' / 

* 

(v) An automorphism ? : F. -^.F ,*-(£ : f ~*kf5^ i^, of course, a 
• homogeneous ftoction, and dim It = I . • • ' ' , 

, and , r|-, > > are homo- 

geneous functions such that- * • • '* 
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• ^ " then ,the composite functions are homogeneo\as% and 

n . m ^ \ 

^ IT dim r . = TT dim r! • 

i=i ' ^ ' . • ' ' 

"(vii) ' With a notation siij^lar to (vi) , if two^ composite ho^ogeneoios 
functions r ' t . . * and Tl V . . . i r» have the 

same domain scale'/ and the same image scale, »and the same 
•'M, dimension, %hen they differ only by an automorphism, c of 
the range scale, (We say that such functions are the' same 
, . "up to a constant factor" \ 

^ - ' >^ 

Formation of Nev Scales by Post - Composition > Let > F be a set of functions 

w^^th domain -..A and range in r"*" , and let 9 : R"*" -> r"*" . Then if f (e F) 

and ^9 are composed-, ^we not only obtain a.n^w flection <pf : A -> r"*"- , but 

we also obtain, in a natural way, a %apping tp^ : F F* , where 

F» = {qf^ : f 6 F) , and \ : ^^<p£ . The question /we wish to answer is: 

what functions (p have the i)roperties that, if F is a i^tlo scale, then 
F* iS also a ratio^ scale and cp^ is a homogeneous function? 'This was 

impliqltly answered in the last section, but we answer it explicitly in the 
following theorem*: * ' ^ - • * 

Theorem ^-^,1 , r * ' . ^ 

(i) With the above notation, F* is" a ratio scale and 9^ is a 

homogeneous -function, if and only if • 9 : X4-> cx 
i^c > 0 , a^/ O) ; and, in this -case, dim 9^ = a * 

(iiJ--;>iPJ»= F if and only if a'='l ; iii this case ^ is simplj'- 

an automorphism of F • - ^ . * . * , 

* (i) If c > 0 , a 0 , and <p : x«-> cx "then .for 'eyeiy" . d € A* 
' ^ \ ^ (kf)] (a) ^ 9((kf)(a)) =-clP(f(a)'f ^ k«[ ? ^ (f)](a) v ;V ' 

,^Hence (k'f) = (f) , and therefore ^(k'^'^^f ) = .r.- 

' k (f) • Thus every two functions in F^ arfe simil'ar^\and " 

• ' an^ •fimctf^tf^wfilch\'is^^ ^P^ (f) .*;.nvF» / ^ 

* * . ^ * • also belong, to F* • Thus F^ is a ratio- scale. ♦Cl^rly \ . - 



is a homogeneous function^ witTi dim ^? a . 

The converse is proved as for Theorem 4-3.6. . 

. ♦ ' 

(ii) If a =-*l , qp i s a similarity transformation'" of R***' , hence . 
qp ^ (f). = cpf € F ^ and ^ ^ is just an automorphism of F . 

Conversely, suppose that F* = F . This means that if f € F , 
then cp^ (f ) € F . That is, there exists k R , such tfiat 

for eveiy x in the range of some f € F '(i*e., every *x €^R*^) 
cx = kx . Hence c = k ^ and a = 1 . 

i ^ * ' ' . * 

Corollary . Let F ^e a cotnplete ratio scale. Then^ for every a / 0 or 1 , 

the functions 'f and f if : a-.[f(a)f for eveiy a € A) have the same 

• » 

"unit"; )5ut they do not agree on any other 'element of their common domain. 
More genib3?aliy^ ,if 'a , thf functions f and c^ (c > O) determine ' 
the same equivalence relation (a^ ^ a^ if an^only if the function has the 

same value as a^ * and^ a^) on their common domain; if, in addition, 

Cf / 1 , then they agree on«»exactXy one equivalence class of domain ^elements. 
(We leave to you the- proof of these statements.) 

Remarks ; * ' ' , 



1- We s'aw ±h Theorem ^^-3.^^- that if 9^ is a hdtoogeneous function with 

" dim q>^ = a , then c q> is also a homogeheous function with the same 

dimension a ; and** that 'any two homogeneous functions" frpm F to F* . 

with the same dimension a , must differ by composition with a "constant" 

^ homogeneous function, c : f -> cf . We_ also otserve'rfchat if c > 0 , 

^ a ^ 0 , and ,q) : x -> x" , then F«. = {cp f : f € F) = {(c(p )f : f £ P) , 

b^ecaxise qpf and (cq))f = c(q)f) belong to the same ratio scale. In 

the consideration of ratio scales which are derived from (or "generated" 

r by) other ratio scales,* we usually want to keep in mind not only the^ 

*derived scale, but also the associated homogeneous functions, Ibr this 
* I. . ' • 

teason, if F» = {q>fj^^ ((a.Q> )f) y ve might like to adopt the convention 

that the notation c]^ denotes the pair of objects consis't>lng of the- 

ratio scale F* and the homogenous function q)^ : F -^^F* , where 

*$'\ \ -> cx^ . However, with (a ^ O) and <p : x x^ , the sets of* 
functions ' f q)f f € F] and {Cc q)yf : f € F) are the same, and it is 



more useful to use the notations , , to simply denote these sets 
of functions. From the defirfition of set equality, = for every 

c >*0 . 'Thus ve do. not complicate .the notation by- trying to include the 
homogeneous .function 9^ 'within it, /but whenever a homogeneous .function 

* from F to ^ is implicit in^the discussion of a derived scale ^ 
(particularly ia connection with questions of dimension), it is under- 
* stood that cp^ ; f ^ c:^ (for some c > O) is the implied hon^ogeneous ■ 
function; these homogeneous functions have the same dimension, a , for 
all c . * * ' . 

2. It is a simple consequence of the theorem, that 5^ = ^ , and th^^^^ 
^ = / if and only if a = p . 

3. We observe that if ^ cp : x ^ and f € F , then 9 f = :^ . Hejice 
the notation ^ is consistent vi-^h the usual usage in the algebra of 
real valued functions, where denotes tfee function 'P' : a (f(a)]^ 
Because we are dealing with; positive-valued functions only, P is .well- 
defined for every real a ; and if a / 0 , ^ = f € F} = 

(cl^^ : f € F} ■. ' ' ^ . ' 

]+. We have observed that ^ = c^ , if a ^ 0 • Hence if a / 0 , 

. = U (c^) . It is convenient to define* F^ ^ ^ + = 
ceR**" '. ^ C€R 

{cf^ :*f € F , c €, R**"] / That^ is'T^ ^ is the very simple (incompl'ete) 

ratio scale, consisting of all constant' positive valued functions on A . 

In spite of its apparent is^riviality , ve shall find examples of the 

Recurrence of such scales In connection with the question of "dimensional 

* It • 

constants • ^ 

5. Notice -^hat we are not saying that tlie ratio scales ^ are the only 
scales with the same domain A .i The set of all scales with domain A 
.- is, in ^general, vastly larger. The "power" scales ^ ate. j us t^ those 
which are derived ^ from one particular scale F b^ the process described/ 

If 9* : X -»*c^x^ and 9" : x c"xP , we m^y compose and get * 

<p" .q)«' : :;-^c"(c«X^f = c''(c«f . He^ce we get * ^ 

/ ■ • ' f . 

Theorem ^-^2 . For any ratio scale F , with 9* , 9" as above, 

, (i.);' (^f = = (>f,.. . ° - ■ 

(ii) **|If -a 0 , and ^ = G , then G''-''^' =/F , an^ 
' : a € R) = {(f : a € R}- . . 
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ion X -> X 



(iii) .(^P'" q>M^ = <f>^]; q)' . . . 
(iv)^ .dim ( q)" 9')^ = dim (p]J • dim >^ = a p . . 
Proof • This is a 'straightforward exercise in the use of exponents. 

^ Remark ;* The expression has dimension in F"* is frequently used. 

This involves the convention that ve are really referring to the dimension . 

Or * * 

Of , Where 9 : x -> cx far sotae c > 0 . Sometimes the statement 

has dimension a" is used, but we shaH avoid this form of expression, 

^ which is a hangover from past attempts to associate a dimension^wit^-a scale, 

rather than vith a homogeneous function between scales. * 
• * 

A Notati®nal Convention . In the study of ratio sc^s the f^cti 
arises so frequently that it is convenient to give it a standalSi name. In 

Chapter > w^usecj^ -the symbol I- to denote the. identity fmctioa on ^"^ 
Jl . R • 

We coT^d use a. corresponding notation/ x ^ x^ , but this is rather. 

, R ' ' \ ' - "\ 

cuftiberspme. For 'the present we leave the domain' out of the notati.qn,-jBnd/ 
use the abbreviated notatjLon : x x^ . 'The basic properties Of f^. ar^^ 
of ^ourse, • o ' - '/"T'* - 

^ ;(ii) 3^ o f . f ..-^ ; '^y'^^'i ' ' " 

/iii) if OO , (olf -o^'f . ^ [ J ' 

The " • " denotes multiplication of fui-iCtionsj. the * " <• denotes composi-. 
tion of functions^. We denote (as before) the induced homogeneous functions 
from a ratio-scale to the' derived scale (with the samfe domain) by 3^ r 

y 

(where if is important *€o distinguish different -homogeneous functions formed^ 
in this way, ve use 3?^^ , , etc..) With this notation, the basic property 

of these induced homogeneous functions "is - 



l( 



Formation of New ScaXe,s Pre - composition . Let F =: (f : f : A ~> R ) ,be 
a ratio scale, and let 5 > be a function 5 : B ->A . Then we have 

* ^ . • ' * r ' 

•Theorem Mii^* * , ' 

< (i) {f6 : f e F} is a ratio scal^ with domain B ; 

. (ii) th^ function 6- : F -^^ffS : f e f} =• 6 F , defined by 
6 (f) = f5 ^ is a homogeneous function; 

(iii) - dim 6^ 1 ; 
(iv) ' (5*Ff = ^^{f') for every a e R 




4 ' ^ ^ 

Proof. Clearly 6 (kf) = (kf )6 = k(f&) = k6 (f) , fW which (i) - (iii) 

follow directly, "(iv) foltfows from the associativity vf . functional composi- 
tion: (6*ff = f (f6) = (ff)6 = b'^if) . 

Remarks » ^ * ^ - 



•.jfou .sh 
^pposi 



.should notice that the homogeneous scale function. 6 is in the 



ite direction' (i.e/, contravariant tp) thepdomain mapping § . 

Whenever 6 ,is a "domain mapping"^ and we refer to the scale 5 (f) 
in a situation where a homogeneous scale function is implied, -unless ^ 
■taything is specified to the contrary *it is understood that the homo- 
geneous function 6 is the one involved. Thus if we ever use such an 
ex^jressipn as and 6 (f) have the same *dime;ision'" (we probably 

won^t, but fither writers do) it ig to be clearly understood that this 
is only another way of saying that the dimension of th^ "natural" 
homogeneous function 5 : F (F) , is^ 1 , * ^ 



3. When weWish to distinguish between the homogeneous'' functions* indue 
by 5 different scales with the same domain, we use notations such 

■X- ^ \ 

as \ y ^2 ' " 
h» If B is the domain of a ratio scale G , and* A the domain of a ratio 
scale F , a domain function 5 : B ~> A does not generally induce a 
homogeneous scale faction from F to G ; *but there are important 
situations wliere such a connection does not exist / ..^igee Example 2 
below,' and the discusslTohi^t' t^e end of this section.) 
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Conib^ination of Pre- - Composltion and Post - Comjjosltion . Suppose that ^^e 
have mappings : a 

where F is 'a Vatio ^cale with*tiomaini|TA , and >■ f e F. . Then, clearly, 
SO that the diagram belo\? is commutative 



<t - 




6 (F)-^6 (8 (p))= (6 6) F 



For each f-6 F , part (iv) of Theorem l^-i,3 equivalent to 

« • 

SO that, with a i^light-ly imprecise notation. 



(ii) ff = 6*]^ . 



This is more accurately represented in ^he^olloving commutative diagram 
(where we distinguish^ different induced ^^^tions by subscripts) 



1* 



5*(F) [6^(F)f = 6*(f) 



J 
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The simple "cotnmutativity" properties (i) and (ii) above, together with ^ 
the properties developetj earlier for the composition of " 3p functions, ^ 
are of course just, special cases of general properties associated with the ^ 
composition of functions. They ar^ fundamental in the development of more^ 
complicated -relationships among -sat io scales, ^ / 

Example 1* As an example involving pre- composition^ ^any "extension of domain" 
situation may "be considered. Assume that a ratio. scale F' with domain B 
hafe been obtained, and that it is desired to "extend" this scale to give a 
new Sj^ale , F with some domain A =3 B . The requirements of an "extension" 
are that 

(i) ' if f » : B R belongs to the ratio scale on B , 

then there exists an f(f : A ->R'**) such that f|B = f . If (using'' 
the notation of the* above discussion) ^6 -denotes the inclu- 
sion mapping (or injection) 6 : B^/r^ A (i.e., S : b ->b) 
then the condition e|B = f» is eq^uivalent to^ f » = f6 ; 

(ii) the 9et bf all such extensions f ^shall constitute a ratio 
' ^ scale F 'with domain A . ''^ ' * 

These conditions' imply that: .■ > . ^ ^ ^ " ^-^^ ^ 



(iii), ' ^*(f) = F» , =.vf^ = fiB.] ('That is, the function 

induced b'y"'the injection o is a homogeneous function of 
^tiimension 1. ); 



(iy) if 'fj^|B = f» , and f^jB - f | = kf»^», then^ f^ =• kf ^ . 
More briefly, we can vrite ^is condition 

ext(kf ') = k ext(f ') . ' c 

It is ^easy to verify that if (i) and (iv) are satisfied, then so are the - 
other conditions. In practice, ex^f») 'is usually defined for each 
* f! e F' ..in such a way th^t tTie hmction f ext f» " is obviou^ 1-1 , ' ^ 
and only condition (iv) rjeeds to be verified. If you recall the various 
examples ,of' extensions given in Chapters 2 and 3, you will see that condition ^ 
(tv) may follow from the distributive property of multiplication over addition^ 
or it may follow from properties of the 16ast upper bound and the greatest 
lower boiind. • 

Any s^ale F , related to a scale F» by'^ "extension of €he domain" as ^ 
al5ove, will be^ called an extension ££ F * • . o . ' ^ 



It*is a trivial mat t,e Verify that, if F = (f) is an extensi^ of 

a ratio scale F> =: {f«} , theri the function i^]"^ : F» F defined by 

(s"")"*^ : f » ext f! is inversW to , and (6^)1*^ is a laomogeneous 
function, whose dimension is alko 1 . In a certain sense this'^ correspondence 
•of F 'and F» is "natural". In most scientific .work it is customary to ' 
suppress the functions 6 anrid^ing in extension situations (i.e., induced 
by. inclusion mappings of the dorakins) and to talk about (for example) the 
length scale, and the area scale irrespective of the domain. As ihe sup- 
pressed homogeneous functions ha^vje dimension 1, this. does not produce any 
errors in dimensional arguments, i)roviaed that it is clearly understood that 
tUe missings functions are the "natural" ones. 

^xanrgle 2. As an example involving pre- composition 'and post -compos it ion,. 
let be the set of square regions, let A .-be the set of segments, ^t ^ 



5 be the function from a square region in b' to a side fi-n A) and let^^'^-i-' 

s ^ ^. ^^^^ 

F be the iengtn scale for segments. Then I^(F)™J^_and_^*(3^(F) ) = ^ 

^ (5^)/* G is the area scale for square regions. . - • 

Frequently, in scientific vor^, one encounters a "dimensional formula" 



where, in some sense which ^is not usually complete!;/ clear, A stances for *\ 

"area", and L for "length". If A is interpreted as the area scale (^for 

square regions, say), and L as the length scale (for segm^epts) this formula 

would *not have any clear meaning in our terminology, because the two scales 
2 ' ' * 

A and L have different domains; and the difference is more aignlfi^cant 



than it would be if one domain were merely an extension of the other; Our 
equivalent for this "formula" is • , * 

where the' value of 6 oh a* square region is -a segment (or the congruence 
class of segments) which is a side Q^.the regjl,on. V^cotad consider A = 
as an abbreviation. In^^ther foii^,^^ formula^ aoes not assert that "aTea'" 
has dimension 2 in length": "suSj^^^ssertion has no~'meaning except In 
-relation to a specific homogeneous ^^|t ion connecting the ^ length and area 



scales. In/practice 1;he function ^^undSi^stood" is the above function' 5 if , 

wh^h has dimension 2 / The importance olMhis observation Is emphasized • 
(but not nece^sai^^ily in our terminology) i^^te hette3^_bopks vhlch d'eal t/lth, 
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dimen-: 



measurement, in such statements as "there is no m^nii 
sions of a physical quantity, until ve have also ,specified;^g^5^s^^ of^ 
measurement with respect to which th^^mensiorts*:are determin|i^" tj^i^c^n/' 
[IJJ'^" dimensions ^re ch^i^yt eristic of rngp^^i^ps; they-arejflo^-eh^ct eris- 
tic of physical quaWti^s tK^mselves", (ibcken [3].) UnfortunateW n^t. all 
writer^ keep <tTais point clearly in mind. 



" Remark i Generally Speaking, where no confusion can result we shall not 
distinguish betwe^^ different ratio scales which are natural]^ rela^ted "^y 
inclus^ion mappings of their domains; (i<e., between a Scale, and its 
exte^ionS')^ However, while on the subject "of extensions, let us look at 

'the relationships of length Scales for segments and curves (with domains' 

' ^c ^ ^ • ^s ^ ^c^ ^^^^ scales for squares, rectangles, and' polygons 



: B c B ) , where the 



(with domaii^s^B^ ' ^r ^ ^p ' ^1 • ^s ^r ' ^2 ' 'r " "p- 
connection between length and area scales is made through the function 6' 

which maps square regions onto their sides, and through the function 
2 2 

I : X ^ X . Area functions are denoted by **g«s" , and length functions 
by "f»s" . * 



V 




) 



Th'e diagram is' commutative. (Notice that the*re are ratio scales shown for 
which we have no particular names or use Ce.*g.^^ the scale {I f ) with 

(iomain A^).) If y > denote the length scales for segments and curves 

respectively and if , , ^fnote^t^e area scales for squares^ 



rectangles, and polygons respectively, the induced homogeneous functions on 
these scales are indicated in the diagramj . ^ 

c s s - s . r . ,p 

All of 'these homogeneous functions are 1-1 and have inverses'. 

v> / ' ^^^^^ 

Products of Ratio Scales , . Let F * , ... be ratio" scales., with 

* domains , , ... , respectively. Denote functions in F^' by 

• ^ f ^ , f J , f ^ , etc. We shall describe a new scale yhose domain is the 

h 

cartesian 'i)roduct of thj^doraains^ A^, . ' ^ 

^ Let TT A^ * X A^ ; let a = (a^ , a^ , .... , a^) eTTA^ j 

_^and let f . e F. , i=l, n . Then the "product'^ function; 

TFf^ = f ^ X f 2 X X ' ^^^^^^^ \ k . y . 

' fff^ : (a-^,a2, ... ,a^) (f^(a^) , ^^(ag) , ... , f^(aj.) 

maps TTA^ into TTR^ = X'R^ X ^ . . R^'. (Each R^ = R*** *) ^ 

+ + " ^' * - 

Let [X fTTR. R denote the "multiplication" function vhicli maps 

m ' i - * * 

the element (x^ , , . . . , x^) of TT R^ into the rfeal-number product 

^ n 

... X . Where no confusion can arise ve denote this product by IHT x . , 
1 2 ^ n < ; ^ ^ , i33__i 

or, more briefly, simply as TTx^, T^ius, •for eaoh element \a = (a^ , a^ , 

♦ , \) , ve have [m( TTf^)] (a) = TT(f^(a^)). 

The composite functions n(TTf ). : TTA. R are going to be the 

functions of a ratio scale, vhich ve'vill denote by F^ X F^ X . . , X F^ , 

with domain TTA . But first we make a v^i^ important ^observation: altho\igh 

the functions TTjf^ are' all different (i.e. / TIf» if , for af least 

one i , f fp this is not true for the composite functions fi(TTf^) .* 

; , To see this, consider the simple case, where i = Then, clearly,'" the 

function n(2f^ X f^) and the function '^ti.(f^ X gf^) agree on eveiy element 

of* X ^ ;r^^^^^j func^^ons from . A^ X to R*** , they are the same . - 
function little thought will show you that every function in ^e set 
^ ■ • ; . ' i ^ ■ 
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^' ^1 - ^2 - - =="^^^^(^^1) • ^ ^^^^ have 'infinitely many designa- 
tions or "representations". This is prfe of the reasons why we used the 



notation 



to 



<2artesian product of the.s 



dlstinguisl;^ the products Sjcal§ .jfrpm *the much larger 



Ho see the general sittiation, let f^ , f« € 'F^ / C^?'!^ 2, . . • ^ n) 
and let f J = k^f . (^e use the notation ^^'^^ y representing composl,tion > 
with an automorphism of (r!" , +), , rather than the "scalar product" kf. , 



because it makes the diagram below easier to follow. ) Then the^^^lationship 
of the functi^ ^C^f^) and ^(nfp = ^(n(kf^)) is shown- in the following 

diagram, which is easily shovff to be commutative: 



TT A. 



TTk. 
1 



-**-TTR 



TTk, 



^ Henc^ v/e have . ^ 

n(nkf^) =: rfk^ (n(nfp) , . 

so that ^J[nk^f^)= M(nf^) if and only if H k^ =: 1 . This-:$roperty deter- ' 

mines an Vsquivalerfce' relation (functional equality) on the set of hmctional 
representations. When we refer to the s|t "of fmctions (mC"^^'^)} are" 

■ "•^ . . . ■ ^ . 

not concerned, of course, with any particular representation for each function 
irf the set.* . ' ' . 



We 'can now prov6< qyite simply that the set of functions (uCTTftO) is a 
ratio scale, " * . ' 



Theorem U-^.U , , ^^^^^^ ' 

(1) ' X X ....X^F^ = (^(nf^) :^f^ € J^) is a ratio. scale 

.with domain TTA^ . ' ' 

1 • . • ^ * 



(ii) If f is, a fixed function 'in each .F.(j MO., then every 
function \i{ . ) >< . . > ^ .can te vritter^ 

uniquely as ♦ * *• ^ ' / 

^( Hf^^) = tA(f J X . . * ^ f X f » X f^_^^ X . X 5^ ) . 

(in other words, we get eac^ function in the "product'; scale ' 
exactly ohce^ if we Consider only .tl^ose r.epresentat'ions in - 

which the "factors" are fixed in all tut one of the^ "Vactor" - 

scales^) * * . ^1. ' . / . , 



Proof. 

/ (i) If ^(TTf^) and 'ti(nf») = ^(n(k.f^)) are any two (not 

necessarilj^ different) functions in X X . . . x F v 
\ , ^ \ 1-2-r -n^ 

' „ '^^^^ above/ |i( TTf') = FTk^ (|ji(rrf^)) , so that the ^ 

- ' two functionsyetfe sitnilar.' On the other Ji^nd^ ^if . k(|ji( Hf^) ^ 
' ^ is ^ny functi,oir similar to ^(nf. )' . then' , , . . . , k 

. , * • ,^ can "be chosen (in infinitely many ways) so that ^*n"k^ = k.^, 

' . ^ ' ' * I* 

' - For each choice we get the same function |ji(TT (k.f . )) ^ and 

' ' this function is *k(ji(nf. )) . Hence F ' X X • • • X 
iHtf . 1 1— — n 

^ . ^ • *^ . . • 

pi-- • * is a' ratio scale. . . * ^ 

' (ii) The proof of this useful result is now -quite straightforward^ 
* ' ' a^^nd it is left for you J;o complete fqr'yourSelf . (This ' • ^ 

j result is closely related to Theqreni U-3,7> and the 'fact that 
^ ' ' \, * ' "the choices made in the proof did not affect the result".) 

f-' ] .The ratib scale F ><'F^*x'..* x*F Vs called the product of the scales ' 

L ^ ' ' ^ \ ^ — ~ 

^F^ and*eacft F^' in ♦the product is called a. factor of the * product (it 

*/ ifiight.4)e "better to say a product, *bvLt the order is not" really significant: 

' ^ :x ' / * ^ / « * n - ' 

see "below. ) It is jSometilie^ convenient to ah"breviate the notation to TTr^-F 

or simply* to 17 F^^^ Dut we must not (jonfuse this wi1^h,the cartesi^ product of. 
: * ' the s^ts i ' " • -'^^ 1 "i: ' ^ * 



g?he following theorejpi^ gives som:e of the formal ijelationships "between the 
^three different prpcedjires which we have 'descri'bed for generating ratio scales-, 
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•You Should draK the relevant diagrams; with "parallel" d'iagrams. iiidi eating 
the behavior for a sjLngle domain element » As you will find^ the diagramis 
are commutative; and the proof's, are either trivial/ or. depend on well-known, 
properties of products and powers of positive real numbers. 

Theorem^' . For eaj^h i(i=l , 2, ..:[n) let be a'ratio scale: ^et: 

* be a real number; l%t 'a ' bq' the 'domain of F and let .d. be a" 

function from a ^et B. to A , Then ' ^ / « 

. . •' / 

■(ii> ' n_(5*F.) = (na )* (np.) . 

J- 4 X 1 . > 



The Order o£ Terms iri-'thfe product. Let' ^ (i=l,; 2 „ . . . , n). be ratio.* 
scaUs, and T?F. and JT 'F^ ^e.the products, formed /y uging tw9^different 

. oilers; (i.e., one ^rder is a J^utatl^pn. of the oihyr). 'Then, the permutation 
gives a natural' 1-1 correspondence (^a homogeneous' function of dimension l)'- *' 

^connecting TTF^ and jf'F- .- 1^1 convenient to- "suppress" this dimension • 

1 function, and "identi^ the scales TTF^ . an/ "T['F^ . .That ls',vtte treat - 
the product as a commutative alsociative ope-fatlon on ratio scales'. \ ' 

Homogeneous Functions Related tq pipdiicts of . Ra'tio gcales ". - In, our dls- 

. cussion of post-compos"ition and prer-c<3mposition7~we' femphasize^ that we' were not" 

only interegljed in obtaining new, scdes, but we were .also interested in homo- • 

?geneous filnctions relating the new a/d-- thfe^old',^ rales'. The siti|&tlon is simt. ' ' 

lar (but more complicated), with resplct ta° products. of sofiles. Let 'TTF -be-,, 

- • . -J V » , . _ -I — i , ' . 

the product of ratio scales F i=l, 2,.-.., n. .,$hen,,aS w^'ive * already ' '• , 

I ■ ' _ .i '■ • 

seen, if w^ "consider'fixed functibns f (j'^ i) in all'biit one of the faclo^s,' 



then edch function ^(TTf ♦) in ]TF can be uniquely expressed* as Ki{tTf») 
where f» = f ^ • .for each . SftX . ^It is natura/to examine the. resulting \- 
function • . \ i > - • 



i' ^ -^.'^i 



'1 - 



defined "by ^( Tlt^) f[ to see i'f > p J is a homoijeou^ fuh(;4o°n,' ;.It ^ 

is^vial^o ve^|fV^^hat^thi8 a hc^e^^j^ f^gtlongith^lmeniohl; 



"but you*shoiild bear in tnind that, p. depends on the choices of f,i:3 ^ i) . 

For each choice of the f^^^ ve will get a "projectioni' p^ , but of cjourse 

this correspondence of choices and projections is not^ 1-1. Moreover, \-s all 
proje^ctions h^ve dimension 1, ve knGv (froin. Theorem h-'i^k) that^^any -^vo of ^. 
them can differ, only by a "constant", a fact which ve could also verify • 
. .directly. * Hhus^ from a dimensional point of. view, they are not significantly 
different. * - " . * . .J " ^ 

^ Each such projection has an inverse p^ , which is als<f\a homo-*- 

^eneous func?1^;lon with dimension 1. ^This function (vh^ch might Ij'e called an 
"injection") can be defined directly by 

0 

P^"^ : A\ X /. . X X f ^ X 1^^^ X ... X f^) \ 
-1 * 

Of course p^ also depends on the choice of fj(j f ±) ) but' different 
^functions p^"^ can differ at mos*^ by con^osition. vith a "constant", (i.e., 
by^^n automorphism of "(iL^i ^ +) • ) \ • 

Another way in ¥hich a relationship can be establishe*d between fact'or 
and" product scales is by pre- compos itiort with a suitable mapping of the 
respective domains. With the notation used earlier, let F. (i=l, 2, ..., 'n) 

be ratio scales with domains A. , aiad let a-, , a^ , , , , , a be fixed » 

i' 

, elements of ^:he domains A^ . . . , A^ respectively. (We are fixitfg ^a^* • 

* in all domain factors except the first ^o^simply notation: of covirse.any 
Qther i factor than -the first could be^ singled' out, ) / Let 5 b el the function | 



^ '-^"TTA^ define^te^ S • ^1 ^2 > ^3 '-^ • • • > f ^ 

determines a ra"l>^,s«^e 5*|( TTF. ) an^d a homogeneous function 6* from" 
Iiy±. ^J^"^^ l^j^is scale. We, shall show that ^-CjL^^) is actually F , and 
that, ; o is one of the projections onto, , as -defined earlier. 



•Theorem U-^.6 » 

. ■ 4 > 



^ , (ii) . 8 is the pro jection , determined by iJhose flmctiqns ' f g > 

; f which have a^, , .... a as units. ^ ' 

• • V .n * d ' ' xv ' , 

V . ' ■ ■ 1' • I . 370 d / 'i ... 



(i) Let ifg ^ ' "^n (unique) fWctions in , » 

/ respectively, whi<;h'hav^ ^ . . • , a as units, Then^, 
^,0iis0^^om the'def±n±t±x^n of , for ^ny a^ € ^nd any » - 

• • = , M[(f{ X fg. X ... X f„)(a£ /ig ' ••• ' ^n")^ ' • 

where f^ is ■ the. unique function in F^ such* that ^(tt^^) = 
• • X f^ X ... x'fj^)'- Hence 5*(^A(TTf^)) = f « , so that 

' V ■ * S*(TTF.) Cri^T . It is easy to 'show that is* 1-1 and 

• - ^ • ' * , ' ' , 

onto. - . ^ ' ^ 

- (ii) The fact that; 6 is the projection determined by the 
> ^ functions fj(,j j^^i) fpiiows immediately from tfife definition , 

' of projections given earlier. 

Remark ? The above theorem is closely connected with the example (which we 
have frequently mentioned) of % dimension' 1 function from the length scale 
.,'(fo!r segments,^ say), to the area scal^fj^r rectangles, say^. For/ if F is ^ 
this length scale and G the area »scal^, ^th domains aII and B respective- 
ly, a Axed segment a detei;mines' a fixed length functionl f , which has a 
as unit, Lep xa,€ A , and let 6^ : a -^;(a , a) >n ^Let l/e B , 



(a/, at) , • ^ \ 



and let 



^2 • ^ "* (a^,a|) , where a^ a^ , are the sides of b (in an arbitrarily 
selected order). Then, for each f € F , [i(f X f) is ^n ar.ea function 

for B • That iS, there is an area function^ g € G which iqakes the following, 
diagram cofinmufbative : (Cj^mmutativity of the* top "triangle" is trivial;, for \^ 
the lower "triangle'\ this- was proved in Section ^-5.) ' 



B 



*For 'fixed a /(and hence f) _t^^ set of all functions fo(f X f ).) is 

• F X P . . .IJence there^are induced* homogeneous functions ^\ ^ \ of 
.dijnensioh 1 ^ , . . * 

Each function^is 1-X and hence Sg^^i)"'^ §i homogeneous function of dimen- 

* sion 1 from F 'onto G ♦ This^'is^ of course, th^ homogeneous function t) 
of Section 3-5, with a = I.\\ ' ^ ^ 

. . . ^ \ : , 

^[oducts of Power£ of ^tio Scales , if ^ , F^ , , F^ are ratio 

scales^ and' y ^ > ^tn-^^®-.^®^-^^™^®^^.' ^® product 

_ a cip a , ' .^^^ ' 1 * 

scale TTF^ ^ F^^ X F^^'x ... X F^"" - If is a projection, 

i ' ^i* " - • f ^ 

\ • H^ij "^^^i ^ ve can|Compose th| injec^^ion jp^^ with the "power"' f uric - 

^ir 

tion ' , and- obtain 



"/ ' ^ V " - . ''p. a, 



'where the numbers irf parentheses' (on the diagram) denot^ the dimensions 



of the correspoi^ing homogeneous Tfunct ions. ^ . The composite .'function pj^-^'l^^ 

has dimeijlsio^^^ , and it is 'uniquely |etenjined^up to an automorphism of | 

JTF^ . This property is sometimes expr^sed in the statement "JTF.^ has ♦ 

dimension in' ^^^^ , but this only makes sense if li>^ is interpreted to ' 

mean^tliQt the above homogeneous function has dimension • tt, / 



If = a , ^2, .••,n) , then> as we' have seea, (TTF^f = TT^ . 

In feis case TTF^ can also be mapped homogeneously into TT]^ by first 

injecting it into TTF^ , and fol«lowing this by tfie appropriate function 

from TT to ( TT F^ )^ = • Ttils composite homogeneous function also 

has dimens^^ a \ In fact, for appropriate choices of the injections in- 
volved, weget a commutative diagram 




The Relationship of Powers and Products of Ratio Scales Tf F is a 
ratio scale, we have now defined ratiO'"scales F x F , and F^ • . It is'natur^l^ 
to ask wh^the'r there is any simple connection isetween thea^ scales; Clearly 
they cannot be the same, because if the domain of F is A , then they domain ^ 
of** F^.F is A X a', while the domain of 5^ is A , ' 

In O^eorem ^-4.6 above we saw one way of ma|)ping a "factor" scale* into 
ft I * ' " . * 

a 'product" scale. This giethod involved *fixed choices of element$ in all / 

but one o^the domains. But when we are considering the cartesian f^oduct 

of a ratio scale with itself,^ there is ^a simple and natural way to map the > 

domain of th^scale into t'he cartesian product oT the domain with itself 

r/ithout making/ arbitrary, Choices-: ^this importarlt mapping (which has many 

in mathenktics)- is qalled the diagonal mapMng. TJiis^is the function 



OSes 



.defined by 



A "A 4 A X A 
'A '-: a 4a,al ^ 



(Clearly the* idea can be extended^ .the case of*any finite ,fiUraber, n , of 
equal factors • ,lmt we shaXl keep things simplfe by ^examining .only the cas^e . * 



/ 



A into 



If ^^(f^ X f*0' is any mapping^in F X F ^ then n(f ' X f")A maps 



. Henoe, by pre-composition, A determines a new .ratio scale 
A ^) , whose domain is A , as in4kcated in the diagram 



A X A 



It is natural to ask whether this scale has any simple connection with the 
scale F • In. order to answer this question, we first prove ef simple but 
useful theorem concerning the "representations" of a map ^(f» X f") ^from 
the scale F X F . (Recall that thi^ map carl be writt^ in infinitely many 
different ways.) ' U * ' 

. ' . ^ , ■ t 

Theorem 4-U.7 > , * . 

(i) Given any funcvbion. ^(f» X f") in X F y' there is ^a unique 

^ . .f e F^ such that , ' . , 

- o 

^ . !^(f* X f") =; ^(t X f ) . ^ 

(iri other words,- each^^function in the product has a unique 
"diagonal", representation.) 0 



l(iii) 



Different elements <5f F X'F have different representations 
iu the form • ^(if X f ) . 



■•The function A r F F X F defined '15y • f -> ^(f 0< f)\ 
is a homogeneoiis functjionr with dimension 2. 



Proof. 



(i) Jbi: each (a^^a^) e A x A , [^(f 



$ 'does not depend on the representition pf the element ^(f^' 



xf"H(a3^,a2)-[f'(a3_)]{ 



of F X F 



Af e. F. such -that 



_ Hence If there is' 
n(f X f). = ^(i"* X f^") ^.tWsn -foif (fffaj e A x A , 

[n(f X ■f)](k;fl = Cf,(a'),f = [f;(a)][f"(am , sov^hat ' I | 

f(a) = [■f(a)]^/^[f^a)]^/2'', |. | g '| '. | 



\ 



'A 



(ii) 
(iii) 



Define a function f ' on A by this equation./ Th^ functions 

, hence, for. some' k > 



f » , f" / bejong to • F 




f " = kf » 



.1/2, 



so that f-x: k^'^f* ,^nd^hence f € F . (Yhis is, of course, 
just a special ca&e-of the general result (cf . Exercise 2-4.16) 
iShat any homogeneous function of degree 1 in a set of ratio 
scale functions 'also belongs. "So the same scale; the fiiiction . 
f == <if»f" ' ,has degre^ 1.) The uniqueness of. f is easily 
shown . ^. ' , ' ' ' •' ' ^ 

-This is trivial; . ' . > , 

From (i) ana (ii), A is 1-1 and onto. For any. f € F 'and 
any ic e r"*" /A(kf) = ufl^ f X kf) = k^n(f ^ f ) = k^(f), so 
that A is homogeneous, with dimension 2. ^ 



» f Aj 

• >4 



( • - - 

Remarfe t The above tneorem clearrly* extends to the ca«e where there are n 

'' ^ r . 

equal factors in the ciartesian product, r'in w^ich case the function needed 

for the "diagonal" representi^ation is simply the nth root of the' product ^ 

of the functions^ih any representation of an element, of the cartesian product. 

In this case the corresponding "homogeneous functioij A ha J dimension ^ n • 

We are now in a position' to an^wex the question* aboye: - "How, is the , 
scale A (F >$^P) related to the scale F- ?" If we use'' tHe^v^que "diagonal 
representation" for every elwerit of F X F , and consider the following ^ , 
digram, then the ansyer is almost obvioufe: 



/ 



A 



A X A 



f X f 



-^.l^R 



The piissing funtition, which makes^the djj^ram commtative,^ is the funciiion ^ 
I^ : X -> x^ } with this hmctipn, we have I^^ = ^(f X f) A , so that 
^ (FX jP) = . We inco3T)or^tej th±^..irAportaiit resiat in the following , ^ 
theoi^em. ' * \ \ 




0 

iERlC 



Theorem 4 




X F) = \- ] 




^^'afihfa^^nkovLS function 

Tl^e homogen|&u|' tatxciions^J/:^ A* 
^ 'in the .;fal3:ow£jg;cOTOirtative diagram, in whi^ the dimensions V 
d'f the homogeneous scale functions are shown in parenthese^ " 
after the nauaTes of fl^^^^uictions ... - ^ 



2r2) 




A"(l)' • 



F%X F 



"Ranarki In mpst^Q^j\entific work (in which the dimensions 'of relationships / 
betweei^calell&i'e often the main consideration) the notation F X F is not 
used, and the notation is frequently used both for^^he scale whic}i we 

have designated as (and whose domain is^ A) and also for the scal« which 

we have designated as F X F (and whose domain is A X A) / Perhaps conven- 
tions such as this are needed if notation is to be kept reasonabj^ simpje^^^^ 

't>ut in otir tre^tis^nt it 'is important to be aware of |;he distinction. ^^^^^ 

Example , We re"tum again ^t> the question of the relationship of the length 
and area scales, involving* she homogeneous functijbns A , A* Let JF be " 
the len^A scale (fdr setgrn^jits, sky) with, domain A , let G be the area 

scale for rectangular ^regions (with domain B ') , and let G be ^He 'area ^ 

scale for square regipns (with domain ^B^) • ^Then the following diagram* is 
« commutative : ' * « " ' • 



I" 



. 4 



.: -376^ 379 



'i n 

- \ ■ 



/ B 




(The iD^ppings are the usual ones; 5 maps a rectangialar region onto an ordered 
pair of sides. We could, of course, use a corresponding func^i^from A X A 
to , defined by taking any element (pair of segments) In ':^.'x A. , and 

' . ^ : '^'^ 

moping this onto any rectangle with aides congruent to a^ , a^ • ) ' ' 

r . , 

^The corrfeaporjding homogeneous , functions are shown* in the ^following 
diagram, whose commutatiirity follows froi^i the various results proved above. 
(The notation is standark: but r^ca.11 that we, use ' 5* ',"6* , to' ind;Lcate the - - 

di;ffea:ent homogeneous* functions induced by the same function^ 6.v. ) The product, 
of the dimensions along' any two "function paths" Joining two scales must 
be the same, because of crommutativity : the composite of homogeneoii functions 
is a homogeneous function whos^*' dimen'^Qn is the produqt of those of the 
s.eparat^ ^^inctions; thfe dimension of a homogeneous function is uniquely 
determined by the faction; and commutatiyity /simply says that the composite 



functions corresponding to different patl^ 
This Inequality of d: 



5 are, in fact, t 
.checking device: 



le same function • 
:1 



it ^s a necessary^ 



:mensions" is a useful 
but not Insufficient , condition "for the coninutativity of diagrams in which we 
have homogeneous functions connecting, ratio scales/ . ^ \ " 



• 1 



'vi 
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A(2) 



F X F 




/ 4 



Theorems ^"^.7 afid i^-i+.8 can be gener^ized to^how^^^Hle relaJbions|Tiip of 

We-rState the result^s in the fofiowipg theorem, leaving 
the details (and the e:ctension to the' case of. n- > 2 facfors) to you. 



- / 



(Theorem h-ht9 J 



X 'T\, ' is' a wel'^defined ^ratib Sc^le., 



•(ii) 
(iii) 



a?he ^m^?|ion . ^ 'V F ^ x'^ \ ^defined ^ : ,'f\-^ jiT^ X ^0 



is a homogeneous function ,wi?.if dik6ijgion ' a ^+ p . 



If a + p "then every ' func^<3p- jl^ ^Va^- - 

can be uniquely expressed in tli'^Qjm where 



(iv) 

« 

if 



With A* denoting^ ^s usual^ •the. diagof^g^^p'on thp -acJmfiLin, 

The followding diagram (in which dimeQsd;<Jn''ej!^re. sfio;w9;' in . j j 
parentheses) is /commutative: ^'-J''" . ' * J^?'-»^*f -^^i '• 




If a + / 0 , the ^homogeneous functions 5uid have 

inverses, but if a + P = 0 they are '^constant" functions. 



- Remark I We 'point out the" relevance o£ this theorem for the relationship of 
linear giftd angular measures. Assume that F is the length scale (on*fe 
domain A which includes at least* segmeote.^nd circular arcs), and that G 
is the angulfe.r measure scale^or sdMple a:ngles. The diagonal map 



A«: F ^/ X F (a : f -> ^(f x ^ ■^)) \ I's a homogeneous function with dimension, 
zero*. If V € g (the domain of G)" is'^a^ a^ngle^ "ahd '(a^a^ are the 

intercepted ar<3 and the radius of some fixed circle with center at the vertex 
^ ,of the dngle, then the function 6 : b (a^^a^) induces a homogeneous 

'functiol? 5 :FXjF'^->G of dimension 1. The radian measure function 
* -1 

, is the' function & [^(f X f )] ; this is the same for ^every f . Th^is 



we' have the (trivj-ally) commutative diagram ^ 




in which is def jned ^to fee the ;0-dimensionaL c^S^osite '4uj<;tlo^ 5* A_ 

This result /vis tWe* source off the common statement "angular measure has_ 
\ ' . It t*"^' ' \ ' * ^ , ' 

dimei^Bion zero iT^^feifth". * * ^ - , 

ERIC ■ . • . 



1- 



However, it pods%yie..%p map -the length scale .into the "angular measure 
^ scale by means of h4M5^^eqi;is tunations with non-zero dimension. For example 
^ -we may use a "^^^^^''^^c^^^ is congruent to a >ixed segm^t, 

a , which rs the ^'^}^'^^J^^^ length* function f ). For any (simple) 
angle b , w^^ thp hag|g^>H«' fa , a) € A ^ A . ^ function in F X f'^ 
can be uniquely represented in the .form n(f x Tl) the Composite function 
u(f X f ^4is an angular measure functl^ji for G , ^nd, the resulting 



6. : F X JTy'-^^ has dimens 



lion i. If we compos^ Jj^hi^ with the' injection i 



^from F, Tto^^F^ f" ) which is determined .by' f ,.we ge-^ 




and the composite -function a = 6 i has dimensional. (Intuitiyely^, o is the 

function determined when angular measures are set up by '^fixing" the circle 
and losing arc length as the angula:r measure.) 



A Non-Commutative Diagram . We have encountered so many commutative dia- 
grams, that you mi-ght be inclined to think that commutativity will hold just 
'^about^any'time that we can^ exhibit functional relationships on "a diagram/ ^ ■ 
TOis is \ety far from being the cas^, and the statement that' a diagram is. 
commutativp is usually a nontrivial statement. ' ^ 

^ 3 

As an-dbmple of a non-commutativy diagram, let us consider agairT^ 
relationship of the length ahd area sdkles. Let F be the lengtljj^ scale (Vor 
semnent^ will do) and G the area scale for rectangles Then we have seen^ 
thart; there* €j:e homogeneous functions .relating the length scale F , its" 
"sJuaTi?^ "'^ 
, thise. in th(f 



, the product F ,'and Ihe area scale^ G . \Ie can indicate 



diagram 




P X P 



vhereu is the function which triaps a square b •onto its side a , 6^^ ' 

maps^^ b (a, a) /ahd # Is the injection deter®ihed by a fixed. ? e F 1 
As ali** functibnff shqjm are i-^^^i;id hence hav^ inverses/ all^.'eomppsit^ func- 
; tibns are 1-1 homogeneous functions. But the diagram is* distinctly ^non- t 

conimutat^ive\ asVou, can eas^ily check. (Of course, we , deliberately compiic^ed- X 
mSttfers^by introducing ; as we saw earlier the qpmposite;' fui;ictlon ' 



1 -^^^ equal^to 6^ A ^ where A : f (^i^*)^"-^' ^in this^.form the^i^-''',- - 
Qpramutativity would be more obvious, bQftatls^*A ^and -are clearly not the 



. ^ame functySh^) One ^method of^^heckingAOlf^^^ssibi^^v of commutativity is' 
to- put in the dimensions: a necessaiy coi;^^on dgrr^ogs^^utativity iB tlSt .the 



products of dimensions along different l^^^mn p^b*^ should^'ibe the same* > 

... . 

Our purpose in intrbduc^ iM^Mmple' and overworked exai^pxe again, ' 
*was not Just iif order to warn you* that al3r diagrams are noli automatical^ 



commutative. Let us redmv the diagram as follows, * simplifying bx*using,ithq » 



'f 



'fact that K A = 6. 



.2 / 



'2 A = 6^ I^^.jand^^howj^g^the dimensions: 





F X.P 




If we now ask whether; ^here is; a function p from G to G which inakes the ' 
diagram Commutative, - the answer is obviously "yes" : Becaxase all iXuictigns i 
^ shown are 1-1, we can simply define p to be the composite, func;tion ^ 

i(A) (6^) , and. the diagram is trivially commutative.' Moreover, as all j 
of the original^ functions are homogeneous functiojis^ so is the composite ' 
••function p , and its dimension is | . {p^"^ has, of course, dimension 5.) * 
^ Thus we'have made -a* very important* discovery, which emphasizes the ^impossibility 

of assigning a dimension to. a ratio scale 'itself : namely, ^at there areVl 
* homogeneous functiqns, with dimension / 1, from a-' scale to itself. 

Once we have seen this' example, we can easily construct others. In fact 
it is a simple matter to show that eVery ratio scale can be mapped 1-1 onto 
itself by a homogeneous function of any dimension a / 0 , If F is a ratio 
scale, tfi^set of " all such functions includes, of course, the automorphisms 
of (F , +) , which air have dimension 1. , ^ 

To See the general, case, let f be any fj.xed eleme;it of F , let cc ^ 0 , 
and let c > 0. . Define . p F -> F by 



(kf) = k% {f) = ck^'f . • 

'- Theoi*em 4-4,10 . * ' " • \ 

(i) . Fpr ^ry choice or' c and f ,^ p is a homogeneous fiyfction 
with dimension a ' * . 

(ii) If a /.'l then.evei^' such^ p has a "fi^ced j)oint"; i.e.^ a v 
function f» ^ sugh that p(f*) = f* . 

Proof s . ' 

(i) This is a' direct consequence of the relevant definitions'. 
~(ii) * ; If f» = kf is a fixed pointy then ^k?^f »"^p(f.») =p(kf) =ck?fi • 

- 1 f . ' ^ ' ^ 



•whence k = c , and k = c-^"^ , 'With this k 
'^SLt ^%^^f^ easily Ishow to be, a 'fixed fioint.' ' ' 



Remar ks : ^ ' • * ^ ^ ' '7^ 

■ \ ^ V 

!• In the case 6f our length/area ei^kmple^ it is eas^ f^nd^^the fixed 

point— in fact you can almost guess what must be. (Recall that 

O Q . ' ' 
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a = ^ or 2 , s^'.that there will be^'fes^xed point.) If f ±h the 

fixed length function (corresponding, in tVie original form of the 
example, to a fixed segment a ) then you can easily verify that the 
^ fixed poiijt of the homogeneous function p described above (see last 

^diagram) on the area scale, is ^^[nCf X f )] • » 

\ Back irt the previous section we pointed out that a homogeneous function 

' vas^ not determined by its value on a 'single "scale func1:J.on--we needed 
, two values in order tiJ determine it completely. What we^ have been 
discussing above is clearly directly related to this earlier observation: 

the homogeneo'Us functions (see last diagram) 6* A and 6* i have the 

same value on f ,.buo they are ^otherwise completely different. 

area example, -aftd Theorem i^--l^-,10, are iielevant to the 
sometimes confusing question of, "dimensional qonstants". We shall have 
more to say about this question in- a later section. 

The Use of Standard Homogeneous Functions . At the end *6f the previous 
section we gave a very simple example (using Py'thagoras' Theorem) which indi- 
cated that functions which are homogeneous in the standard sense (i-e.,' which 
'* , * . 

are not necessajsiiy multihomogeneous) can sometimes be used in the construction 
./ ^ ' * 

j*63 ^ratio ^scales. Moreover, in the 'measurement of "secondary quantities" it is ^ 

) v-tfuite conceivable that several domain elements of one of the "primary quant i- 

tie& might be associated (together*) with a single domain element of the 
• . secondary quantity, and that we might* actually encounter ^ situation where 
' such a homogeneous function is used. ^ ^ " ^ 



Assume that we have a d^iain mapping B '^'XTk^<^ jwhere the *jA^ are not 

istinct. Cle 
A^ = Aq , and get 



all distinct, Cleairly ye can bring- together those "factors" for which 



n,A ^vTT A ) X ( rr A J , ' . ■ 

/- ' ' [ * . ; 

This suggests ^hat ,we/ might ,'TCCnsider separately those ratio scales on 

, IT A. which are ^geaerated" by the tise of functions which are homogeneous 

-v^o ; . \ • • • 

in the^ordin^iy senVe. To keep things reasonably simple,, .let us consider the 

qaSe of\tw fequal "factors"; i.e., let P be a ratio scale with domain A , 
^ \ ,+ ^.,+' 

.and let \h : R X R ~> R be a homogeneous function of degree a ^ with a ^ 0 
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That is h('cx^ , cx^) = o%{x^ , x^) for all c > 0 , and all 
(x^ , x^) € R X R • • . j / 

We- observe f irst^, ^ that; every such homoger^^ou^^funclfion can be uniquely 
. writt'en as , vhere, J: : x ->»x ^^-and h is homogeneovis of -degree X* 

(Define h by h : x -> fhCx)!"^/^ , prove that h ' is hcMogeneous of degree 

and show that h = "f^h . ) / 

Now let 'f € F , and consider the set H := {h(f X f ) : f fJ v It is 
quite straightforward to verify that H is a ra'tio sc^le, and that if H is 



, similarly defined using h instead of h , then H is also a ratio scale, and 

iP = H . -The doniain qf each of these scales is ^ X A , so it il natu2;al to 
J look for r^elationships between the scales iP and other scales (such as 

F X F) which also have .domain A X A^, *We migHt, for ex^ple, ask whether ' 

^ and F XF -are the same scal'e^ If h : (3c^\ x^) -> x^ x^ (which is. 

^ homogeneous of d^egree 2) ^hen^j^ cle^arly,, H = I^ = FXF; but if we take 

*M h : (x^ , x^)f ->x^7^ x^ (wi>i^*i'^ also , homogeneous of degree 2) 'and comp^are 

values of ' h(f X f) -a;fid ^t(f X f ) 9n' non-diagonal domain elements in 
' • A X A / we dan quickly dispose of the ques1;ion asked: in general* F X F /and 

are not the same scale. On the other band^ using the same example, we. 

. find that, for every a € A , ,hCf X f ){a,a) = ■2[f(a) 1 % 2n(f x f)(a,a) . ^ 
In fact, if we i'eetrict ourselves to the set of diagonal elements only, we 
« find tliat ' > . ^ ^ . , ^ 

" / ^ ; . -p 

(i) the^sets of restricted mappings from F X F and h each . , . 
f , f, . ^^\<orm i^atio soklei on the^diagonal of A^X A as domains 

4 -*(ii) these restrict^ "scalds are, in 'fact, the same scale. (Of> 
*• course the xestrJ.ctions of 'h(f X f^ and ^ [i(f X f) to the 
diagonai of A X A are not the same function, but the fact ^ ♦ 
that they differ by the constant factor "9" means that they 
^ ^ * \ belong to ^he same scale*) 

^Xn other words, ^for this particular j^omSg§nS(0Us function h , there, is a 

ratio .scale on the diagonal of^ A X A , such jbhat F X F -and * 1^ (^which have 
* the saiHe domain A X A) ate. each 'extensions 'of this "diagonal" scale^ 

* * * ' » * > ^ • I / \ ' ' * . ; 

This sit\i£EtTbTi li&lds generally* ' To^fiLeItjaiXi_iet^Ji__^ any homogeneous 
function of degree 2 on R X R , ^nd let F be any iratio* scaler with domain 

•' - '■• •''/ . 



A . Then for every diagonal element ^'(a,a) € A x'A , h(f x f)(a,a) = 
h(f(a) , f(a)) = [f(a)]^ h(l,i) (from the homogeneity of h) while 

ji(f X f)(a,a) = ifUyf . Thus 'the restricted functions h(f x/) and • 

V\x{f X f) /on the diajcjnal of A X A , differ )}y the Constant factor' h(l,l) 
hence they belpng^to the same scale, whose domain is the diagonal of 



A X A . 



toie 'diagonal maj>ping A : a ^^(a^a) on A , relates the scal'^ F x F 
to 5^ , and it also^elates the scale I? to . (More specifically, 
A*(FX f) = 5^ ; A*(]f ) = 5^ Mbreover the functions "a^ \ f^\x{f X f) , 
and t f ^ h [f X f) are homogeneous, and this following diagram is 
commutative: - • ' , »! 



(F X F) 



h(l,l) 




To avoid cluttering the diagram, we have not distinguished in notation . 

"between the various functibns knduced by A , nor have ve'' labelled the hori- 

) ♦ t • , '1 

zorital "power" lections. The upper rectangles of the diagram represent the 

(established) commutativlty of the precomposition (6) functions fwith' 

5 = a) and the power functions. The commutativlty of the lower rectangles 

is similar. And the commutativlty of the middle rectangles follovs from the 

fact that tlje horizon-tal if^ functions are homogeneous functions • of the 
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relevant dimensions: e.g., l,l)f] = [h(l,l)]^ I?(f) . Thus the" 1^ 

only commutativity that really needs to be checked is the relation 

, ' A* ^ = [h(l,l)f , ■ ■ . ' / 

which you/ can verify directly. ^ * ^ * y 

• These results can be generalized to the situation where there are any 
finite number of ^"primary quantities",^ and -where the "secondary quajaiity" 
is determined from a finite number of domain elements for each "primary 
• quantity". * ' . * , 

ThS. ^Q^^^y 9l ^'n^'^s and Functions > If F. is a ratip scale, vith^dtmain 
\? A',-' and f e F , then, as we have seen earlier, the ^relation defined by: 

^ if and only if fC^-j^) = ^^(^2) > equivalence relation A ^ 

" * As you may easily verify^ this relation depends only on F , ^nd riot on ' f . 

denote the resulting set of equivalence classes. Then each* f € • ^ 

, establishes a 1-1 correspondence of X. and R if ^nd only- if F is a- i, 

• * • ^ ' ^ ■ * • 

complete soale. Assume that P is complete, and define an addition^^aw^ ' 

"scalar" multiplication 'by positive real, numbers, for elements ^f . X , by 

^ ^ ^ (i) a^ -^^2 = ^2 , where a^ is the unique class such! 1;hat 4 

^* f(a ) rf- f(a ) = f(a ) for each f 6 F ; 

. ' ^ 4 ^ . , . • 

(ii) ca^ = a^ , where a^ is the uniq^ie class such that ^ 
* ^ ' ' * / ♦ 

* f (a^) = cf(a^) for each f e F . ' 

^ o • « 

It is a trivial matter to verify that this addition is aSsociQ.tive and 
" commutative^ that the scalar multiplication is doubly distributive (i*e«^ 
(c^ + c^)a. = c^a + c^^ , and c{a^ + a^) - ca^ + ca^)' ; and that it is asso'bia-? 

'.^^^^^^ve in .the sense that (cj^c^)? = *^]_(*^2^^ * defined In X in 

the obvious way. In other, words X "is an ordei*ed abeliap semigroup- «under 

addition; and^ with ti^e scalar mxxltiplication^ it lias the linear structure 
+ ' / • » 

of an R - semimodule. ^ Thus.^Qr any complete ratio ^cale^ the, e(}uivalence , 

' ' j/ ' ' * . ' ' • . * ♦ 

classes have a structure just like that which we were able to define directly- 

4 * - \ ^ ' v ^ ' 

(i.e.^j l^efore establishing 'the ratio scale of length fiShctions) on the set of 

'congruejice classes of geometric segments. ' If the,rajtio scale ^is not complete^*] 

J we liave a corresponding^ but "incomplete"^^ structure on the get of equiv&leppe' 

classes (Of the domain. * , 
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In much elementary work dealing with measurement, measure functions ^re 
estaolished and named in termS of th^ir "units". - Sometimes th^*unit is, thought 
o^at a single element of the dornain, and'eometimes as the eq^divalence class 
whJcH contains that element; (i.e., which is-*unijQ[uely determined^ "by tH^t' 
element). We sha.ll continue to regard 'a unit, as an equivalence c\ahs of domain" 
elements, so that the unit of the function f € F is* {a : a A ^ fji^) = 1} / 
.,.j)rovid^d that this set is not.empt^. This establishes a.^atural correspondence 
^between functions and unlts/'for #iot©-^functi'ons which have units. The follo;^ 
ing result. is insuediate: ' ' * - . ; 

«/ • * ' . 

^^Q-^^ lizlisll* • The natural correspondence of ft^ctiofts, and units ts a 1-1 <- 
.cprrespondence if and only if^ :the ratio scale is complete. ^ 

^ ^ We remind you "chat, when .F is .a djomplete scale, the structures of F 
^and 2 are similar (both^are ordered jR*^*- semi,modules) hut the correspondence ^ 
runctidils and units is ^o)b*a structure presjerving function* In„ particular. 



a^ < a^ if and only if f < f ; and a + a ^r^. . As we' pointed 

/ • , . 1 • " ' / ^ 

out earlie2>;^|.f are familiar with the, notidn of dual space in linear 
algebra, you will recognize that (with a simple "jgeneralization of the notion 
, ,of duality as-'applied to v^tor spaces) the R - semimodule- (^F ,'^+ / R*^) is . - 
dual ;^o , R ) ; and there is a natural 1-1 correspondence frto f 

(2 J ; r"^) A'o t'n^ dual space o^ '(f , + R**") . - • ' 

Iij the case of complete ratio ^scales, much of what we have developed 

concerning the oj^erations on, and the relationships between ratio scales* can ' : 

b^ developed dually in terms of "the s1>ructure of the correspoading sets of 

uhits. ^Th% main advantage in working with functions rathei^ than with units': - 
' , : V *. - r * > '.^ " * V , _ . , ^ . w 

is that we^can -^ake advantage o.f the well-developed mathematical theory") Of. . 

function compMi-^ion, *and .the algjebra of . real-valued functions* A second'*' 

advantage is that wp^ can deal easily Kit^i incomplete,, as well as-with t?omplete * 

scaled: a i^tio scale is aa qrdered R - semimodule i»^ether .or 'flot 'the "domain" 

is closed underwit's operations of addition an^d scalar multipliea^ion. ,We ' 

-•have no intentipn. of interpreting^^ gll otf pur previous work in terms of the^ 

l^ilguage of "wits"/^.and t;tie structure of -the domain, bu^t it is instruttlve ' 

/ * to look at a few'' ]^§xticuiar 'Situations. ' ' « ^ ' . • ' . ' 



Before doing 'this, we 'make ari, impo3::tant observation.. Aia^we have seen, 
i5* F a r^tj.0 scal^ with v domain ' -A ,;Ve can use the 'ratio ^cale *F to 

O • - ^ ' 387 ... ' ' 
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obtain an equivalence rela^tion on A \ and tf> ^attain ari^pe'ratio/i of addil>ion 
and an 9peration of scalar multipUSation for the set \ of e<juivalence ^ 
classes, (i^ need not closed un'der either o^peration.) If G is another 
ratio scale which also has domain A , then G .also determines an e^valence 
relation on it and^ appropriate operatio^s.' ft is not necessary that these 
agree with those which F determines. In the particular case wRere, 
G = ^ , and a ^ 'O , It ls»easy to prove that^the equivalence relations 
'deterniii^,'by ^ and G ar^'the same, b;jt the addition "and thet_s_calar \ 
muHjiplication are n^t the same unless a = 5- . - ' ^ , . 

^ Unjts and' HomggenQous Functions '. ^1n the ^discussion which follow§, all' ^ 
r^tio scales are ^ssume'^* to^ J>e complete, an(J -hence the set of domain classes is 
closed under addition ^nd<scalar multiplication. Let F and^ G be compl6te^ 
rfetib. scales, wi^h'domains A ' and B , and sets* of units (i.e., equlvalenc'e 
classes of dotnain elements) ^ , 5 respectively^. Let r be a 'homogeneous 
function^, T : F 0 . That is, there exists a e R , s^h that for every • 
$ and every, k r"** , r(kf)- = k^r(f) . Clearly^, using the l-I gorres- • 

pondence^of fujictions and units, T determines a "corr^ponding" mapping of 
united 'Denote- this by T : . We°can examine the relationship of Y 

to the /structures of 1 and S' . I-f f< — >a , th^n kf | t > and'if . * 

.r(f)^i = 7(S) , then ,r(kf) .= k°r(f)^-> ^."5 '= r(i a) . That -is. . 

. . ' 7(ia) =<if r(S).. • 



But th^ set Of all numbers (for all -k'e r"^) Is just . R"^^ . Therefpre a, 



r is also homogeneous. of degree a ; i.e., it satisfies a similar homogeneity 
coodi-^lon to r 

Theorem A-^* 12 « ^ 



coodi-^lon to r . The converse is easily showr)^ hence 



(l) Let^ r>: be a unit function, and let r':.J->G be 

the dua'l funcifi^on on the corresjioriding a'atlo scales. Then 
r is homogeneous if -and only if is homogeneous. 

(il) The dimension of a homogeneous scale mapping is the same, as 

the dimension 'of the associated (dual) hpmogen^ous unit, 
mapping. , , \ , . 



jWe can apply this reteult to the stVidy of .those homogeneous 'functions on 
ratlji scales which are induced by domain mappings. Let and G^be '-^^ 
A?mplete scales with domains , A and > B respectively, and let ' S : B/-^ A 



Then, without any co^jiitions on ^, we always have an induced 'ratio -scale 
^^5 (F) ^(not necessarily^ ^complete) and a homogeneous function of dimension «!, 
5*^ : V -> 5*(F) • If 5 inducie^*a hcjaiogeneous unit mapping from i to^ % ^ 

V • % 

then it is- natural to look for .a rela'tionship between ^ (f) and G ♦ 

J, ' ^ • 

Clearly, if 5 is to ifiduce-.such a mapping^ then, 5* must map equivalent 

. (sCs determined l^y G) ^elements dn B into equivalent ^as det-^jrmined by F) 
elements in ;^ (i*e*.^ b ^ h\ implies 6(b) ^ 6(b^)).. Assiairfe this property,"* 

'and that SVinduces a homogeneous unit- mapping 6 : of d^gree_ a\ 

Theru 6 induces a. homjogeneous scale function 6^- (6^ : G F) of dimension 



.a . / It i^'oUows that the composite .furiction 6 6^ : G o .(F) is homogeneous 

' vi-t?h dimension a • Moreover thfe ratio scales G and ♦ 6 (f) have the same 
dbtnain B , so it not^. tinreasonab^le to suspect a relationship of o (F) 
and cf^ • ft is a simple matter to -^erify: directly tha^ if g g G ^ and ^ 

\hyJ^'^ e 5: , then for evei^., b e B ;,g^(b),= [g(b)f i = (f&)(b) . That'' 
is .g^.,. and • f5 are the came funcftion*. Hence -the following *diagram^§' 
commu*bative : • * - • ^ • 



*6 



.A 



'It follows 'that ,g = 5 (f)% %Henl?e we get .-k*- 



Theorem 13 » With t'he atove notation^ if 6 : B^A induces -a homogeneous 
* unit mapping 6 : B -^A , of dimensiQp a then p (f) = G , and 
. • the following diagram is commutative, * * ' ' • 



G — . »-G 
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Example 1. Probably the simplest example of this situation occiirs in the 

^ relationship of the length scale (.F , with dpmain A) for 'segments and the 

area scale (G , ,with domain B) for square regions. In this case 6 is 

the function which maps a square b onto its side a, .* Clearly this induces 

a mapping 5': 5 '^^th the property that 6(kB) = 5(B). ^ so that 

« 6 ^ and 5^ are homogeneous with dimension ^ ^ and we have 6 (F) = G ^ 

Frm the general properties of 6 , this means that 6 = ['6 (f)] = G , 

^as was shovn barlier. The homogeneous function' 6^ is^ of course^ the 

inverse .9 f the "standard" function t| : ^F G , (with dimension 2) which ve 
introduced in Section 3*5 • - ' 



Exaaiple 2« Theorem h^k^lZ is directly related to Theorem k-ht9, for, if ' 
F is any ratio sca],% Vitl)^,dqjpain A ^ then has domain A X A , 

and (as you should verify) 'i^diagonal mapping A a (av&) on the domains 
induces^ homogeneous unit iriapping A , of degree " cr'-r''p -/*fr<Jm\ the units of F 

units of X ]^ . (I.e., A (ka) = k^"*^ 'a (a),) If ve dall 'the corres- 
ponding (duSLl). homogeneous, s&^le mapping A^ (a^ ; F ~>F x F^) then Theorem 

1^-4.13 tells us (cf. Theorem k-hM^^)) that a'^Ci^ >< ]^ ) = , and that 

the fallowing diagrkm is commu^t'ative j' , ^ ^ 



to th( 



.1, 




You can easily verify directl^that A^(f) = !-l(^ X ^) , and therefore the 
homogeneous function A^^ ^ is ttrp dame as* the funtetion which we^ denoted by •rt 
• A^ in Theorem U-l^.S^. * , , , ♦ • 

Example 3* (Cf«. Theorem ii-^*6) Another type of dqmai;^ maj)ping which we made 
#;Use of earlier, was the mapping , ' . 
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where ,F. (i i= 1 , 2 ij) js a ratio scale wit|i dom^n / and the 

element , a ( j / l) is a-fixed domain element in A, • -Aga-in you may * 

easily .verify that if TT A^ is regarded as the domain of the scale T\,F^ .>>J^^^ 
6 induces a homogeneous unit' mapping^ of dimension a., , from the units of F to the 

■ . .. . 

units of Jl . It follows that if 6^ denotes ti;e corresponding hpmo^ 
geneous scale function of dimension , and if 6 is, as usual, the | , 
homogeneous scale function induced by' the pre-composition mapping ^ , then 
(fi^om Theorem h-k.l^) ^ ( JTTF^ ) = F^ , and the following diagram is ' 
commutative: ^ , ^ 




Secondary Quantities Whose Measurement Involves Several Elements in the 
Sajne Doma'in . In the measurement of secondary quantities, it seemed 'desirable 
to include the possibility that more than one*domain element (oi a psfrticular 
primax^-scaleO^ight. be associated >wit4:^ ^each domain element' of the se6ondary . 
^cWe; and, in that case, we .saw that we could use a function on> TT which 
was merely homogeneous in the ordinary sense;' (d.,e*^ not necessarily multi- 
homogeneous). ^A question which y®u might wdll have aske*d was whether this 
sort of generality was ever needed, or, whether tjie sam6 Secondary scale might 
not be obtain eji ffpm' a different domain mapping^' in which only one domain > 

element from eaph primary dom&in is, used, with the consequence ttet the 

..... ' • > - ^ ^ 

qprriespond-ing ^function on TTR^^^^mq^t be multihomogenetous; '(i;e* , some c<$n- 

stant multiple of- a product of 'powers). The following example shows that* 
With feixly general assumptions, this is possible, at 'least in principle. 
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Exampl^e. , Consi^der the'simpie case^of a Complete ratio scale F. with domain 

* *f* * + + 

'A , and" a homogeneous function h : ' X ^ R of degree a (ot ^ o) , 

such that the ^cale H =rftttT^ f ) : f € F} (with domain A x A) is " ^ 

complete.^ Tl\en the corresponding- scale H = (h(f X f ) : f € F} (where ' 

h = h^/^)' is also complete, and* H*= 1F . * * * 

Let- f € 5^ , and define 6 : A x a'-> A such that fJ5'(a- • a^^ = • . 

V. U '•Ola 

h(f^ X fQ)(a^ , a^) for eve2;y (a^ , a^) € A X A . There is', of ocouJrs'fe,. 

a high degree of arbitrariness in the choice of 6(a^ j a^)' but each set of 
choices makes the following di&gram commutative:, . * 



4 X A 



m 



+ 4: 

*r R X R 




R 



; It ^is easy to prove • ' ' 

(i) , this diagijam remains commutative if' f^ is^ replaced by any 
f € F ; ^ \ 

6 .Induce^ a homogerteous unit function 6 (of degree l) 
ton the set of units of H , and corresponding homogeneous 



(ii) 

■(iii) 
(iv) 

(v)' 



scale 'function 6^ :^H -»F 

.^1 ^ - 



It follows that B is the domain of the secondary (juantity^ and if 



^p^''^^\then the secondary ^uant J.ties "^(f , B_^^.6^ ^ h^ '^d.i^^F ^ > ^) ^^^^ 

' ' , the same secondary scale, and each has the* same dimension; ; ^d). in the. 

, , pritflary -scale JP" . iTius^ in a ceiftain sense^ these se&ondaty ^uantlti^s are 



.£r!c 
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"equivalent". This does 'not mean ttiat it is always practically possible to^ 
dispense with multiple domain elemejits and ordinary homogeneous f^ctigns 
h , but, in principle, it is possible to do so. 

^ As a rather trivial (but concretq^) ex^imple\^of this, consider the ratip 
scale on the domainr.*Of rectangles which takes the pair of adjacent sides 
^1. ' -^^2 their "lengths" = f(a^) ;W2^~ ^^^2^ ' under each 

len^l>^^^ctlo?h f , and uses the homogeneous function h : (x^ ^x^) "*'*^2 
(intuitively^ the funct'ions in this scale assign -to each rectangle 

the sum of the "areas" of th'e squares on its sides.) In this case the domain 
mapping 6 : A X A A , which maps the pair of sides (a^ , a^) onto the 
' diagonal a of the rectangle, determines o, homogeneous -uhit function; and'' 
•the^act that)M*i^r^-ev;e27^-^&-y^^ [f(a).]^ = [f(a^)']^ + [f(a2)]^ is, 

of course, Pythagoras* 'Theorem. ' ' z * 



\ I'^T^^^ With Other Parts* of Mathematics . In the present section w6 have 

explored the construction of "new" ratio s^cales' by the formaliioi^ of "powers'Vj / 

^ X' the formation of "products"; and by pre-composition with domain .mappings to- . 
' i^t , — ' \ *■ » 

yieldj grou^hly spea^ng, "similar scales but with din'erent domains"., In _ • ^ 

, develpping. thes^*constructions ^^r approach was quite intuitive^ in the sense - 

^ .that we followed closely the sequence, of steps which was , suggested by the 

, /"'physical n^otion of "secbndaiy quantity". We now plan to show you that these ^ 

constnAitions are closely related to some of the basic constructions of modern 

linear and multillinear algebra, and to natural *generalizat ions of these ideas 

— ^, ' *to horaogeneotiig^ \and multlhomogeneous f;mctions. 

We .have alrea*dy pointed out that a ratio scale has' a "linear struqjture" : ' ♦ 

, that is^ Ut bag ^an^ addition operation^ and a scalar p^^oduct operation (by 
. ^ ^Dositi-ve- real numbers); and'tSese operations are r61a£ed to one another like 
. ^ the correspondingv operations in vector spaces and ring modules,! the ;m&in » 
difference being -ftiat the ratio scale is cJrfiy a semigroup under its addition 
operation^ We called this type of st^nicti^ ap ' R -semimgdule. ^ ^ • 

0<* We also saw that the dpmain has (or qan.be given) a corresponding "dpal" - ^^ 
♦ structure 'on •the set of "units" (i.^.*;^'he. set of equivalence classes of * 
' •domili.^^nil^n-^si^inder |thei fquj.valpnce relatiOq whlgh the scale det^rinines ) . 
If the raffio" scale is complete, this dual structure is als'o "complete" in 
the sense that. the system of "units is c'^^d under the operations of 
^ addit'ion ' and scalar multiplication , of "unit^: that i^* tjie "unit" structure 
is als9 an R ^^^^ig^jaojdiile** ' * ./ ** \ " ' ^ ' ** ' . ' 



^ f 




r % 



The product ^gperation which ve defined for ratio scales is naturally 
related to\^e so-called "tensor product" of" linear spaces. This product' 
operation 6n the set of all linear spaces over the same scalar domain (e.g., 
a ring/ orV field) is connected with older ideas ' concerning tensors; it has 
"become very impoVtant in modem algebra ajid^topology . ylf F and G are 
R -semimodules (e.g.^ ratio scales) .it is 'a simple matter to generalize the 
sifandard tensox product construction (see^ for example^ [7]; 3^"^ edition, 
1965) so' as to give a tensor product operation for tji^^ , R -semim|dules F* 
and G y leading to the tensor product of F and G . We denote this "by^ 
the usual F 6 ? >^ , - \ * 

^ * 2 There are several equival^t \?ays,of defining this tensor product. For 
example, the definition given in [7] for vector spaces can -be directly 
generalized as -f olicfws : > ^ ' ^ \ • * 

If F and g' are . R^-semimodules, denote by B(F , Q yR ) . the i 
' * set of all bilinear functions, from F X^^jG- to^, R , . ' It i^ e^y to show . 
" that this sejt is also an Ti^-semimodule under the' natural' operatiO|;is 

of addition of fiinctions and scalar multijilicatioti of functions by 
rposi-tive real numbers. The tensor product ^ F® G , is now defined 
to be the R -semimodule which is the dual space of B(F ^ G ; R ) , 



in the usual sense of linear algebra. [That is, F® G is the 

+ * 

space of lin^r functions (or functionalsO ffojj- B(f , -G ; R ) toj 

The standai'gL procedure for defining a natural mapping of vector space 
into the dual of its dual, can be generalized^o define a natjrfal mapping 
from F X G (qariesian product) to "^F® g/T If (f , g) eF X G , define' 

, . " •> . e. , 

^ ~< . • (X): F"XG->F*<X)G ^ • ' 

by, ' ' ^- ' ^ 



whefe ' . • " • ■ ■ J ' 

• * ' ''rf^g: b(f , .G / R'*') ^R"*". . 

is the linear functional on B(f , G ; R ) , which Iff defined by 

f® g : ^ -»b(f ,gr, 'I t v- 



for each bilinear function-^ b e G ; R ) ♦ ^ 

It can l^e proved tjiat ® is also a -)5ilinear -function. We refer to 
f ® g as the element of the tensor product which is determined by f and 

g . The function ®' is, of^cours'(5, riot 1-1. 

— . * ' * \ 
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The tensor product can he defined In other ways, leading vio "tensor 
products which" are nat\|tally isomorphic t5 the on^ which we have-defined. 
One common procedure defijies the tehsor product of F and G to be the * 
.Tl"*"'-semimodule g^n^x^teS^^Br-^^ie..^^ f® g (f € F / g e G) , subject to 
the relat i9ns , * » ^ 

J ' (^1 + ^2=)® g = f^i® g + fg® g r ' ' ■ _ 

'f® (g^ + gg) = f ® g3_ + f®"g2 r 

• (kf)® g = f (S>kg . . . ■ i_ * • 

• . . • • ' . t, • ^ 

The tensor product 6f F and G is naturally isomorphic to the product 

♦ 

scale^^-^F X.G which ^e^have defined fOr ratio scales, under the 1-1 

correspondence = >. . 

^ . . f . . ^ 

yRere f (S) g denotes the element of the tensor product* which Is naturally 
determined l}^ f and g . The^ redson for this ^is quite 'simple, and relates 
to the'motiVB.tion for' th'e .tensor product ''construction in relation to bilinear 
• (and mult±iinear) ftinc^ion's : - . ' , • * 



^!Phe- function 



defined by 




p : F X G -^.F X'G 



P : (f ,g) -^^C? X g) ' 



iff ' ' 



'Hi ' 



is easily- seen* to b^ bilinear; the Ijensor product F® d.'*' is a* "uniyersal *. '* 
space" for all bilinear functions on f X & in. th^^sen^^-^l^t any such bi- 
linear function (sUch as p ) can be "factored" through ^i*®^ .,ias the 
composite o!r the "bilineSr function ® , an^a linear^ fujic;^^^^^ 'Chi^re. 



■I.--' 



-exists a linear function 



which makes 'the-^following 'diagram commutatiye ^: 

• ^ . 'i '"^^ F ® G 



1 - 



The function j is easily verified to be so ,lhat j is a^ainear Iso- « 

morphisra of the -semimoduies F® G and F X G • The essential distinction 

between F ^G and F x G is that F® G is the result' of a formal^con- 

^ f 

struction on F and G , which depends only on the 'fact that F- and ^,G 
are R'^-semimoduies and does ..not depend on the fact tha'^Hhe elements of F , ^ 
and G.^ are functions; on theN)ther hand, in i,hel construction of F X'G* 
we made use of "the fact that -the eletaents of *F and G were functions, 
to describe re^^ated funct^Lons as eljements of F X G , Thus- while F X G 
is, essentially, the tensor product^ of F and ]^G , \fe have in addition an" 
(interpretation for the elements of F x g'., * ' • 

N^f F* and G ar9 complete ratio-* scales ye can establish, the iso- 
morphism of F ® G and FV G in another way. In this case ^ F and G * ^. 
determine associated ''domain g^tructures . (Jl , + , R^) ,* (IS , ; R^) which are 
R -semJ.mo^ules, and F and 6 ^re, of course, the respective sets of linear 
functionals- on .'2 and % . That is. F = 2 , and- G ^ S* ,\here 
denotes, ^s usual^ the^dua! spaee. In this case the pj^oduct* sc^tie F x Q 
.can b*e shown (directly)' to , be the space (an •R'*'-|emimodule) of ail bilinear 
functions- from - A x B ^ to R , Hence, from the defi*nitipn of tpnsor product, 

■X- ' * * I' • X . • 

2® 5^= (F X \lt follows from the ba^ic duality th^eorem of linear 

algebra, that * * ^ ' * 

; (X® S)*"^'^ {f ^ G)**"a ^'"x G ' ' i/ 

^" ■ . 4'/: 

But it is a ^stUhdard ^;heorem (easily proved) in tensor product theory if that ^, 
there is a natural < isomorphism ^ ^ 

Hence - • ^ i \ - . - - • . »• - 

/ F'XG»A®B=F ®.G • 

Tbfe tetiso^^ p^duct ojperatiqfn .a,nd' the product operation for ratio scales 

,cai^ of course, be -^te jilted, all of the above results can be correspond- 

- • ' . -V'' » « * 

ingly • extended re^tlori to multilinear functions, 

" «^ ♦ * ? ♦ 

J - u * . 

^f, F and p are complete ratio* scales with domain^*- A and^ B ^ ir 

il ~- 1^'' 

"^i^v^SStoy^'S^^^^-^^ ^ 2^ ^ . determines a "xinit" structure in its dotoain 

A X B •^.^"t follows from the above discussixm that this st'ructure i^, in . 
essence,"*'*th^ tenso^ product of the structures determined in 2 and ^ 
Because of;*this diiality^ we can interpret the familiar "L,!r,A^,Y,^M, 
etc»* used b y scientist s either a§r representing the domain struct^^re. or as 



representing ttie ^corresponding ratio scale structure; and, in either c^se, a . 
"product" such as LT is na;ttTirally isomorphic to the corresponding tinsor 

* — * -1 , ' ' - r 

.product L ® T. . 4 ' , - . 

i»\ ' ' . . . : / 

This should prompt you to ask: What about the '"T " ? Does thie have' 

eerpretation as a "power" of T ^ whether is regarded as representing 

either a domain struc^ture /or-the corresponding scale structure) or /in general 

for any R -semimodule? /The answer to this question is. "yes". We Jban discuss 

^ the whole question of "powers" in relation to homogeneous and mujltihomogeneous 

. functions (and corresponding "generalized tensor products"'/ muc^ ai we dis--^ 

^ussed^the relationship of tensor products to linear and multilinear func- 

" «^ ^iDng . / 

^ a starting point for such^.^ discussion, we point out that if F -is 

> complete ratio scale with domain 'A , and with a corresponding "domain 
structural , P ; + V'^ ) ; then, for any a € R ^ the power scale ^ which 
we define(\yarlier, is (if ^jy\s regarded -as the domain) ju^t the set of- a^i ' 
homogeneous .i^onct ions of degree a ,from J to. R*** . I?i general, the' set of* 
all HtDmogeneous functions of fixed degree on any R'^'-semiiodule is eas-Lly' 
shown to be an R -semimoiule, whose -operations are, of course, ordinary 
functional additioA and scalar multiplication/ The fact that we were'^^bl^e- 
^^^^^ to define the concept of "homogeneous function" (of ' any .degree) .for ^tio 
scales and their domains, depended strongly on properties of R*** however, 
whenever we have' a linear space F ori v^^ich a "suit^able* concept of homogeneous, 
function can be defined, the set H (f) of homogeneous functions' of degree ' 
a is a linear space' (un4^r the^^^ual operations, of" functional ^addition and / 
sc>alar multiplication). If 'F> ^^^^ ratio scalp, the dual^ space {l^(F)]*^y 
is naturally isomorphic to the scale which we have already designated -as / 
^ • It is ttherefoj-e convei;^pt to designate [1^(f)J* by ^ , and r^r 
^ to, these spaces as "gehe&lized powers'*. . , « ^ . J ' 

Generalized power^^nd tensor products can, of course, be (^mbdSjie^. 
Moreover it is relative!^ easy to def ine $ort of "generalized' -^^sor 
product": Jbr R -semimodules F^ and k , we define F ' ® F 

to be the diial sp^e of the space of bihomogeneous' function/ oi' degree* 



f 



, Qig) ^ from *^F^ X F^ to R*** . If 
is a natural fsomorphism of F ® 

\ and ^2 complete ratio scales with associated domain structures 



anQ' P are rdtlo scales, t^here< 
Fg / and I^; 4 . If 




F ® F„ is natur^ly isomoiyhic to the "power- 




product" Ft X-F^» ; and this is just the, space o,f bihomogeneous functions 
of .degree' (a^ , a^) on X ^ . * . ^ \ / - ^ > . ^ 

There are many interesting relationships among the various ' operai^ions 
which ve have sketched above. In the case *of ratio scales the situation is 
especially .sin5)le, , because of the fact that ,w.e are dealing with the simples 
possible kind of R'*"-semimodule^ one ^ich is' "i-dimensiohal" in a liriea 
sense, -Thus some of the result;B stated above cannot be directly gene 

We do no1> intend to pursue these ideas any further in this book. Our 
only reason for even mentioning them was to ^how you that the constructions 
which we .appeared to invent in response to the motivation of measurement 
ideas are, in reality, Just special cases of some very general types^ of * ^ ^ 
jConstructiOH *on linear spaces", And^ these, constructions^^ (whether applied to 
ihe* ratio, scales oj to the ^corresponding domain' structures) seem to provide \ 
the best abstratct .framework in which to 'interpjret th^ frequently raysteribus^ 
gytabolic operations of the physical sciences. For example, the manipulation 
of ^*unitp" whiah usually accompanies calculat^ions /)f the values of "derived" 
quantities when the ^ units", are changed in the "fundamental" quantities^ can 
be interpreted in- t^^s of the algebraic properties of tensor products and ' . i 
their generalizations, and in terms of the conventions (isomorphisms) by 
means of which we ncjjpally ?*elate the tensor pr,oducts to the derived scales. 
Thus (to'take'a ve^ry simple^'examplis) assume that the are^ scale is related in 
the usual way to the tensor product of the length s6ale with itse;Lf, so that 



^(with- "ft-" - and "in" derioting domain classes in the length' scale, 
"in " , domain clas^ses in th^s area scale), ^ft <— >ft ® ft ; in-< 



and "ft^", ' 
^ ^ in ® in ; 



etc. Then 



10 f^< >10 (-'ft® ft') . 

= 10 [(12 in)® (12 in)]* 
lUUO (in ® in) 
<-> lii^O in^ . 



This is a reasonable place* to end this very long' sfection. 5y combining 
the various ope^tions, on" ratio scales- we ^can generate an enormous variety ' 
of scales.* Whicb particular scales are significant in relation to empirical 
-measurement, and what are the significant relationships between these 



scrales, will, in general, be suggested by empirical '^evidenee. This is not a 
question that can be answered in the absib;ract4 * 



^^-5 Formulas , Dimensions , and - Related Topici , ' ^ 

~~*^i^Section h-3 we saw how the notion of a'"secohdary qu^ntjU^ implied 

\ ** o il .. 

the existence of a set;of similar "me&sure" functions on- the ^domain of the 
. "secondary, quantity", arid that this set'df fWtions determined' a unique 

^ i^tio scale. We also saw that, with the additional assumption of a monotoni- 
city (or, alternately, continuity) condition, the secondary scale had to be 
related in a rather specific way to the primary scales involved in its 
^ des.cription. This led, in Section i^-V to the study of those ratio scales 
wHich could be derived from other ratio scales by. the procedures whitfh were 
suggested by the^ relationship of "priinary" echd "secondary" quantities^ and 
to th^ study of homogeneous function^ 'ijetwee^ ratio -scales . In..spite of 'the 
fact that only "a f ew" f&irly simple *5^sib^ldeas were involved, it became quite 
«• complLdated ta- keep (detailed track oT the yarious scales and^ homogeneous 
fukctioftsf and it is fairly clear tKiait if Ve*are, to make *^ny p'ractiottl use of 
these ideas in -more complicated Situations, we. s^puld try. to -find a -way; of 
arraeping.thfe "essentials, without getting bogged dowii^in details, fbr^unately 
this jjs not too difficult f f-om* a mithematical point of view, but "of course, 

• in scientific situations, thje ass Jnpt Ions made will have to be Justified by 
empirical evidence/ 



•In the following discussion it. will be useful to make*Tise df simple 

,physi,c^l examples, as xell as examples -frbm mathematics^.' We therefore need 

to introduce some additional ideas concerning physical "quantities". Irf 

' ' '^lJartictor,^t7^""Wall>ant'^^^^^^ time-^erv^,' 

Vhicfo, together with length, are generally taken as the "primary", q^ntitj^es • 

from "which the various "secondary" quantities i^olved in classical ^ : 

Newtonian). B^echanics (areay volume, densi-^y, force^ velocity, eta.)'^^;;;© 

derived. You will find these ideas disciiissed in [2] (and,^^of course, in^f 

, «^Bany other books on mechanics and pliyslcs). From, our poiifC of yiew, we Mve 

■» 

, oto make certain basic assumptions. The^ are, in effect,' that each' of these 
"quantities" has a dQpiain;^ that, corresponding tg each "quantity", ther^'^is 
i'set of functions from the relevant domalin to thfe positive reals: and tifeit 
each set of functions is^a ratio ^scale. .These functions are established by 
measurement operations, ^and different operations might lead^to^the Same 
ratio scale. Jt i45 sometimes argued that identical scales should be con- 

* sidered to be different" if they arfe obtained by different measurement procedures 
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^ but this would creal^e considerabl^e difficulties from the mathematical point 
of view: a ratio scale for empirical measurement would then have to be 
- - -'defined not merely as a set of fiffictions, but as a set of functions together 
.with a c3.early defined empirical process (a, set of operational procedures) 
which "generates" the function; and such a process, even if#it could he^ >^ ^ 

^ ciompletely and^ unambiguously defined", is not .an- idea tha.t is readily susceptible 
to mathematical, treatment. Our definition rff secondary quantity in Section k-S 
takes care of some of these problems, but of course a secgyidaiy quantity, as 
we harve defined it, is net a -ratio scale: it merely determines one-h^ • 

T^erived Scales From a Less - Detailed Standpoint , We reca^ll th^ earlier, dls- . 
cussion of secondary, or derived scales. Assume that F, • F^ , ... , F • 

are different ratio scales, ..with domains ' , • , . . . A^ respectively. 

Let B be *a set of "objects"'^ and suppose that tQ eacjti element of B .there ' .^^ 
is as-sociated in a unique way a^ bollei^tion of ol)3ects from the domadns, . ^ 
(It is r^ot necessaiy tj^iat there be exactly^ one object from each domai^; i.e.^^o'^;.' 
"we do r\^t insist that the assQ(?iated set of objects tielong tb the simpl^^ 
cartesian prcfeuct TT A. . .,of. the domains ^A. .) Let f . , € F^ ^ (l=^L-, ^2, . . . ; n) . 

"Itet^jhe domaifr. element?, in the A^ be "measured" by the , respective f^ \, 
and let the values be combined in some well-defined way to give a positive * 
^ real number. If this ^s done for each b € B , we obtain a function (g, say) 4 

" from B to, r"^ . "Clearly this function depends on a number of things, . 
V ' including ' * , /r'>^ 

' • (i) the rule 6 (which could be expressed as. a function on B 

' with values in a* suitable domaip) by which a finite number of 

domain elements > a* , . . , - from "each A^ (i=l, 2^ ...^ n) 
^ ^re associated, with each - b € B ; \ . ° ^ ' C3 

; " (ii)* the Choice- of f. € F. , (i=l. 2. n) ; ^ 

(iii) ^ the rule cp for combining the' measurements ^^^fi '} * " 
i ^i^'^P > A^^'^i y Sive a function ^ 

^^^^'^t^'^-^^^sp^ . " X ' 'qp i TTR R . '(We do not want to be mdre specific ^ here ' 
^4 ^ '-t ^ • r *<Jonce'mii^ tp.s function.) ^ ^ » , ^ 
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JJnder suitable assumptio^is, which we examined in detail in the preceding^/ * 

sections, all such functi>oj;is g are similar,' and hence they determine a ' ^ 

' \ / ^ . ^ /'^''^ 

unique ratio scale G , which is related in a specific way (depending on/. ' 

6 and (p ) to the scales F^' . In this case the function /.^^.jdo-^'^'-^ 
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. c^ttesian product of the sets (not on the product scaie rf F' .'5 ^ < 

. • ^ . *' : f : (P^ x'Fg X X F ) 

' < ^ J^^. 2 ^ ^ ^n^ ^ ^ is'multihomogeneous. That* is, 

\ > /-^n positfv^ real numbers, then there exist ' 

unique real^numbers d . , such that for\ll choices of ^ . . , ^ k ^ 

• '^'^ * . ^ ^ • 

If , i is multihomogeneous; the ratio" scale g' is said to have ^dimension 
"i -g^ (i=l, ^> • • • >• n)-'j witfi respect to riii^ 5_ and i . if 

8 is Single valued^i^sich A Vl e S^hW rr a-^ +v,^„ r. • ^ 
\ ' . Q, i V'^'> ^ ^ \) then G is, of course, 

the scal^ ,5 n F.^ . In any event, for each'.ohoice of functions f in 
is / i> , 5- an^" r (aj,d We ) ; d^tVnniAe? a^ho^neous function ' ' 
; say) ^ of dimension a.\V>m .the .sca'le I\^^»tf<lle scale G.' 

' .W« em^ha^ize the fact' thay^Ad^fif^I^JlII/ of G is'^ot an 
^ab^olut;. property- or G , p^t.'L^s on the ruies^* 6 and ■ <p'' used'ih the 
derivation Of G . In bther Irds,- theVi^ensionality is detennined by the ' 
seconda^ quantity, .anA" not secondary scale alone, .'it is important 

-in thg-establishment of scientTac system^ of measurement, to adipt clear and ' 
, unambiguous conventions regarding\he ruies 6" and cp. When this is don'e 
it is possible to refer to the "djme^ons of &' , with the uhder'standing ~ ^ 
tha^ we mean the dimensions of G wiihVpect to specific F, , and fixed 
rules 5 dnd (p, . _ j J' . ^ 

,W>en the primary scales F^ are fixed, it is sometimes convenient to " 



reprd a secondary '.quantity as being specified by\tfe secondary scale 
(•G say) , and by t|he multihomogeneous; function- $ : hf ->.G - on the' 



i .• 

i 



..,^fcfcesi|n.,£roduct.!lI,F,...: iThys^U^all .sometimes refer to a ."secondary^ 
quantity'*'^ {G ^ )•' , , ■ 



4>>4lfi,^j^(g G), :d;e^ote^ ItW se^ Of kmilar funciions actually obtained 
fromHhe definition of a secondary quantity (i.e., G. ^ is the range of $) ^ 
then ;we cah-distinguish Several po'ssibiiities: ' ' ' 



• (i) G is a complete ratio scale. (This implies not all a. = 0 .) 

(ii) vGq is an incomplete ratio scale. ' (That ie, S ^ Gq imi)lies* ' 

that kg e G^'' '*for every ^ > ^ut g is not "^onto R . 

* - ^Is^implieS'-ixot all^^Qj., = 0 .) "\ * ^ 

(iii) Each g ^ is the same function.* (This Implies that each' 
a . = 0 . Such a secondary qtfan-^Tty is often called dimension - 

legs ,) , ♦ 

have already seen numerous examples of (^i), in the genesis 'of "derived**^ 

scales fo'r area and volume. An example of (ii) occurred when we were con- ^ 

sidering the "measurement" of simple angles by .ijsihg the arc length of a fixeS^ 

circle; We. saw an example of (iii) in our treatment of radiari measure.' Case 

(ii)* ;with each function a constant function, is connected ^itj;i the question 

of "dimensional constants . Prom our^^oint or view a dimensional constant 

is best treated as the sjjnpl&st'j^ossible kind of secoia,da^ quantity: one"' 

whose associated functions form^a ratio seal e^ in whie^^^^; fanctiou has a 

^con^tant value (i.e.t all domain eleaiea-t^^are .equiyalent^, -so* that, In* effect, 

there is only on^ equivalence' class; b say).. Such a dimensional constant « 

isr u*sually specifleu^by giving its Value g(b ) for a particuiaf choice of 

functions ff.] , and its. dimension or. in each F. ; Not all a. are 

zero;- and the Vfeilue for any other choice of functions say) is easily 

a. ■ . ^ - • ' , ' ^ 

calculated as Tt .s(^q) • If ^he set of Secondary functions (G^.)' ^^on- 

tains only- a single constant function, we might regard this dimensionles^, 

secondary quant ity^ (or its unique value) as an absolute fionste^t, -From 'this 

point of viei; an absolute constant^ might be regarded es a dimensional constant 

with dimension zero in each primaiy quanti,ty^, (E.g., the •veil-known^ secondaiy 

quantity: "length of ' circitmference divided by length of diameter , whose^ ^ 

' ' '. • - 1 * 

domain is the set of all circles, and whose sinlgl^e constant value ^is 

number it . ) ^ i * ' ' ^ • . ' 

In a particular cotitex:^ (such ^s* ip mechanics)' a system of measurement 
consists o* a .choice of particular set of fuactions. one from each of the . 
primarj^Ccales involved (e.g., foot-pound-second (FPS) ; or centimeter- gram- . 
second fCGS)) together with a comp;Letp desc;ription of , each of thq sec^daiy 
scale's involved, as the s^ale^^d^^^^^om par^i 

Thus for eacji secondaiy scal^ in the, system we have a ^^pep^.f ic muj-tiliomogeheous 
fui)ction $ 'froB^the, ca^esian .product of the .-priinar^ scale| tg^tlj^e secondary 
scale, and a corres^nding^ homogeneous functida from'e^h prjimary^cale to 



the . 



eaoh secondary sbale. The selection of a particular function in eacWriiiiary 

» scale determimes^-a ^rticular secondary function ig ^ch second^zy ^^!^* 
Sometimes a'.system of tneasurement is regarded as biding merely the resulting 

^*seW)f primary and secondary functions^ (or, some ^imiiar'set in which t^e' 
^^ecpi^d^ry functions^ ai:e' s^ie^i§.d^^^09ie; particular constant multiple of the* * \ *\ 
'"natural" selection's) but^ b^ itself, this is no^, -enough if we are interested o ^ 
in dimensional* questions : homogeneous functions (from each primary sca\e .1 

ta edch secondary scale-) which are determined by the, definitions of the • * x 

seconaojy quantities, are not determined .by their values on only one element*^ 
of the primary scale. If, in addition to specifying a particular function , ' ' 
from each, secondary scal^, we specify the dimension of each secondary quantity * * 

. in each primary quantity^ ;then "trhe homogeneous scale functions are fully . 4. 

' determined, and we may regard this situation as' giving an adequate descriptio/i 
of thf associated "system of measurement". » ■ ' , ^\ 

Example > As a simple example , involving a dimensional constant, J^et us consider / 4. . ' 
the classical experiAent of Cfelil^o^ in which he determined the "law" for . . l\j 
^ falling bodies. As a result 'of fh'e measjirejient of the distance fallen (fi'om 
' rest) and the elapsed time' of free fall^ Galileo disco-^ered that the number 
which '^measured" distance fallen appeared to be proportional to 'the s^idare 
qf the. number which "meas'ttr^J^'^Jfe elaps-^'tinre. If B ' is the set of 
'^experiments"^ then we can e.ssozl^^-v^yiJ^B.ch. experiment *b ^ a pair of 
^lementg a^ a^ , in the domains'^- A-^^J^^ ^ of the length ^cale ^nd the ^ 

time-interval scale respectively, GalMeo discovered ,that^ for every experi- 
ment b ' (with different objects dropped, but with the, same functions f ^ ^ f ^ , 

measuring length and time- intervals ) the function g: B -> R*** ^e^ined by 
^(a^) 

g(b) = ^- ^ *had the same value, c , say. Let $ Vbe 'the a^ssbciated 

function $ (f^ /f^),^ g , 'and let G = (f (f^ y f'g) } ' 

Without carryingfout 'any more experiments^ we cah use the jassumptions 
that length measurement and time-in^eryal measurement functi^ons, form ratio 
scales, and we see that if F ^ F^*-^'are the ratio scales for length and 

^ time-interval measurement, ai>d if ^f> = k^f^ ^ \ ^ ^2 ^ -^^2 ^ ^2 ^ ^^^^ 

' f'(a ) Icf (a,) - * 

i(f« f»)(b) = g«(b) - '-^ ^ ^ = k^kZ^c for eveiy b e B 

• ^ ^ ; {f|(a2)]2 lf[f2(a)]^' , ^ . / \ ■ 

' 4 • ■ ■ - \ 
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Thus each g function is a constant function on the domain of experiments B , 
"but the constant depends on the choices* of ^ ^2 * ^ 
such funciiions, g ^ is a ratio scale, and ve say that the corresponding 
secondary quantity is a dimensional constant , with dimension 1 ii\ length and^ ^ 
M-^ijneasioa -in 4i^me» ^We^feoJ)8er\^e^^ttiat c' is ^nblf ^i/^'^afe^olu^fe** constant^ - 
tut varies -With the choice of f and f^ > it is only constant in ^a pajrticu- 
lar system of measurement, . • . 

The dimensional constant of i:his simple example is^ of course, dirfectly 
related to the sQ-called "acceleajation due to gravity", and the set of 
functions G is^ i*n, a sense, a ratio scale for^the measurement of this 
accel'eration at a particular .place. Moreoyer the whole of our discussion 
involves a number of oversimplifications^ whi^can be taken care of in a 
more refined approach to this simple situation. In such an approach the 
^omain of G 'hats to be reinterpreted and extended;, and the functions on the 
extended domain are no longer constant functions, but- they still make up a- 
ratio, scale. ' * ^ ^ ^ ■ ^ . ^ ' ' > ' ' . ^ 

You might have been concerned that the. domain of' G , in the above 
example, was rather vaguely suggestecf to be a ^"set of experiments", 'if ve 

\ ' ' ; . ' . 

. wished to be more ^precise^ ve could have taken the correspondimg set of - ^ 
pairs (a^ , a^) (a distance 'and a time-inteJhral) as the domain, Thi^ 
sujbset^of . is a function; (or^ if you prefer, the subset determines, 

a function: thi;6 depends on "vhich definition of fvmction ve are using). 
The relationship of a and a^ ^ is a l-L correspondence^ hence the set 
of .pairs' (a^ , a^) is also a function- Thus ve might think of the domain 
of G as th^fimctional, relationship betveen distance fallen and elapsed 
time^ a^filnctional relationship vhich exists * independently of any, question 
of measurement. - If f^e f^.& , then the.^set of ordered pairs * . 

{'(f (a^) ^ f-(a'))) ^is also a .functioA^ whose domain and range are contained^ f 

in r'^\ This function, vhich depends on f. and f^ $^n 'be expressed 

bX^he "formiiLa" s,= ct^ ,'vhere s = ^-^{^-^ i^^he "humber vhich, "measures") : 
th e di stance fallen from rest in the time interval . a^ /{whose measure under 
. f^ is t = f2(a2)) ' ^ depends on f^ aM * f ^ . [if you are familiar 

vith calculus, methods itijjnechanics^ you vill kn6v that the measure of 'the ' 
'acceleration (in appropria't^ "units") is the second derivative of S vith ^ 
respect to H ^ and is therefore 2c • J ^ ^ ^ . " 
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Dimensional Constants and Homogeneous Functions on Ratio Scales . In the 
previous section we mentioned that a dimensional constant jnay TDe associated 
with a ^homogeneous function (with dimension ^ l) from a ratio scale to itself. 

We* can easily tie this in with the above example, ^s follows: Let' 'T be any, 
homogeneous function of degree 1 from to .(^^g*, define T ("foot") = 

"second^*, and .extend in the oAly possible vay so as to give T. dimension I )♦ 
Then the experiment of Galileo may be considered as defining another homo*- 
geneous function from F- to F^ .as follows: If f. €^F ^ let 

: f*j_ ^f2 ^ where f^ F^ ,is the .unique function in F^ such that for* 
(a^, f ^l^^l^ ^ ^^2^^2^'^ • result of Galileo^s experiinent 

shows that r*. does not depend on the particular element (b^, a^) € .B , 
which we use in its definition. Moreover, for each s\ich pair of functions 
(f^ f2 = r^i'^j)) "the corresponding value of the di^mensional constant is 1 . 
If (a^ , a^) € B ^ and f^ , 6re the functions 'which have , a^- as 
units, thjen- f^^ = T^('f^) J that is r* corresponds to the unit mapping 
^l'~*^2 ' those functions which have units \/ithin the domain ^f the,^'^, , 
, , experiment* That this unit mapping is Iriomogeneoias -^.s Of course^ part of 

(5alileo*s discovery. It is easily verified \ljat ' r* is* a nomogerteous 
function of degree ^ from F^ ,to ^ composite function r' x"'^ 

• * • 1* -1 

is a homogeneous function from F^ ^ to F^ , with". degree ~ , ^hd \ r-' 

is -a homogeneous function from F. to , with ^degree ^ ♦ 

* i. 'U . i , * ' ^ • 

^ With this example^ in mind, we can now^ake another look at the relation- 
^^ip of length and area fpr polygonal regions, . Let f be a length function^ 
let g be the area function whose Unit is a the sqmre regifen whose side is 
the unijb of f (in the terminology defined in Section 3-5, g = T|Cf))^ and* 
. let '^g . be tjie '&rea function whose unit \s (determined by) the rectangular ^ 
region wh,ose sides are congruent to the unit of f ^ .and to a fixed segment 
' a , respectively. It is easy to prove (in "^he context of the area theory 
developed In Chapter 3) that for every polygonal region, b ^ , 

g(b\r Cg^b) • ■ ' « 

m , ,• " ■' ' ' I ' ' .. • /• \ 

where ,c = f ( <v . That is^ c .depends only on f . can put this In the \ 
, '■foA of a dimen^ionai constant by defining f (f),, : B -» R*' by 

^ f [i(f3](b) =f(a) . • . ■ 
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For eaot choice of. f , the corresponding function - is g constant • 

function on the set B of polygonal regions, and , the resiiltifrg 4^iniensional 
constant has dimension 1 in length: * . ^ ' ^' ^ ^ ^ 

* The example of Section 3-7, concerning the measurement of volumes by 
fluid displacement in a fixed cylinder, can be •similarly regarded. In this 
^case the relevant dimensional constant has dimension 2 in' length. It deter- 
mines a ratio scale whos^ constant values are, in * effect^ the -areas of the 
constant cross--section und^r the relevant area -ftmctions , 

' ' ' ^ ' ^ V. ^ • ' 

There are .many facets' to the aiinple question, of dimensional 'constants, 
arA they V.ay appear in diffei'enl way^, in what is essentially the same context. 
For example, vhenever we hav^ a fixed set of pi»imary scales, a dimensional 
constant {H , $ ) , and an6ther ^secondary ^quantity ' [G , $ ' ) , ve can . 
derive a third secondary quantity whose dimensions are the respective sums 
of those ^oS. and ^ G , and'vhose domain* corresponds naturally ^o that , 
G . More specifically, let i=l, ^2, n, ■ let {F^ ) be the fixed primary 

.scALeS, let f : TT-F '^H. have dimension^ ,in F Vand^'let'* ' • ' , - . 

: HFi ^G hayfe ^mens^on, a» 'in F,. . Let B ^be th$ domain pf g' ; ' 
and let a he an element in the.domain of the dim^sio^l constant. (As 
the functions in H are constant functions, all domain elements are 
equivalent.) ' *The '.product G of the scales H and' G has-domain 

elements (a^, b) ^ and there is a natural 1-1 correspondency ((a ^>.b-)<T^b) 
,of the domains of H X.G and G . Moreover we parf combine the functions ' " 
$ and to 9btai|i.a fuiiction : *F. -^Hx'G , defined by 

$" I T\f (P^^Jl X [$*'(TTf,)]0 whose dimension in F. is 

+ a» (1=1, 2, . n) . • Thata^^ {H X G , $" ) is a gecondaT^quantity . 
whose ratio .scale is^irtua;Lly the same as that of G , (ber^aus^ the doifiains 
cori-espond 1-1, and ..J.ClT'fj) ^ Is* ^onstdtii for each choice o^f (rf)' Vut * 
whose dimensions are quite different. * You cfio easij^r apply this to our over- 
worke4 area example,* wHer? H is the length scale on the domain"^ [a] whosfi 



sin^ element is the segment a , T is the length scale for segments, G is 
the ^rea» scale for polygonal regions^ ;$ : f -> f |' (a) for every If ' € F , 
and is the homogeneous function t)^ rF -> G "(of dimension l) which 

de^^mi^^d by a as in Section 3-5, If is combined with the 

homogeneous function (of dimension l) induced by the natural dopjain corres- 
pondence" (a , b)< — >b , we obtain th^ homogeneous function t) F -> G ^ 
of dimension 2, by which the l^th and area scales ,are conventionally ' 
related. 



^ Products df Secondary Quantities . The process used in the above 'example 
for deriving -a third .secondary quantity {H X G , $ "3 as the product of the 
secondary .quantities H and G ''can be applied T;hether or not H i5 a ^ ' 
dimensional constant, but, of course, in the general case the domain of . 
(H X G ^ $") does ''not he(Ve such a simple relationship to^the dorafetn of G . 
We shall not go into this in detail, .The important property from a dimensional^, 
point of view is that for eac;h i ^ the dimension of {H X G . $ ir\ F 
^s the sum-of the corres{ponding dimensions of {H ) and {G , T.. 

Formulas . The word "formula" is used ,in so many ways in mathematics and 
science ^that thei^e is no point in trying to give a general definition the 
word. What ve are interested in hefe, a^e formula^which are "statements 

,5ibdut numbers (generally positive real numbers) /some or all of ^hich are the ] 
values of measure functions.' (We include, natuklly .thB numbers obtained* *r 

-from empirical measurements in^this description. ) Moreover ve are not 

generally interested' in isolated statements (e.g., "Bill's- heighten 'inches 

is 73"; or "the length of this bo:p in inches is i;.37 times ±t% weight' in * 

pounds". '"^Oyr concern is ratheOith statements which themselves have a ,/ - 

Motnai;; of validity" (which, fin most c^^es,_ is indicated hy an accompajoying < 

X ^ *■ ? ' 

.verbal deayription) which -cortiains more than an^isolated elettientN 

. > • "V 

^ -Let us consider in* detail tlik^slmple and^vell-known .formula for the*area , 
of a triangle. "C^^? tXiis is expressed as" ^ " 

"A = ^^h. , where A denotes the area of a trfangle, and b , h , 
arS its base' and height." ' . ^ , , * 

. ; ^ • - _ . • . • _ ^ ' ' ,. • 

Sometimes this is ampliffedrby such phrases as: "the-formula fot'ttie 
area of any triangle is - - ""r^^d ^-vl-^^vWhen .t^^^ len^h and. area are ^ - ^ 
measured in qorresponding units"; but it is ralre to find^pecified all of the 
conditions under which the fonliula holds. Provided tha:b all of these condi- 
tions are clearly understood, there is no harm in faking, such notational* 
shortcuts, but it might be worthwhile to look at this formula in detail, to 
se^ just what it invblves. • > * . i 

First- of all, we might ask: wh^As su^h a formula from a mathetotic^l 
point of'-jiew? Clearlj^, at the sim^^t level, it is a symbol ic^/^atement, 
about numbers, accompaniejd^by a;xr^'Bal statement which givesythe source«of ' " 
the numbers: M:he numbers^^^he values of certei^ measure functions. V/hich 
measure functions? One^p an area function^ and" one is a length function. 



and the^e are related i« a> 'spetifjLp way, Js *it a statement about one measure, 
function and 9ne area &i^ction? No; anj^ length function my be. used/ -but 
then the. area ^function must be suitably related to the length 'function; in ^ 
fact this^ relationship yxvolve^ the particular "staSidard" homogeneous funo-., 
tfon Ti of dim.ension 2^fr6m the leJigth scale (for segments, say) to t^he aret 
scale^for polygonal redone, say), which" we defifted 'in Chapter 3. (That is, 

jTi ^maps a given length function- onto 'that area function, whose 'unit is* the 
square region whose sides are congruent to the unit of the given length ' 
function, )^ What are the '^domain elements whose values -und^r a chosen lengthy 
function' and the related area function are the r^um^ers in {'he fomula? The * 
domain eleftifertt for^the area ftonctibn is any Iriangillar region; and the domi^h 
elements for the length function are any si^e of the triangle as "ba^e", and 
the'^ corresponding "altitude", (j^e use "altitude" here to denote th^^^levant 
segment, and not its measure under a particular- length function; both uses 

• are of course well 'establisjied. ) ' . , ' * 

We could collect all of the above answers together, to give a complete 
statement of the result which is conveyed ^y ,the common formula A = | ^ ^ 
but we shall 'not .bother to do this. Instead, we suggest another line of 
thought if the formula is to be valid for the whole domain of 'all triangul'&r 
regions and related pairs of segments, u^ing any pairs of related length^ and 
area functions, is it riot possible to express the'satfle resu;Lt as a relation 
between functions? ^The answer- is, of course, "yes", but th^ fomula does nqt 
express 5uch a relatipriship as it stands. r, • 

In order to give the corresponding functional relationship we introduce 
some additional terminoldgy Ut be the set' of all triangular .regions^ 
and A the feet of ^ ail segment^,. (We are going to drop the suggestive form 
"A = 2 bh-" of the formula, in favor of "y = | x^x^" , 'so we won'^t need thfe 
letter "A^^* to denote a nmber any more',) Let 5 be a function fi^m B to 
A X A i/hich associates with each b € B an ordered pair (^j^ m^2^ con- 
sisting of 'any side a € A , aad the corresponding altitude a^- € A . Let 
Ti be (as above) the standard homogeneous fun^ion of dimension 2 from the 
set F of all lepgth functions for A , to the set G of all area functions 
fof B . Let f ? P , let 7](f) = g € Q , and let f(a^) = ,^fi&^) = ^ , ' 

= y . Then, in this terminology, the usual formula which relates the 
area of a triangle with the lengths of its base and altitude, is 

. y = 2 ^1^ • • . 
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That -is, ±f' 6(b) = (a^^a^) , then, for eve;ry b e B t*1)(f)HV*iv^^ ^ 

^ •f(a^) fi&^y . It follovs t^hat (with the notation bf thSe^pr^fe^ 

for functions in a product of ratio' scales) \ * ^ ' V^>Vi 



.'•/it 




for every f € F ♦ . ' ' ^ , . 

The domain of the function which appears on 'each sit^ of this equai^^ 
is^the set of all triangular regions* Tljis functional relationship, v^^h IS . 
the essential cfdntent of the so-called area,, formula for a triangle, can \Se 
pictxired in the commutative diagram > • - ^ ^ f . . 



A X A 




•,J -.<• 



The validity of the formula, in functional form,^s equivalent to a statement 



that this diagram ^is commutative* This relationship is equivalent to 

1(l^|'6*(^l(f X f)) = i 6* A(f) / 



where E is the "diagonal" homogeneous function f -> ^(f X f) , This 
relationship holds for every f in the length scale F , and hence it can be 
reduced to ' ' ^ * 



In 'oiher words, the well known simple area "^formula" for a triangular region 
is equivalent to the statement that the. homogeneous *fUnpt ions t] and 

2 o , from the length stiale to the area Scale for triangular regions, are 
just the same function, T^is can. be pictured in the following coimautsttive 
, diagram, in which all of the functions shown are homogeneous functions on 
the indicated ratio scales, with dimensions ais shown: --^ \ 
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F X F 



*he fact ^that r\ has di^nsion 2 was' shown in Chapter z] and the dimension- 
ality of the diagonal function A and of the function . 5* (and hence of 

2 S ^, ^hich differs from 6 by a "constant" homogeneous function of ' 
dimension l) was thoroughly discussed in the last section,* We check easily 
that the dimensions- satisfy the necessary condition for coramutativity : 
^ namelyy that ' dim^.Tl = (dim A)(dim(| 6*)) =2 . . 

This "checking of dimensions" of formulas is a \iseful device, provided 
that tt'is clearly understbod what the formula means. This includes an 
' undefstanding .of the implicit, as well as the explicit^' sTtatements which 
accompanxj.the formula. If we revert to the numerical form of the formula 

• , y - 2 

^ it is often, stated that "y has dimension' 2 in length, x each have 

dimension 1 in length, and - is ^imensionless, hence the equatio^atisfies 
the necessaiy condition that t\ei sum of the dimensions on each side^is the 
same"^ From our- point of view this sort of thing ^ must h,e considerefL merely 
as an abbreviation of something likeVhat we have spelled out ^bove in con- 
siderable detail, at least to the point where we had r\{f) = i \ji(f\ f)6 •* . 
each side of this equation, considered as ^ function bf f , has dimension 2 
in f • ' ^ 

The detail which we have 'gone through above in order to exhibit this 
particular area formula as^ ^uivalent to a coramutativity stat^ement concerning 



homogeneous 
Moreover as 



functions on ratio scales, will not alvays be -^ssibl^ or desirable, 
indicated earlier in this section, this amount of detail is not 



• necessary ii we are merely concerned with the checking of dimensions. For 
if we look at the s1;atement ^ , y = 'X^3^ , w^ can considei* directly the way in 
which lih^se numbei*s change ^n^a different length function ' f» = kf' , and 
the related area function r\{f^) = k^T)(f ) , are used. [This relationship, 
remember is lot just an absolute f^ctt it Is a consequence of the definition 

• • /./,' • 
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of the homogeneous funcj:iort^ t) and was proved in Chapter 3; and the f^qt 
^that we are using t) to relate P and G'#is one of the assumptions under 
• which the formula is yal^d.] With these related changes in f ' and T)(f)' , 
and wiiTh the same domip elements b ^ (a^ , a^) , we get T)(f')(b) = 

.T)(f)(^) - k^y r^^i I f^a^), • fCa^) (kf)(a^) .'(kf)(a2) = | x^. 

Thus the functions. represented by each side ©f the -equation (namely, T)(ff 
, and 2" ^)^) ' ®afch have dimension 2 in f , Thus this necess§,ry condition 

for the validity the formula, is satisfied. * - ' » 

L • ' - ' 

A, final commentlon this simple example: What is the status of this 



"formula" anyway? 
(proved in Chaptei 



In oi!r -treatment, it is quite definitely a theprenj, ' 

3) which really contains two parts: one which relates 

certain length and! area functions; and another which asserts that.- the product 

^ '^{b.^ f(a2) is the as«!te, no matter which side of b is taken as a #. 

I • ^ 1 " 

In eaementary work^ the formula ^ys= 2 ^1^2 often taken as the definition. 

cjf the area function T)(f) for. triangular regions^ and this definition is 
motivated informal arguments concerning congruence and additivity (which- 

, actually come quite close to our formal definition of ari area function) with 
the question of invariance, with respect to choice of base, quietly igngred. 
In scientific work the formula is someti-mes taken as having empirical just if i- 
caiion; "fiut this p;'esupposes an independent method of measuring area. The 
invariance of the product-* f(a- l-*twf (a^V , for different choicesi of base and 

^ ^corresponding^ altitude, couldr certainly &e tested empirically^ as it is .a 

simple (and not completely obvious) statement about certain leiigth measurements* 
on triani^es» '^There would seem to b'e advantages in having students do this 
empirical checking at the time that the ar6a^ of a triangle is first dis(|ussed^ 
as this^restllt is usually given* long before there is any po^ibility of^ro- . 
vidjjjig a formal* invariance proof. - " ^ , 

\ ^ ' Dljnehsional Methods . Dimensional considerations C^s in the above e"xample 
^are frequently used for checking the possi\)le validity of f<5rdulas whose" te'rms 
represent numbers deriyed from measurement^ where the relevant measure func- 
• tions "belong to ratio '^scales. Typically, such a formula is .assorted td be 
valid over, a specified domain or domains^ and. for any choices of measure 
functions froi|i the different rati5 scales involved, provided tha^ the secondary 

^ . scales involved are derived from secondary .quantities^ andlJiexefore iiai/fe 

specific dimensional relationship to each primary quantity* A measure Eviction 
may be selected arbitrarily from each primary scale^ but the secondary measiire 

* . ^ . ' in , i . ^, : ; . 
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• functions used must then be those vhich are determined by the definitions of 
the secondary quantities* Each such^seaondary quantity has a definite dimen- 
sion In each^prim&ry quantity. For a formula to ^be valid under such conditions, 
it follows that, corfesponding;-to the primary quantity , a scale change 

' (within the scale) from a function f , to the function f! = k,f . , will * 

'1 111' 

' . » " r , a I 

multiply the niM^ers on each side' af^the- equation by k^"^ and k^"^ , .where 

a'nd are the re^ective dimensionjs of the two sid^s of the formula^ 

^ * in F. • It follows "that a. and _a?_ must be e^ual, if the formula to ' 

be valid under the conditij^ns specified. Dimensional agrefem^ent'of the two 
- . ' ^ ' * ' ^ ^ ^* 

^ sides" of such a formula' is, of course, a necessary, but not a sufficient 

condition rforth^ correctness of the foimul^, ^( In* the , example above concerning 

the triangle area formula, the ^imen^ion, of the riglit hand side of the equa- 

tion in ":i.ength" was hot dependent on the 'factor ^ any' other constant ^ 

. ^ would have left the dimensionality unchanged, but the formula would then have 

> been incorrect-* ) * , ' " - 

^ ^ As a further simple example of a formula whgse, "dimensional i"^" we can 

check, we give a formula (which used to be a well-known theorem of elementary 
trigonometry) relating the area of a triangle and the lengths of its side^r - 

Let <J be a triangular region.,\with\sides a^ , a^ , a^ . Let f be 
a length function, and ri{f) the "naturally" related area function. Let 
f(a^) = x^^ f(a2) = x^- ,-f<^2^=''^3 ^ '^i^K^) = y • Let 

s = ^ (x^ + x^ + x^") (that is, s is half of the perimeter, as measured by 
f ) . Then the numbers s , x , x^ , x , y , are related by the following 
formxila (which is p;roved' in many , trigonometry books): , 



/ 



1/2 ' * 

y = [s(s - x^)(s - yi^[s - x^)] ' . ^ 

It is a relatively simple matter to put each side' of this equation in a form 
wh^re it represents a "d^ived" *fur;iption (derived from a J.ength function f) 
on the domain of all triangular, regions, and to verify directly' that the right 
hand side has tAe same dimension in f (namely, '2)" as the left hand side, ^ 
Ti(f) . Thus the necessary dimensional condition is satisfied* 

' . \ 

This example is, of course, *rather trivial, but the method is not* In 
the physical sciences such simple dimensional tests proT^de a useful ch^ck on 



the possible validity 6f formulas. 



^1 
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Deriving Formulas From Dimensional Considerations , As ve have, seen ^boVe 
dimensional considerations can som.ktimes be used to test the validity of a 
formula which relates numbers obtained as the result of specific, and inter- 
related, measurement operations: jthe dim^sional argment caonot show that * 
the formula is correct, but it might sl)ow that it is incorrect. Another us^ 
of dimensional arguments is in th4 derivation of formulas. A^?ain, such a 
derivation cannot generally be complete, but Sometimes dim^ensional argunx^s 
can be used to givef some limitation on the possible form of a relationship'" 
between 'measurements.", a relatiepship which is, in fact, usually one between 
certain ''primary" and "derived" measure functions; (i.e., between h^mogeneo^ 
functions on ratio scales). Virtually Al of the signific^t' examples of this^ 
method'^which is ^usually known as ^"dimensional analysis" or the "method of ' 
similitude") belong to science and engineeiiftg, and any useful discussion of 
them requires a knowledge^ of thes^' areas fir beyond anything that we have pre- . 
supposed for this book. In spite bf thisO-imitation, ^we can give you some 
idea of what dimensional analysis is' about, and we can ppint out some of the 
difficulties by meand of k very siiiipl"^ example, 

' Roughly speaki^gl' in the study ,of a^ particular physical situition, or 
phenomenon, dimensional analysis concerns the der±vation of po^alDle relation-: 
^sliips between certain "variables", representing numbers obtained as a result 
of the measurement of 'the quantities involvedj^ the phenomenon. The mea^e 
functions involved all ^belong to raiio scales. *Some are regarded as "primary^*, 
and some as "seconda^''. These terms Aave no' absolute significance, but are 
regarded as being . fixed for the particular phenomenon vinder 'consideration. 
Moreover ajil^of the "secondary" measures, are regarded as having. specific ^- 
relationships to the "priinary" measures involved, so that, in particular, each 
"secondaiy measure" has a quite definite 4;mension in" each ""primary'* measure. 
The type of relationship sought is one which holds for all instaijices of the'' 
ph'enomenon (i»e., over a certain non^trivial domain), and which takes the .same 
form ir a different set of "prijpary" measure^ functions are used, "along with the, 
corresponding "secondary"- me^ure functions. \ Thus the relation sought is^ in 
effect, a relationship^ betw^n functions^ and^not Just one between numbers; 
and th^^requirement that it's | form should be invariant under "change of units"^ 
implfes that (assuming that 1:he*''desircd relationship is expresse?S-as the 
equality of two dimensionally homogeneous functions of the primary quantities 
involved) each side of the .equation *must have th*e\same dimension in each .of 
the "primary" quantities.' . . - ^ ) • ^ > - 5 
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Why we should be -interested "in physical relationships which -have this * 
particular type^of .invariance^is, of course, not a question that can be 
answered mathematically. Appeal is frequently made , to sdme sort of physical 
'^principle", which you will find expressed in 'some scientific texts by such 
statements as • 

"If ^n observable is to have qualitative*usefulness it must have a 

* * ft 

significance which ie independent of the choice of measurement iinits." 

. ^ ^ • ' , ^ . 

"The laws of physics do not;^ depend on the chosen system of units." 

\ ■ ■ ^ \ ' • ■ . • 

"J)very legitimate physical equation must satisfy the principle of 

dimensional homogeneity," / ' . ^ ^' 

. . ^ \ » ' 

The status of these statements need not concern us here. As far as the 
mathematical side of dimensional analysis is concerned, certain assumptions 
^have to be made. These include: 



(i) The phenomenon under cofirsideration is one to which tfi^"^ ^ 

methods of d,imensional analysis .are applicable. ' -* 

(ii)' All of the relevant "quantities"* (e.g., length, mass, "^^V ' 

etc.,* including any relevant dimens^ional constants) are known. 

Some of these are distingui*shed as primary" and the rema|pder 

are "secondary". The "p^rimai^" scales are ratio scales,^ and all 

,^ ' the other "quantities" transform homogeneously with res^.ect 

^ to change of unitis^in the "primary"' scales. ^ Thus specific 

j dimensional relationships (in -fierms of the "primary" 

quantities) are assumed for^all of the "secondai^y" quantities 
t ' , 

'> and* .all of the dimensional constants involved. / ^ 
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J At-^this point a mathematical discussion is possible. If the desired* 

relationship is to be expressed as ^n equation, then each side of the ^equation 
will represent a function of the various measure functions and dimensional 
constants involved, and" each side must have the same dimension (separately 
for each of j^he "primaiy" quantities) if the equation is to remain valid when 
arbitrary changes of function are made for the "primary" scales^ wit'h con- 
sequential changes in the "secondary" scales ind dimensional constants. The 
. mathematical analysis of this situation sets definite limits to the kind of 
^ relationships which can occur. In many cases^ each side of the equation will 

lifself represent a function which belongs to .a ratio scale, and the earlier 
^dj^cussionof the possible form of such a secondary scale will.apply. (in ' 

"i ,' "'■ -•• ' - ■ • 
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effect, it'must "be, simply related* to a product of powers of the scales 
(primary and secondary) which are involved.) The dimensions of each side of 
the equation must be the same in each primary quantity. These powers are 
then equated, separately for each primary quantity, and elementary linear 
algebra can be used to obtain the possib!}.e "forms" 'of the*equation sought. 
Ipu will find examples of this procedure in [l?]. At best the relationship 
^may be determined up to an unknown (absolut,e) constant (which may usually be 
determined from other information) but, more generally, the "dimensional 
analysis" will only determine the relationship to wlthin^one or more arbitrary 
functions of certain zero dimensional (or dimensionless) products of the 
quant ijkies involved. The general solution is known as the TT -Theorem. 
Proofs of this theorem can be found in most books devoted to dimensional 
analysis, including [3], [l?]^ and [18]. The mathematics involved is mainly 
linear ^^algebra (s^pecifically, the theory of simultaneous linear equations), 
and is not particularly difficult. But no amount of valid mathematical argu- 
ment can give a result which is physically significant, unless the proper 
physical assumptions are made before thfe mathematical argument begins. And, 
in general, the decision as to what are the proper assumptions to make in any 
particular physical situation demands a considerable amount of genuine* ex- 
perience. , - . , _ , . 

The ^ook§ referred to above contain many examples of the use 'of * 
dimepsional analysis,, and^some discussion of 'the sort of difficulties which 
even an^ Experienced s^^ntist can encounter. The following example illustrate^ 
a few of these .diffi/culties in a particularly simple form# 

ExamT>3re . A student of science, who had just learned some of the elementary 
fact about mea^surement and Uimensj.ons, is engaged in painting his home. He 
commences paioiing jwith_-a„can ojf„palnt_containlDKl ^,Jcubic feet of paint. 
(We ust the "cubic foot"'volvmie function to avoid unnecessary and irrelevant 
I compli|bations . ) When he Oias used up the can of paint he finds ("by measure** 
mefiit and caLpulation) that he has covered 5OO square feet,' and that he has 
300 square feet still to paint.' He wishes to know how much paint to hxjy in ^ 
^^^pder to complete tJie job. From his knowledge of dimensional methodic he 
Reasons *as follows: jv ^ ' • ■ 

The aj^ea covered "^epertds c5i''the volume of paint 'used. Hence^ if the 
area covered by volume y cubic feet Is x square feet, then ' . , 
X = <p(y) • The relationship of x and y\will *have the form 
X = ,c{r ; for some real numbersl >c > 0 ^ and a . Prom dimensional 
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considerations, if the length function (feet) is changed by a factor 7^ 
Of k , the area function' changes by a factor of 1^ v, and the yolme- <h:^^i; i 
function by a factor of Hence' - . " "* . . 
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from which k = (k"^) , so that a i= - . Thev^onstant c is hoi?^^^ 
determined from thte relation 500 = c (^)^/^ =,.| , whence c = 200^^ 
Hence the remaining 300 sq.uare feet can be painted with y cubj^,,. 
f^et'f.^h^re 300 = ^OOCT- y^A .^so^th^- {-^^^^ ri' ' ^ {^^^^ 

Of course this is complete nonsense. "Obvdously" the solution palls for 
a simple proportionality: If y cubic feet is required, then ,. •■ 

.y : ^ = 300 : 500 . ' - ^ 

so that y ='i^ . ^ ' * , ^ 

Ho;^ Should we "expla-in" the mistake which cnir student has made? -^We 
"might say that, by experience (or even "oommon sense",) this type of probi«m?=s. 
is always solved fcy a siiq)le proportionality, and we,, might even back:tW^f" . 
by pointing out that the method useA by our student would lead us tp corfclKt^ 
that, in order to cover twice the a?rea covered by a volume v of paintT^we 
would require a volume 2 v , whereas, "clearly", twice as*iuch paint-Ii^^\ 
required to cover tvice the area. Our student is likely .to agree with tji^j^^ 
but still feel unhappjoi^conceming the reasons for the failure of his method, 
A sophisticated answer would be to point out that the const?^t . c in his ^ 
"formula" x = cy°^ is a dimensional constant, related to ari' assumed conSEahtt^^a 
thickness of the pa^nt film; and that 'this dimensional constant is "cleanly" 
of dimensional in lengtl^. If our ^tudent now reworks the problem^with this 
assumption, then^^^a wii;L, te 1, and feis answer will be "Correct". " * ^' 

There are two worthwhile comments which can be made' concerning this 
simple exaTi5)le:* . ' 

(i) . Although we would not normally think of using dimensional ' 
analysis- on such a problem, th'is should not prevent us, from 
^getting correct answer by the^use^of dimensional methods. 
The knowle^Jge, or intuition, that enables a^'scientist to see 
at once that a dimensional constant is involved, can oriiy be 
, gained from expeijience, or bir writing down carefully all of. 
^ ^ the assumptions of the proljlem, ■ . ; 



(ii) 'From a faathematical point df y±4U, is an incompleteness 

about the wjaole approach to'nhe problem^ whether u^irig 'dimen- 
sional meirhoA or using the method of propai^ion. This in- 
completeness results from^the use of methods which 'depend on 
certain assumptions^ without making these assumptions explicit. 
If our student asks us why the method of proportion ^Vorks" 

. , . we should be able to analyze the problem to -discover the 

relevant impi^^icit assumptions. Iri tfhis particular example 
' these are • ' • _ < • ^ 

; I I * 7 

,(a), that the paint is applied in a film of "unifom thickn'es&^ 

(b) that the shape of; the surface is irrelevant, so that we 
can assume that the voiumfe of 'the paint aft^r application 
; can b^ calculated (as area of base X ^height) as if it were 

a rectangular pri^m of very small hei-ght; ^ ^ 

4 r 

;(cX that the -volume of paintin th/ can is the same as the 
volume of .paint _on the surface after application* ^. 
(Actually it is sufficient to a6s\;mie that the two volumes 
are proportional, with a constant (not dimensional!) 
. factor of proportionality; e.g., a "shrinkage" factor,) 



From these assumptions we may solve the prfedDlem directly^ by first 
calculating the assumed constant thickness from te^ fact that the volume of 
' paint on 500 square^feet of , surface is/ -g cubic foot, i If we "set i^", withT . 
out actually copipleting, this calaul'ation, we will see -the justificatjbon for 
the use of proportionality methods. *• 

There is an almost endless list of simple^ proportionality* probl^ which ' 
are related to" questions of measurement. The mathematics of these problems 
is usually completely trivial^ and the fact that so many studehts have trouble 
with them ii^ possibly due to^e fact that their intuitive grasp^of t'he 
consequences of the implicit.,-ass\imptions is not satisfactory* It is not always^ 
possible to improve this intuition bjr actual physical experience (in fact many 
3)roportionality problems are only nominally "real" in the'sen^ that the 
language suggests a "real" situation) so it might be worthwhile occasionally to 
examine such a problem critically, and extiiact the underlying assumptions to ' * 
, the jJoint where a complete-mathematical treatment is possible. Such aXtreat- 
^^ent will usually disclose why a proportionality argument is^alid. >Tfi,e 
^ difference in approach of the two methods is roiighly tl^e same as that between • 
the^oXution (or partial solution) of a problem (in ntecharjics, say) by the use 



of dimensionecl meth5ds, and the solution from the differential "eqtiations of 
mcrfion". Most mathematicians seem to prefer the latter approach, but the 
former ca^ yield useful 'information in situations which ^re too com^le^li^o 
permit a complete mathematical formulation or solution. This is particularly 
true of many enginee;ring applipations, in which value-ble information is 



objtainelPthrough the use of "scale jnodels", ^ procedure which involves th6 , 
Use of dimensional methods. Examples of this are discuss.ed in the J)ooks^.. 
given earlier^as refe^^ences. In addition/ some very simple ideas ahqut such 
."scaling'^ are contained in [20] and [21]. The latter book^ whi^ was first 
published in I638, ^has''very great historical interests in spite 6f*its many 
' deficiencies, . ' . ,\ 
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^interval, h6^ ' 
models/ 157 - ^ 

nominal, k6 
ordinal, 
iratio, kk 
secondary measure function,' 32^*- 
secondary (Quantity, 322 
* , definition of, 3i*-2 
dimension of, 3l*-7 
. dimensl^nless, k()2. ' 
general definition of, 352 
simple, '3^2 •* - 
secondary quaint it ies ' * 

^ measurement of, 338 
secondaiy sca'le, J23 
f segment, 

, \ 'broken, 166-, 17^*- 
■ directed,.- 162 
sensed rotations, 198 
semigroup, 39 

of segment classes, 
semimodule. pver R"^, 1^^ 
^ similar^ functions^ 25, 26, 96, 315, 
similarity group, ^38 
similitude, 26 _ 
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sim^ae cui»ve> 173 

similarity transformation, 25, 26 

space curve, 178 

subgroup, 32 ~ 

surd field, 126'- 

surface area, 302 

synthetic geometry, [ 

length in, 127 ^ * 
symmetric grotip, ^k » 



'tensor products, 

of/R'*'-semimodules, Z9k 

of ratio scales, 39^ - v. 

topological transformation, 172 
triangle, 2i*8 
triangular region, 2i|8 
triangulated polygonal region, 273 
tri^ngulation, 

' refinement of, -273 
trichotomy, 

l^v of, 12 

for natural numbers, 

-uniform function, 

for ratio Scales, 332 
uniform functions, ' * 

monotone, 33i|. 
unit,, of a measure function, 89 
unit-free statement, I07, 112 

value sp^ee, 8 ^ 
vector measures, l62, 165 * 
volume , ' V ^ 
^ • measurement of, 308 
vol\im.e functions 

for polyhedral regions, 3II 
for rectangular parallelepipeds, 

' • -'f 
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